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A B S T R A C T 

 Using the Reduced Differential Transform Method (RDTM), it is possible to find the exact 
solutions or better approximate solutions of wide classes of problems in mathematical physics.  In 
this paper, this method is used for solving the coupled system of Burgers’ equations and coupled 
Klein Gordon Equation with given initial conditions containing arbitrary constants. The solutions 
obtained by RDTM are compared with the known exact solutions by fixing the arbitrary constants. 
The results show that the solutions obtained by RDTM are in good agreement with the known 
exact solutions. 
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1 Introduction 

Partial differential equations (PDEs) have numerous essential applications in various fields of 
science and engineering such as fluid mechanic, thermodynamics, heat transfer and physics 
(Debnath 1997). One of the most attractive and surprising wave phenomenons is the creation 
of solitary waves or solitons. Most of these equations are nonlinear partial differential 
equations. It is difficult to handle nonlinear part of these equations. Although most of 
scientists applied numerical methods to find the solution of these equations, solving such 
equations analytically is of fundamental importance since the existent numerical methods 
which approximate the solution of partial differential equations don’t result in such an exact 
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and analytical solution which is obtained by analytical methods. Hirota’s bilinear method (Hu 
and Wu 1998), the balance method (Wang et al. 1996), the inverse scattering method 
(Vakhnenko et al. 2003), the sine–cosine method (Wazwaz 2008), the homotopy analysis 
method (Ganji et al. 2008), the homotopy perturbation method (HPM) (He 2003, 2005), the 
differential transform method (DTM) (Ayaz 2003; Bildik and Konuralp 2006), the variational 
iteration method (VIM) (Biazar, J and Ghazvini 2007; Ganji et al. 2008; Hu and Wu 1998), 
Adomian’s decomposition method (ADM) (Adomian 1994; Wazwaz 2008) are some 
examples of analytical methods. 

Recently, Keskin and Oturanç (2009) introduced a reduced form of Differential Transform 
Method (DTM) as reduced DTM (RDTM), and applied it to obtain solutions of non-linear 
PDEs and fractional PDEs (Keskin and Oturanc 2009, 2010). In this paper we have applied 
the reduced differential transform method (RDTM) (Keskin and Oturanc 2009, 2010) to solve 
the coupled nonlinear system of Burgers’ equations (Sweilam and Khader 2009) and the 
nonlinear coupled Klein-Gordon equation (Taghizadeh 2011). The main advantage of the 
method is the fact that it provides its user with an analytical approximation, in many cases an 
exact solution, in a rapidly convergent sequence with elegantly computed terms. The structure 
of this paper is organized as follows: In section 2, we begin with some basic definitions and 
explain the reduced differential transformation method. In section 3, we apply this method to 
solve the above two system of nonlinear partial differential equations. 

2 The reduced differential transform method (RDTM) 

The basic definitions in the reduced differential transform method (Sweilam and Khader 2009) 
are as follows: 

2.1 Definition 

Let function u(x, t) be analytic and k-times continuously differentiable with respect to time t 
and space x in the domain of interest, and let 

                                               ܷ௞(ݔ) = ቀ ଵ௞ ! ቁ (డೖ ௨(௫,௧)డ௧ೖ )௧ ୀ଴ ,                                                   (1)  

where the function ܷ௞(ݔ) is the reduced differential transformation of the function ݔ)ݑ,  .(ݐ
The differential inverse transform of ܷ௞(ݔ) is defined as  

,ݔ)ݑ                                              (ݐ = ∑ ܷ௞(ݔ)ݐ௞ஶ௞ୀ଴ .                                                            (2) 

Then combining (1) and (2), we can write 

,ݔ)ݑ                                              (ݐ = ∑ ଵ௞! (డೖ௨(௫,௧)డ௧ೖ )௧ୀ଴ݐ௞ஶ௞ୀ଴ .                                               (3) 

From the above definitions, it can be found that the concept of the Reduced Differential 
transform method is derived from the Taylor’s series expansion. 

We write the gas dynamics equation in standard form 

(ݑ)ܮ                                       + (ݑ)ܴ + (ݑ)ܰ = 0,                                                                (4)  
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                  with initial condition        ݔ)ݑ, 0) =   (5)                                                            ,(ݔ)݂

where (ݑ) = ,ݔ)௧ݑ  is (ݑ)ܰ is a linear operator which has mixed partial derivatives and ܴ , (ݐ
a nonlinear term. According to RDTM, the iteration formula is 

                   (݇ + 1)ܷ௞ାଵ(ݔ) =  −ܴ൫ܷ௞(ݔ)൯ − ܰ൫ܷ௞(ݔ)൯,         ݇ = 0, 1, 2, …,                      (6) 

where ܴ൫ܷ௞(ݔ)൯ and ܰ൫ܷ௞(ݔ)൯ are the reduced differential transformations of the functions ܴ(ݔ)ݑ, ,ݔ)ݑ)ܰ and ((ݐ  .respectively ,((ݐ

Definition 2.1 implies that the initial approximation ܷ଴(ݔ) is given by the initial condition, 
that is 

                                                    ܷ଴(ݔ) = ,ݔ)ݑ 0).                                                                  (7)  

Substituting ܷ଴(ݔ)  in the iteration formula (6), we obtain the values of  ܷ௞(ݔ). Then the 
differential inverse transformation of the set of values [ܷ௞(ݔ)]௞ୀ଴௡  gives approximation 
solution as 

,ݔ)௡തതതݑ                                          (ݐ = ∑ ଵ௞!  (డೖ௨(௫,௧)డ௧ೖ )௧ୀ଴ݐ௞௡௞ୀ଴ .                                                (8)   

Therefore, the differential inverse transform of ܷ௞(ݔ)  is given by      

,ݔ)ݑ                                                    (ݐ = lim௡→ஶ ,ݔ)௡തതതതݑ   (9)                                                 . (ݐ

Authors must use Times New Roman font throughout the paper. All text, except for the title, 
is 12 pt. The paper title must be in Arial bold 16 pt sentence case. Leave two blank lines 
between the top margin and the paper title, and leave two blank lines between the paper title 
and the names of authors. 

3 Applications 

3.1 Solution of the coupled nonlinear system of Burgers’ equations 

The coupled nonlinear system of Burgers’ equations (Sweilam and Khader 2009) is 

௧ݑ                                  − ௫௫ݑ − ௫ݑݑ2 + ௫ݒݑ + ௫ݑݒ = 0,                                                    (10) 

௧ݒ                                   − ௫௫ݒ − ௫ݒݒ2 + ௫ݒݑ + ௫ݑݒ = 0,                                                    (11) 

subject to the following initial conditions 

,ݔ)ݑ                             0) = sin(ݔ), ,ݔ)ݒ                  0) = sin(ݔ).                                           (12) 

Here, ݑ = ,ݔ)ݑ ,(ݐ ݒ = ,ݔ)ݒ   .are the solutions of (10) and (11) (ݐ

The true solutions for the equations (10) and (11) obtained by the homotopy perturbation 
method (Sweilam and Khader 2009) are given by 
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,ݔ)ݑ                                                 (ݐ = ݁ି௧ sin(ݔ),                                                             (13) 

,ݔ)ݒ                                                 (ݐ = ݐ−݁ sin(ݔ).                                                            (14)    

Let us now solve the system (10) and (11) by the RDT Method. 

Taking the Reduced Differential Transformation of both sides of equations (10) and (11), we 
obtain the iterative scheme as follows: (݇ + 1)ܷ௞ାଵ(ݔ) = డమడ௫మ ൫ܷ௞(ݔ)൯ + ௞ܰ൫ܷ௞(ݔ)൯ + ,(ݔ)௞൫ܷ௞ܯ ௞ܸ(ݔ)൯ + ௞൫ܩ ௞ܸ(ݔ), ܷ௞(ݔ)൯  

 ݇ = 0,1,2,3 …                                                                                                                        (15)                         

and (݇ + 1) ௞ܸାଵ(ݔ) = డమడ௫మ ൫ ௞ܸ(ݔ)൯ + ௞൫ܪ ௞ܸ(ݔ)൯ + ,(ݔ)௞൫ܷ௞ܯ ௞ܸ(ݔ)൯ + ௞൫ܩ ௞ܸ(ݔ), ܷ௞(ݔ)൯   

 ݇ = 0,1,2,3 …                                                                                                                        (16)                         

where ௞ܰ൫ܷ௞(ݔ)൯ is the Reduced Differential Transformation of  2ݑݑ௫ , ܯ௞൫ܷ௞(ݔ), ௞ܸ(ݔ)൯ is 
the Reduced Differential Transformation of −ݒݑ௫ , ௞൫ܩ  ௞ܸ(ݔ), ܷ௞(ݔ)൯  is the reduced 
differential transformation of −ݑݒ௫  and ܪ௞൫ ௞ܸ(ݔ)൯ is the reduced differential transformation 
of 2ݒݒ௫. 

Using the initial conditions (12), we obtain 

                                             ܷ଴(ݔ) = ,ݔ)ݑ 0) = sin(ݔ),                                                       (17) 

                                              ଴ܸ(ݔ) = ,ݔ)ݒ 0) = sin(ݔ).                                                       (18) 

Now, substituting ݇ = 0,1,2,3 … in (15) and (16) and using (17) and (18), we obtain the 
following values successively 

                                      ଵܷ(ݔ) = − sin(ݔ),          ଵܸ(ݔ) = − sin(ݔ), 
                                      ܷଶ(ݔ) = ୱ୧୬(௫)ଶ ,                ଶܸ(ݔ) = ୱ୧୬(௫)ଶ ,      
                                      ܷଷ(ݔ) = − ୱ୧୬(௫)଺ ,            ଷܸ(ݔ) = − ୱ୧୬(௫)଺ , 
                                        ܷସ(ݔ) = ୱ୧୬(௫)ଶସ ,                ସܸ(ݔ) = ୱ୧୬(௫)ଶସ , 
                                        ... ... ... ...                        ... ... ... ... ... 

and so on. 

Then, the differential inverse transformation of the set of values[ܷ௞(ݔ)]௞ୀ଴ஶ  gives the solution 
as 
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,ݔ)ݑ                                      (ݐ    = ∑ ܷ௞(ݔ)ஶ௞ୀ଴  ௞ݐ 

                                                   = ܷ଴(ݔ) + ଵܷ(ݔ) ݐ + ܷଶ(ݔ)ݐଶ + ܷଷ(ݔ)ݐଷ + ܷସ(ݔ)ݐସ + ⋯  

                                                   = sin(ݔ) − sin(ݔ)ݐ + ୱ୧୬(௫)ଶ ଶݐ − ୱ୧୬(௫)଺ ଷݐ + ୱ୧୬(௫)ଶସ ସݐ + ⋯ 

                                                   = sin(ݔ) (1 − ݐ + ௧మଶ − ௧య଺ + ௧రଶସ + ⋯ ) 

                                                   = ݁ି௧ sin(ݔ). 
The differential inverse transformation of the set of values [ ௞ܸ(ݔ)]௞ୀ଴ஶ  gives the solution as  

,ݔ)ݒ                                      (ݐ = ∑ ௞ܸ(ݔ)ஶ௞ୀ଴    ௞ݐ

                                                    = ଴ܸ(ݔ) + ଵܸ(ݔ) ݐ + ଶܸ(ݔ)ݐଶ + ଷܸ(ݔ)ݐଷ + ସܸ(ݔ)ݐସ + ⋯ 

                                                  = sin(ݔ) − sin(ݔ)ݐ + ୱ୧୬(௫)ଶ ଶݐ − ୱ୧୬(௫)଺ ଷݐ + ୱ୧୬(௫)ଶସ ସݐ + ⋯ 

                                                  = sin(ݔ) ቀ1 − ݐ + ௧మଶ − ௧య଺ + ௧రଶସ + ⋯ ቁ 

                                                  = ݁ି௧ sin(ݔ). 
3.2 The nonlinear coupled Klein-Gordon equation 

In this subsection, we will solve the nonlinear coupled Klein-Gordon equation (Taghizadeh 
2011) using the RDTM.  

The nonlinear coupled Klein-Gordon equation is given by 

௫௫ݑ                                 − ௧௧ݑ  − ݑ + ଷݑ2 + ݒݑ2 = 0,                                                         (19)   

௫ݒ                                              − ௧ݒ  − ௧ݑݑ4 = 0,                                                                (20) 

with initial conditions 

                                  u(x, 0) = ඥ(ଵା௖)ඥ(ଵି௖) sech[1√/ݔ − ܿଶ],                                                      (21) 

                                  v(x, 0) = − ଶ௖ଵି௖ sechଶ[1√/ݔ − ܿଶ]                                                      (22) 

and 

,ݔ)௧ݑ                   0) = ௖ଵି௖ sech ቂ ௫√ଵି௖మቃ tanh[ ௫√ଵି௖మ].                                                             (23) 

Here, ݑ = ,ݔ)ݑ ,(ݐ ݒ = ,ݔ)ݒ   .are the solutions of (19) and (20) (ݐ

The exact solutions for the nonlinear coupled Klein-Gordon equation by the infinite series 
method are given by 
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                       u(x, t) = ± ඥ(ଵା௖)ඥ(ଵି௖)  sech[(ݔ − 1√/(ݐܿ − ܿଶ]                                                  (24) 

and  

                      v(x, t) = − ଶ௖ଵି௖ sechଶ[(ݔ − 1√/(ݐܿ − ܿଶ].                                                      (25) 

Let us now solve the system (19) and (20) by the RDT Method. 

Taking the reduced differential transformation of both sides of equations (19) and (20), we 
obtain the iterative scheme as follows: 

          (௞ାଶ)!௞! ܷ௞ାଶ(ݔ) = డమడ௫మ ൫ܷ௞(ݔ)൯ − ܷ௞(ݔ) + ௞ܰ൫ܷ௞(ݔ)൯ + ,(ݔ)௞൫ܷ௞ܯ ௞ܸ(ݔ)൯ ,      
          ݇ = 0, 1, 2,                                                                                                                   (26)   

and 

       (݇ + 1) ௞ܸାଵ(ݔ) = డడ௫ ൫ ௞ܸ(ݔ)൯ + ,  ൯(ݔ)௞൫ܷ௞ܩ ݇ = 0, 1, 2,                                            (27) 

where ܷ௞(ݔ)  is the reduced differential transformation of  ݑ ,   ௞ܰ൫ܷ௞(ݔ)൯  is the reduced 
differential transformation of ,ଷݑ2  ,(ݔ)௞൫ܷ௞ܯ ௞ܸ(ݔ)൯  is the reduced differential 
transformation of  2ݒݑ  and ܩ௞൫ܷ௞(ݔ)൯ is the reduced differential transformation of –  .௧ݑݑ4

Using the initial conditions (21), (22) and (23), we obtain 

                                            U଴(x) = ඥ(ଵା௖)ඥ(ଵି௖) sech[1√/ݔ − ܿଶ], 
                                       V଴(x) = − ଶ௖(ଵି௖) (sech[1√/ݔ − ܿଶ])^2, 
                                      Uଵ(x) = ଶ௖(ଵି௖) sech ቂ ௫√ଵି௖మቃ tanh ቂ ௫√ଵି௖మቃ, 
Vଵ(x) = − 4ܿ√1 + ܿsech ൤ 1√ݔ − ܿଶ൨ଶ tanh ൤ 1√ݔ − ܿଶ൨(1 − ܿ)ଷଶ + 4ܿsech ൤ 1√ݔ − ܿଶ൨ଶ tanh ൤ 1√ݔ − ܿଶ൨(1 − ܿ)√1 − ܿଶ . 

Also we have obtained ܷଶ , ଶܸ, ܷଷ and ଷܸ but they are not shown here since their expressions 
are very lengthy. In a similar way, other components may be computed. 

Then, the differential inverse transformation of the set of values[ܷ௞(ݔ)]௞ୀ଴ଷ  gives the third 
order approximation solution as 

,ݔ) ଷതതതݑ                                                    (ݐ = ∑ ܷ௞(ݔ)ଷ௞ୀ଴  ௞ݐ

                                                                  = ܷ଴(ݔ) + ଵܷ(ݔ) ݐ + ܷଶ(ݔ)ݐଶ + ܷଷ(ݔ)ݐଷ,         
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and the differential inverse transformation of the set of values [ ௞ܸ(ݔ)]௞ୀ଴ଷ  gives the third order 
approximation solution as  

,ݔ) ଷതതതݒ                                                       (ݐ = ∑ ௞ܸ(ݔ)ଷ௞ୀ଴    ௞ݐ 

                                                                      = ଴ܸ(ݔ) + ଵܸ(ݔ) ݐ + ଶܸ(ݔ)ݐଶ + ଷܸ(ݔ)ݐଷ. 
The comparison of the present approximation solution with the exact solution (24) and (25) of 
the nonlinear coupled Klein-Gordon equations is made in the following tables: 
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4 Tables 

Table 1: Reduced Differential Transformation 

Function Reduced Differential Transform 

,ݔ)ݑ  (ݔ)௞ܷ (ݐ = ൬ 1݇! ൰ (߲௞ ,ݔ)ݑ ௞ݐ߲(ݐ )௧ ୀ଴ 

,ݔ)ݓ  (ݐ = ,ݔ)ݑ (ݐ ± ,ݔ)ݒ  (ݐ
 ௞ܹ(ݔ) = ܷ௞(ݔ) ± ௞ܸ(ݔ) 

,ݔ)ݓ  (ݐ = ,ݔ)ݑߙ  (ݐ
 ௞ܹ(ݔ) = )  (ݔ)௞ܷߙ ߙ ݏ݅  ( ݐ݊ܽݐݏ݊݋ܿ

,ݔ)ݓ  (ݐ = ݔ߲߲ ,ݔ)ݑ  (ݐ

 

௞ܹ(ݔ) = ݔ߲߲ (ܷ௞(ݔ)) 

,ݔ)ݓ  (ݐ = ,ݔ)ݑ (ݐ ,ݔ)ݒ  (ݐ

 

௞ܹ(ݔ) = ෍ ௥ܸ(ݔ)௞
௥ୀ଴ ܷ௞ି௥(ݔ) = ෍ ௥ܷ(ݔ)௞

௥ୀ଴ ௞ܸି௥(ݔ) 

,ݔ)ݓ  (ݐ = ߲௥߲ݐ௥ ,ݔ)ݑ  (ݐ

 ௞ܹ(ݔ) = (݇ + 1). . (݇ + (ݎ (ܷ௞ା௥) (ݔ)= (݇ + (ݎ !݇ !  (ܷ௞ା௥) (ݔ) 

,ݔ)ݓ  (ݐ = ௡ݐ௠ݔ ,ݔ)ݑ  (ݐ
 

 ௞ܹ(ݔ) =  (ݔ)௠ܷ௞ି௡ݔ

,ݔ)ݓ  (ݐ =  ௡ݐ௠ݔ

 ௞ܹ(ݔ) = ݇)ߜ௠ݔ − ݊), (݇)ߜ = ൜1, ݇ = 00, ݇ ≠ 0 
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Table 2: Comparison of the RDTM solution ݔ)ݑ, (ݐ  with the exact solution (24) of the 
nonlinear coupled Klein-Gordon equation for ܿ = 0.5. 

t x RDTM (Taghizadeh 
2011) Absolute error 

 

0.1 

 

-1 

0 

1 

0.94670116 1.72916405 1.04060137 

0.94669982 1.72916806 1.04059998 

0.00000134 

0.00000401 

0.00000139 

 

0.2 

-1 

0 

1 

0.90160409 1.72050380 1.08909998 

0.90158298 1.72056760 1.08907727 

0.00002111 

0.00006380 

0.00002271 

 

0.3 

-1 

0 

1 

0.85794540 1.70607004 1.13842789 

0.85784064 1.70639089 1.13831111 

0.00010476 

0.00032085 

0.00011678 

 

Table 3: Comparison of the RDTM solution ݔ)ݒ, (ݐ  with the exact solution (25) of the 
nonlinear coupled Klein-Gordon equation for ܿ = 0.5. 

t x RDTM (Taghizadeh 
2011) Absolute error 

 

0.1 

 

-1 

0 

1 

−0.59749675 −1.99333333 −0.72190221 

−0.59749369 −1.99334812 −0.72189888 

0.00000306 

0.00001479 

0.00000333 

 

0.2 

-1 

0 

1 

−0.54194799 −1.97333333 −0.79078177 

−0.54190125 −1.97356859 −0.79072621 

0.00004674 

0.00023526 

0.00005556 

 

0.3 

-1 

0 

1 

−0.49081996 −1.94000000 −0.86412779 

−0.49059371 −1.94117991 −0.86383479 

0.00022625 

0.00117991 

0.00029300 
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5 Figures 

                                           
(a)                                                               (b)  

Figure 1: The graphs of solution ݔ)ݑ, ,ݔ)ݒ and (given in (a)) (ݐ  of coupled (given in (b)) (ݐ
nonlinear system of Burgers’ equations. 
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                        (a)                                                (b)       

Figure 2: The graph of solution ݑଷതതത (ݔ,  in comparison with the exact analytical (given in (a)) (ݐ
solution ݔ)ݑ,      .(given in (b)) (ݐ

 

                    

                             (c)                                                                               (d)  

Figure 3: The graph of solution ݒଷതതത (ݔ,  in comparison with the exact analytical (given in (c)) (ݐ
solution ݔ)ݒ,  .(given in (d)) (ݐ

6 Conclusions 

The main aim of this article is to construct analytical solutions of the coupled nonlinear 
system of Burgers’ equations and the nonlinear coupled Klein-Gordon equation. We have 
achieved this goal by applying the reduced differential transform method. Its rapid 
convergence shows that the method is reliable and introduces a significant improvement in 
solving the coupled nonlinear system of Burgers’ equations and the nonlinear coupled Klein-
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Gordon equation over existing numerical methods. As the method is usually tedious to use by 
hand, we have used the software package “MATHEMATICA” to calculate few terms of the 
series obtained from the RDTM. The numerical results are compared with the exact solutions 
in Tables 2 and 3. The solutions are also shown graphically in Figures 1, 2 and 3. 
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