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Abstract: Using applied electric fields that act normally on the interface between the fluids when no surface charges are present,
we investigated the interface instability between two uniform semi-infinite superposed incompressible dielectric vis-
coelastic fluid (of the couple stress type) streams through porous media with varying permeabilities with uniform
velocities and densities. Using perturbation and normal mode techniques to the governing equations of fluid motion
and Maxwell’s equations (in quasi-static approximation assumption forms) and the corresponding boundary condi-
tions to obtain a dispersion relation of complicated form that cannot be solved analytically to express the growth rates
in terms of wave numbers. With Mathematica and Gaster’s theory, we were able to solve the problem numerically to
get the growth rates in terms of wave numbers with constant values for other factors. In order to show how various
parameters affect the system’s stability, the visual results are presented. The stabilizing effects of velocities, kine-
matic viscosities, densities, and dielectric constants are discovered, while the destabilizing impacts of kinematic vis-
coelasticities, medium permeabilities, porous medium porosity, and electric fields are discovered. Finally, the Kelvin-
Helmholtz instability is suppressed by the surface tension in the presence of couple stress fluids and applied electric
fields, and this is due to the surface tension’s stabilizing impact on the instability.
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1. Introduction

In the last few decades, research on the instability of non-Newtonian fluids has grown significantly. In many vis-
coelastic fluids, stress-strain relationships are non-linear, making them difficult to classify. Non-Newtonian fluids,
such as couple stress fluid, are one example [1, 2]. Fluids of this type can be used to describe lubricants, blood
suspension fluids, metabolic difficulties, and more [3]. It has been established that synovial fluid in human joints
behaves as a couple stress fluid, which has been the primary goal of scientific research [4, 5]. It is also possible to
use couple stress fluids in the process to solidify liquid crystals and colloidal solutions, cool the metallic plate in a
bath, or extrude polymer fluids. Understanding the nature of couple stress behavior is essential for demonstrating
the mechanism of rheologically complicated fluids such as colloidal solutions, liquid crystals, polymeric suspensions,
and human blood.The Stokes couple stress theory states that the rotational field in terms of the velocity field can be
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used to establish the stress and strain rate connection [6, 7] . Non-Newtonian fluids can be studied using a variety
of methodologies, among which the couple stress fluids have distinct characteristics, such as the presence of couple
stress, body couples, boundary roughness, and non-symmetric stress tensors [8] - [11]. For recent investigations about
the couple stress fluids, see the studies of Kumar, and Sing [12], and Munivenkatappa et al. [13].

Flows through porous media have been a subject of great interest for the last several decades [14, 15]. Many tech-
nical applications, including as ground water hydrology, chemical catalytic reactors and ceramic processes, as well
as petroleum reservoirs, ground water contamination and filtration procedures were the driving force behind this
interest in geophysical thermodynamics. Much of the recent works in this topic have been reviewed by Bejan [16],
Straughan [17], and Nield and Bejan [18].

Generally speaking, the Darcy’s law describes what happens when a fluid passes through a porous substance. The
resistance term replaces the typical viscous and couple stress viscous terms in the equation of couple stress fluid
motion due to this macro law [−k−1

1 (µ−µ′∇2)q], where µ and µ′ are the viscosity and couple stress viscosity, k1 is
the medium permeability, and q is the Darcian (filter) velocity of the couple stress fluid in porous medium. Couple
stress effects in the flow of non-Newtonian fluids through porous media have attracted a lot of attention in recent
years. A growing interest in the possibilities of boosting oil recovery efficiency from water flooding projects by mobility
control with non-Newtonian displacement fluids appears to be driving attention to this issue right now in oil reservoir
engineering. As a result, an understanding of the stress effects of non-Newtonian displacing and displaces fluids in an
oil displacement mechanism is now critical.

There are several technical processes that need the simultaneous flow of fluids with varying viscosities, elasticity,
and density. Packed bed reactors, boiling in porous media, and many more processes all use these types of fluxes. Any
time there is an unstable interface between two fluids, flow resistance will rise dramatically. This rise in resistance
can, in turn, produce flooding in chemical reactors with counter-current packing and drying out in porous media that
are heated to high temperatures. Emulsion generation is also facilitated by such instabilities in petroleum production
engineering. Thus, we may estimate the limiting operating conditions of the aforesaid processes based on our under-
standing of the start of instability [19]-[24]. An important part of fluid mechanics, electrohydrodynamics examines
the interactions between electric and hydrodynamic forces, when hydrodynamic motion is associated with electric
phenomena. The equations of motion in electrohydrodynamics can be divided into two groups: hydrodynamic and
electric field equations. Additionally, the equations’ connection is evident in the boundary conditions [25].

Electrical fluid dynamics can be used in a wide variety of domains, such as biological electrofluid dynamics and
zero-gravity liquid ejection, as well as research on liquid and gas insulations. In light of these facts, there is a grow-
ing need to study the electrohydrodynamic phenomena involving the use of non-Newtonian fluids for applications
in agriculture, biomedicine, etc., because little is known about the electrohydrodynamic stability of non-Newtonian
fluids because the interaction between the fluid and elasticity is extremely complicated. For an excellent review about
applications of electrohydrodynamics through porous media, see the paper of Del Rio and Whitaker [26]. Applica-
tions of EHD stability of couple stress fluids streaming through porous medium has been shown by Rudraiah et al.
[27], Shivakumara et al. [28], Shankar et al. [29], Rana et al. [30], El-Sayed et al. [31], and El-Sayed and Alanzi [32].
This study attempts to investigate the electrohydrodynamic stability of two superposed couple stress viscoelastic di-
electric fluids streaming through porous media of different permeabilities, which, to the best of our knowledge, has
never been investigated before, keeping in mind the importance and applications in modern technology of electrified
couple stress fluids and flows through porous media. This article is organized as follows: In section 2, the details of
the physical system and the mathematical model are presented, and the linearized model equations for the perturbed
state are given together with the base state profiles. In section 3, the boundary and interfacial conditions are given
and used to obtain the solutions of the differential equations of couple stress fluids and the applied electric fields.
In section 4, a novel dispersion relation of complicated form has been derived, which cannot be solved analytically.
Instead, we solved it numerically using Gaster’s theorem [33] and Mathematica software to express the growth rates in
terms of wave numbers with constant values of all other parameters, and the obtained results are shown graphically
to illustrate the effects of various parameters on the stability of the system. Finally, section 5 includes the conclusions
of the main obtained findings.

2. Problem formulation and perturbation equations

Consider the system of two uniform semi-infinite superposed incompressible viscoelastic dielectric fluids of
couple- stress type streaming in porous media of uniform porosity ε, and different medium permeabilities k(1)

1 and

k(2)
1 . The two fluids are of uniform densities ρ(1) and ρ(2), horizontal velocities U (1) and U (2), dielectric constants ε(1)

and ε(2), dynamic viscosities µ(1) and µ(2), dynamic viscoelastisities µ′(1) and µ′(2), separated by a horizontal interface
at z = 0. The superscripts (1) and (2) refer to the lower and upper fluid, respectively. The whole system is influenced
by the presence of constant applied electric fields E (1)

0 and E (2)
0 acting normally (in the negative z-axis) to the direction

of streaming. The kinematic viscosities and kinematic viscoelasticities of the two fluids are defined by v ( j ) = µ( j )/ρ( j )

and v ′( j ) =µ′( j )/ρ( j ), respectively, for j = 1,2.
The governing equations in three-dimensional Cartesian coordinates are the equation of continuity, Navier-Stokes
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equation of motion, and Maxwell’s equations (using quasi-static approximation assumption) in both media defined
by [32]

∇·q ( j ) = 0 (1)

ρ( j )

ε2

[
ε
∂q ( j )

∂t
+

(
q ( j ) ·∇

)
q ( j )

]
=−∇p( j ) +ρ( j )g − ρ( j )

k( j )
1

(
v ( j ) − v ′( j )∇2

)
q ( j ) (2)

∇·
(
ε( j )E ( j )

)
= 0 (3)

∇×E (J ) = 0 i. e. E ( j ) =−∇Ψ( j ) (4)

where q ( j ) is the fluid velocities, p( j ) is the pressures, ψ( j )is the electric potentials, g = (0,0,−g ) is the acceleration
due to gravity acting in the negative z-direction. Equations (1)-(4) occur for both regions −∞< z < 0 and 0 < z <∞,
respectively. From eqs. (3) and (4), we get

∇2Ψ( j ) = 0 (5)

Let q ( j )
1

(
u( j ), v ( j ), w ( j )

)
, p( j )

1 ,Ψ( j )
1 and E ( j )

1 denote the perturbations in fluid velocities q ( j )
(
U ( j ),0,0

)
, pressures p( j ),

electric potentials Ψ( j ), and electric fields E ( j ), in the lower and upper phases, respectively. Hence, the linearized
perturbation equations of eqs. (1)-(5) reduce to

∂u( j )

∂x
+ ∂v ( j )

∂y
+ ∂w ( j )

∂z
= 0 (6)

1

ε2

[
ε
∂u( j )

∂t
+U ( j ) ∂u( j )

∂x

]
=− 1

ρ( j )

∂p( j )
1

∂x
− 1

k( j )
1

(
v ( j ) − v ′( j )∇2

)
u( j ) (7)

1

ε2

[
ε
∂v ( j )

∂t
+U ( j ) ∂v ( j )

∂x

]
=− 1

ρ( j )

∂p( j )
1

∂y
− 1

k( j )
1

(
v ( j ) − v ′( j )∇2

)
v ( j ) (8)

1

ε2

[
ε
∂w ( j )

∂t
+U ( j ) ∂w ( j )

∂x

]
=− 1

ρ( j )

∂p( j )
1

∂z
− 1

k( j )
1

(
v ( j ) − v ′( j )∇2

)
w ( j ) (9)

and

∇2Ψ(1)
1 = 0 where E (1)

1 =−∇Ψ(1)
1 (10)

Analyzing the disturbance into normal modes, we seek solutions whose dependence on x, y, z and t is of the form

f (z)exp
[
i
(
kx x +ky y +nt

)]
(11)

where f (z) is some function of z, and kx ,ky are the horizontal wave numbers, such that the resultant wave number is

defined by k =
√

k2
x +k2

y , i =p−1, and n = nr + i ni is the complex growth rate of the disturbance.

Substitute from eq. (11) into eqs. (6)-(10), we obtain

i kx u( j ) + i ky v ( j ) +Dw ( j ) = 0 (12)

ρ( j )

{
i

ε2

(
εn +kxU ( j )

)
+ 1

k( j )
1

[
v ( j ) − v ′( j ) (D2 −k2)]}u( j ) =−i kx p( j )

1 (13)

ρ( j )

{
i

ε2

(
εn +kxU ( j )

)
+ 1

k( j )
1

[
v ( j ) − v ′( j ) (D2 −k2)]}v ( j ) =−i ky p( j )

1 (14)
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ρ( j )

{
i

ε2

(
εn +kxU ( j )

)
+ 1

k( j )
1

[
v ( j ) − v ′( j ) (D2 −k2)]}w ( j ) =−Dp( j )

1 (15)

and (
D2 −k2)Ψ( j )

1 = 0 where D = d

dz
(16)

Multiply eqs. (13) and (14) by −i kx and −i ky , respectively, adding the resulting two equations, and making use of eq.
(12), we get

ρ( j )

{
i

ε2

(
εn +kxU ( j )

)
+ 1

k( j )
1

[
v ( j ) − v ′( j ) (D2 −k2)]}Dw ( j ) =−k2p( j )

1 (17)

Eliminating the perturbed pressure p( j )
1 between eqs. (15) and (17), we obtain(

D2 −k2)(D2 − s2
j

)
w ( j ) = 0 (18)

where

s j =
√

k2 + i k( j )
1

(
εn +kxU ( j )

)+ε2v ( j )

ε2v ′( j )
(19)

Also, the total electric fields in the two regions can be expressed in the forms

E ( j ) =−∂Ψ
( j )
1

∂x
ex −

∂Ψ
( j )
1

∂y
e y −

(
E ( j )

0 + ∂Ψ
( j )
1

∂z

)
ez (20)

where ex ,e y ,ez are the unit vectors in the x, y, z directions, respectively.
Let the surface of elevation from the equilibrium state be defined as [34]

ξ= δexp
[
i
(
kx x +ky y +nt

)]
(21)

where δ is a small parameter. Also the unit normal vector N =∇F /|∇F | to the interface F = z−ξ between the two fluids
is defined, to the first order terms, in the form

N =−i kxξex − i kyξe y +ez (22)

3. Boundary conditions and solutions

The solutions of eqs. (16) and (18) for both lower and upper fluid regions, respectively, can be expressed as

Ψ
( j )
1 = A j exp

[
i
(
kx x +ky y +nt

)±kz
]

, j = 1,2 (23)

w( j ) = [
B j exp(±kz)+C j exp

(±s j z
)]

exp
[
i
(
kx x +ky y +nt

)]
(24)

where A j ,B j , and C j , ( j = 1,2), are the constants of integration to be determined using the following boundary condi-
tions:

(1) The kinematic boundary condition in the two region should be satisfied at the interface, i.e.

w( j ) = ε∂ξ
∂t

+U ( j ) ∂ξ

∂x
at z = 0 (25)

(2) The derivative of normal velocity components is continuous at the interface, i.e.

Dw(1) = Dw(2) at z = 0 (26)

Using eqs. (21) and (24) in the conditions (25) and (26), we obtain

B1 +C1 = i
(
εn +kxU (1))δ (27)

B2 +C2 = i
(
εn +kxU (2))δ (28)

kB1 + s1C1 +kB2 + s2C2 = 0 (29)
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(3) Since the constitutive equations for the couple stress fluids in both regions are defined as

τi k = (
µ−µ′∇2)( ∂vi

∂xk
+ ∂vk

∂xi

)
(30)

Then, the tangential component of the stress tensor
(
i kxτxz + i kyτy z

)
must continuous at the interface z = ξ,

which yields with the help of eq. (12) to the following condition [3][
µ(1) −µ′(1) (D2 −k2)](

D2 +k2)w (1) = [
µ(2) −µ′(2) (D2 −k2)](

D2 +k2)w (2) at z = 0

Substitute for w (1) and w (2) from eqs. (24) into the last condition, we get(
2k2µ(1))B1+

{[
µ(1) −µ′(1) (s2

1 −k2)](
s2

1 +k2)}C1 −
(
2k2µ(2))B2

−
{[
µ(2) −µ′(2) (s2

2 −k2)](
s2

2 +k2)}C2 = 0 at z = 0 (31)

Solving eqs. (27)-(29) and (31), we obtain

B1 = iδ
{

(s1− k) (s2 +k)
[
µ(2) −µ′(2) (s2

2 +k2)]+ (
s2

1 −k2)[µ(1) −µ′(1) (s2
1 +k2)]}−1

×
{

(s2 +k)
[
s1

(
εn +kxU (1))+k

(
εn +kxU (2))][

µ(2) −µ′(2) (s2
2 +k2)]

+ (
s2

1 +k2)(εn +kxU (1))[µ(1) −µ′(1) (s2
1 +k2)]

+2k2µ(2) (εn +kxU (2))} (32)

C1 =−iδ
{

(s1 −k) (s2 +k)
[
µ(2) −µ′(2) (s2

2 +k2)]+ (
s2

1 −k2)[µ(1) −µ′(1) (s2
1 +k2)]}−1

×
{

(s2 +k)
[
k

(
εn +kxU (1))+k

(
εn +kxU (2))][

µ(2) −µ′(2) (s2
2 +k2)]

+2k2 [
µ(1) (εn +kxU (1))+µ(2) (εn +kxU (2))]} (33)

B2 = iδ
{(

s2
2− k2)[µ(2) −µ′(2) (s2

2 +k2)]+ (s2 −k) (s1 +k)
[
µ(1) −µ′(1) (s2

1 +k2)]}−1

×
{(

s2
2 −k2)(εn +kxU (2))[µ(2) −µ′(2) (s2

2 +k2)]
+ (s1 +k)

[
s2

(
εn +kxU (2))+k

(
εn +kxU (1))][

µ(1) −µ′(1) (s2
1 +k2)]

−2k2 [
µ(1) (εn +kxU (1))+µ(2) (εn +kxU (2))]} (34)

C2 =−iδ
{(

s2
2 −k2)[µ(2) −µ′(2) (s2

2 +k2)]+ (s2 −k) (s1 +k)
[
µ(1) −µ′(1) (s2

1 +k2)]}−1

×
{

(s1 +k)
[
k

(
εn +kxU (1))+k

(
εn +kxU (2))][

µ(1) −µ′(1) (s2
1 +k2)]

−2k2 [
µ(1) (εn +kxU (1))+µ(2) (εn +kxU (2))]} (35)

(4) The tangential component of the electric field is continuous at the interface, i.e.

N ×E (1) = N ×E (2) at z = 0 (36)

Substitute from eqs. (20) and (22) into the condition (36), then to the first order terms, we obtain

∂Ψ(1)
1

∂y
− ∂Ψ(1)

1

∂y
= i kyξ

(
E (2)

0 −E (1)
0

)
(37)
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(5) The normal component of the electric displacement is continuous at the interface, i.e.

N · (ε(1)E (1))= N · (ε(1)E (1)) at z = 0 (38)

Then, to the first order terms, we obtain

ε(1) ∂Ψ
(1)
1

∂z
−ε(2) ∂Ψ

(2)
1

∂z
= 0 at z = 0 (39)

Using eq. (23), then eqs. (37) and (39), yield

A1 − A2 = δ
(
E (2)

0 −E (1)
0

)
(40)

ε(1) A1 +ε(2) A2 = 0 (41)

Solving eqs. (40) and (41), we obtain

A j =±
δε( j±1)

(
E (2)

0 −E (1)
0

)
(
ε(1) +ε(2)

) (42)

Since, there are no surface charges present at the interface, then the following condition ε(1)E (1)
0 = ε(2)E (2)

0 should
be satisfied, then in this case eq. (42) reduces to [35]

A j =∓δE ( j )
0

(
ε(2) −ε(1)

)(
ε(1) +ε(2)

) (43)

From eqs. (23) and (43), we obtain the following solution

Ψ
( j )
1 =∓E ( j )

0

(
ε(2) −ε(1)

)
ξ(

ε(1) +ε(2)
) exp(±kz) (44)

(6) The normal component of the stress tensor should be discontinuous at the interface by the surface tension
coefficient T , then to the first order terms, we obtain the following condition [25]

ξ

[
∂p(1)

0

∂z
− ∂p(2)

0

∂z

]
+p(1)

1 −p(2)
1 +ε(2)E (2)

0

∂Ψ(2)
1

∂z
−ε(1)E (1)

0

∂Ψ(1)
1

∂z
=−T∇2ξ at z = 0 (45)

From eqs. (17) and (24), we can write the pressure in the region z < 0, in the form

p(1)
1 =−ρ

(1)

k2

{[
i

ε2

(
εn +kxU (1))+ v (1)

k(1)
1

][
B1k exp(kz)+C1s1 exp(s1z)

]
−v ′(1)

k(1)
1

s1
(
s2

1 −k2)C1 exp(s1z)

}
exp

[
i
(
kx x +ky y +nt

)]
(46)

and in the region z > 0, it takes the form

p(2)
1 = ρ(2)

k2

{[
i

ε2

(
εn +kxU (2))+ v (2)

k(2)
1

][
B2k exp(−kz)+C2s2 exp(−s2z)

]
−v ′(2)

k(2)
1

s2
(
s2

2 −k2)C2 exp(−s2z)

}
exp

[
i
(
kx x +ky y +nt

)]
(47)

Also, from eq. (1), we have to the zero order terms, in the two regions, the following equation

∂p( j )
0

∂z
=−ρ( j )g (48)
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Fig. 1. Variation of the negative imaginary part of growth rate versus the wave number for various values of fluid velocities U (1)

and U (2) in asystem having:V (1) = 0.5 cm2/s, V (2) = 0.2 cm2/s, V ′(1) = 0.5 cm4/s, V ′(2) = 0.2 cm4/s, k(1)
1 = 20 cm2, k(2)

1 = 30 cm2,

ε(1) = 0.3, ε(2) = 0.1, E (1)
0 = 100 statV /cm, E (2)

0 = 50 statV /cm, ρ(1) = 10 g r /cm3 , ρ(2) = 5 g r /cm3, g = 980 cm/s2, T = 72 d yn/cm,
ε= 1.

Fig. 2. Variation of the negative imaginary part of growth rate versus the wave number for various values of fluid densities ρ(1) and
ρ(2) in a system having: U (1) = 20 cm/s, U (2) = 50 cm/s,V (1) = 0.5 cm2/s, V (2) = 0.2 cm2/s V ′(1) = 0.5 cm4/s, V ′(2) = 0.2 cm4/s,

k(1)
1 = 20 cm2, k(2)

1 = 30 cm2, ε(1) = 0.3, ε(2) = 0.1, E (1)
0 = 100 statV /cm, E (2)

0 = 50 statV /cm, g = 980 cm/s2, T = 72 d yn/cm, ε= 1.
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Fig. 3. Variation of the negative imaginary part of growth rate versus the wave number for various values of kinematic viscosities

V (1) and V (2) in a system having: U (1) = 20 cm/s, U (2) = 50 cm/s, V ′(1) = 0.5 cm4/s, V ′(2) = 0.2 cm4/s, k(1)
1 = 20 cm2, k(2)

1 = 30

cm2, ε(1) = 0.3, ε(2) = 0.1, E (1)
0 = 100 statV /cm, E (2)

0 = 50 statV /cm,ρ(1) = 10 g r /cm3 , ρ(2) = 5 g r /cm3 g = 980 cm/s2, T = 72
d yn/cm, ε= 1.

Fig. 4. Variation of the negative imaginary part of growth rate versus the wave number for various values of kinematic

viscoelasticity v ′(1) and v ′(2) in a system having: U (1) = 20 cm/s, U (2) = 50 cm/s, V (1) = 0.5 cm2/s, V (2) = 0.2 cm2/s, k(1)
1 = 20

cm2, k(2)
1 = 30 cm2, ε(1) = 0.3, ε(2) = 0.1, E (1)

0 = 100 statV /cm, E (2)
0 = 50 statV /cm, ρ(1) = 10 g r /cm3 , ρ(2) = 5 g r /cm3, g = 980

cm/s2, T = 72 d yn/cm, ε= 1.
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Fig. 5. Plot of variation of the negative imaginary part of growth rate versus the wave number for various values of electric fields

E (1)
0 and E (2)

0 in a system having: U (1) = 20 cm/s, U (2) = 50 cm/s, V (1) = 0.5 cm2/s, V (2) = 0.2 cm2/s V ′(1) = 0.5 cm4/s, V ′(2) = 0.2

cm4/s, k(1)
1 = 20 cm2, k(2)

1 = 30 cm2,ε(1) = 0.3, ε(2) = 0.1,ρ(1) = 10 g r /cm3 , ρ(2) = 5 g r /cm3 g = 980 cm/s2, T = 72 d yn/cm, ε= 1.

Fig. 6. Plot of variation of the negative imaginary part of growth rate versus the wave number for various values of dielectric
constants ε(1) and ε(1) in a system having: U (1) = 20 cm/s, U (2) = 50 cm/s, V (1) = 0.5 cm2/s, V (2) = 0.2 cm2/s V ′(1) = 0.5 cm4/s,

V ′(2) = 0.2 cm4/s, k(1)
1 = 20 cm2, k(2)

1 = 30 cm2, E (1)
0 = 100 statV /cm, E (2)

0 = 50 statV /cm,ρ(1) = 10 g r /cm3 , ρ(2) = 5 g r /cm3

g = 980 cm/s2, T = 72 d yn/cm, ε= 1.
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Fig. 7. Plot of variation of the negative imaginary part of growth rate versus the wave number for various values of medium

permeabilities k(1)
1 and k(2)

1 in a system having: U (1) = 20 cm/s, U (2) = 50 cm/s, V (1) = 0.5 cm2/s, V (2) = 0.2 cm2/s V ′(1) = 0.5

cm4/s, V ′(2) = 0.2 cm4/s,ε(1) = 0.3, ε(2) = 0.1 E (1)
0 = 100 statV /cm, E (2)

0 = 50 statV /cm,ρ(1) = 10 g r /cm3 , ρ(2) = 5 g r /cm3 g = 980

cm/s2, T = 72 d yn/cm, ε= 1.

Fig. 8. Plot of variation of the negative imaginary part of growth rate versus the wave number for various values of porosity of the
porous medium ε in a system having: U (1) = 20 cm/s, U (2) = 50 cm/s, V (1) = 0.5 cm2/s, V (2) = 0.2 cm2/s V ′(1) = 0.5 cm4/s,

V ′(2) = 0.2 cm4/s,k(1)
1 = 20 cm2, k(2)

1 = 30 cm2,ε(1) = 0.3, ε(2) = 0.1 E (1)
0 = 100 statV /cm, E (2)

0 = 50 statV /cm,ρ(1) = 10 g r /cm3 ,

ρ(2) = 5 g r /cm3 g = 980 cm/s2, T = 72 d yn/cm
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Fig. 9. Plot of variation of the negative imaginary part of growth rate versus the wave number for various values of surface tension
T in a system having: U (1) = 20 cm/s, U (2) = 50 cm/s, V (1) = 0.5 cm2/s, V (2) = 0.2 cm2/s V ′(1) = 0.5 cm4/s, V ′(2) = 0.2

cm4/s,k(1)
1 = 20 cm2, k(2)

1 = 30 cm2,ε(1) = 0.3, ε(2) = 0.1 E (1)
0 = 100 statV /cm, E (2)

0 = 50 statV /cm,ρ(1) = 10 g r /cm3 , ρ(2) = 5

g r /cm3 g = 980 cm/s2, ε= 1.

4. Dispersion relation and stability analysis

Substitute from eqs. (21), (23), (44), (46)-(49) into the normal stress boundary condition (45), we obtain the follow-
ing dispersion relation[

g k
(
ρ(1) −ρ(2))+T k3 − k2E (1)

0 E (2)
0

(
ε(2) −ε(1)

)2(
ε(1) +ε(2)

) ]
×

{
ρ(2) (s1 −k) (s2 +k)

[
v (2) − v ′(2) (s2

2 +k2)]+ρ(1) (s2
1 −k2)[v (1) − v (1) (s2

1 +k2)]}
×

{
ρ(2) (s2

2 −k2)[v (2) − v (2) (s2
2 +k2)]+ρ(1) (s2 −k) (s1 +k)

[
v (1) − v ′(1) (s2

1 +k2)]}
+ iρ(1)

{
ρ(2) (s2

2 −k2)[v (2) − v ′(2) (s2
2 +k2)]+ρ(1) (s2 −k) (s1 +k)

× [
v (1) − v ′(1) (s2

1 +k2)]}{[
i

ε2

(
εn +kxU (1))+ v (1)

k(1)
1

]
×

{
−ρ(2) (s1 −k) (s2 +k)

(
εn +kxU (2))[v (2) − v ′(2) (s2

2 +k2)]+ρ(1) (εn +kxU (1))
× [

v (1) − v ′(1) (s2
1 +k2)]−2kρ(2)v (2) (s1 −k)

(
εn +kxU (2))}

+ v ′(1)

k(1)
1

s1
(
s2

1 −k2){ρ(2) [(εn +kxU (1))+ (
εn +kxU (2))]

× [
v (2) − v ′(2) (s2

2 +k2)]+2k
[
ρ(1)v (1) (εn +kxU (1))+ρ(2)v (2) (εn +kxU (2))]}}

+ iρ(2)
{
ρ(2) (s1 −k) (s2 +k)

[
v (2) − v ′(2) (s2

2 +k2)]
+ρ(1) (s2

1 −k2)[v (1) − v ′(1) (s2
1 +k2)]}{[

i

ε2

(
εn +kxU (2))+ v (2)

k(2)
1

]
×

{
ρ(2) (s2

2 −k2)(εn +kxU (2))[v (2) − v ′(2) (s2
2 +k2)]

−ρ(1) (s1 +k) (s2 −k)
(
εn +kxU (1))[v (1) − v ′(1) (s2

1 +k2)]
+2k (s2 −k)

[
ρ(1)v (1) (εn +kxU (1))+ρ(2)v (2) (εn +kxU (2))]}+ v ′(2)

k(2)
1

s2
(
s2

2 −k2)
×

{
ρ(1) (s1 +k)

[(
εn +kxU (1))+ (

εn +kxU (2))][
v (1) − v ′(1) (s2

1 +k2)]
−2k

[
ρ(1)v (1) (εn +kxU (1))+ρ(2)v (2) (εn +kxU (2))]}}

= 0 (49)
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In the linear temporal stability analysis, considered here, the instability of the interface between two fluids occurs in
light of the negative values of the growth rate disturbance (i.e., ni ≤ 0 ). This growth rate disturbance between the
two media can be gained by solving the corresponding dispersion relation. Since the dimensional dispersion relation
as given in eq. (49) is rather complicated. Actually, its analytical solution, in a closed-form, cannot be determined.
Therefore, using the Mathematica software, a similar procedure, as given previously by El-Sayed et al. [36]-[38], a
numerical technique has been applied. For this purpose, in view of the Gaster [33] theorem, setting nr = −k , taken
into account that ni = 5 , say, as an initial guess for the root. An iteration of the solution as ordered pairs, for different
values of the other physical parameters included in this investigation, is obtained. Therefore, one gets the required
data, and consequently, the required graph can be plotted as the variation of negative imaginary part of the growth
rate ni with the wavenumber k for various values of the other physical parameters including in the analysis as shown
in Figs. (1)-(9) . The maximum growth rates, in these figures, and the related wave numbers are both referred to as the
dominant growth rates and the dominant wave numbers. The critical wave number kc is the point where the growth
rate curve intersects the wave number axis and it is called the cutoff wave number. The region under the growth rate
curve in these figures is called the instability zone.

Figure 1 shows the variation of the negative imaginary part of growth rate ni versus the wave number k for different
values of the fluid velocities U (1) and U (2), and constant values of the other physical parameters. This graph clearly
shows that when the fluid velocities U (1) and U (2) rise, so do the dominant growth rates, dominant wave numbers, and
critical wave numbers since all growth rate curves have the same starting wave number. Consequently, the instability
zone expands, demonstrating that the velocities U (1) and U (2) of couple stress fluids destabilize the system.

Figure 2 shows the relationship between the negative imaginary part of growth rate ni and the wave number k for
various fluid densities ρ(1) and ρ(2) values, and constant other physical parameters. Increasing the fluid densities ρ(1)

and ρ(2) values, increase also each of the maximum dominant growth rates, dominant wave numbers, and critical
wave numbers such that the starting point remains constant. Hence, we conclude that the fluid densities ρ(1) and ρ(2)

have destabilizing effects also because they increase the instability zones.
Figure 3 shows how the negative imaginary part of growth rate ni changes with the wave number k for under various

values of the kinematics viscosities v (1) and v (2) of couple stress fluids, and constant values of the other physical
parameters. We see in this figure that as the kinematics viscosities v (1) and v (2) are increased, dominant and critical
wave numbers remain at predetermined values due to lower maximum dominant growth rates. Increased values of
kinematics viscosities v (1) and v (2) of couple stress fluids has destabilizing effects in the system of interest since the
instability zone increases.

Figure 4 depicts the variation of the negative imaginary part of growth rate ni versus the wave number k for different
values of the kinematics viscoelasticities v ′(1) and v ′(2) of couple stress electrified fluids,and constant values of the
other physical parameters. Increasing the kinematics viscoelasticities v ′(1) and v ′(2) decrease the maximum dominant
growth rates, but they remain at the same dominant wave number value. As a result, we may deduce that increasing
the kinematics viscoelasticities v ′(1) and v ′(2) of couple stress fluids stabilize this system by raising the starting wave
numbers and keep critical wave numbers, while decreasing the instability zone.

Figure 5 shows the variation of the negative imaginary part of growth rate ni versus the wave number k for different
values of the normal electric fields E (1)

0 and E (2)
0 and constant values of the other physical parameters. It can be seen

from the figure that the maximum dominant growth rates as well as the dominant and critical wave numbers decrease
by increasing the normal electric fields values, while all the growth rate curves have the same starting wave number
value. Hence, the instability zone shrinks when the electric fields values are increased, indicating that the normal
electric fields E (1)

0 and E (2)
0 have stabilizing effect on the system of couple stress fluids in presence of porous media.

Figure 6 shows the variation of the negative imaginary part of growth rate ni versus the wave number k under
several different values of the dielectric constants ε(1) and ε(2) and constant values of the other physical parameters. It
can clear from this figure that the maximum dominant growth rates as well as the dominant and critical wave numbers
increase by increasing the dielectric constants values, while all the growth rate curves have the same starting wave
number value. Hence, the instability zone expands when the dielectric constants values are increased, demonstrating
that the dielectric constants ε(1) and ε(2) have destabilizing effect on this system of couple stress fluids in presence of
porous media.

Figure 7 shows the effects of medium permeabilities of porous media k(1)
1 and k(2)

1 on the negative imaginary part
of growth rate ni and the wave number k, and the other parameters stay constants. From this figure, it is clear that
when the medium permeabilities of porous media are increased, both the maximum dominant growth rates and the
dominant wave numbers decrease, while the critical wave numbers remains the same such that the instability zone
shrinks in this case. Therefore, we conclude that medium permeabilities of porous media k(1)

1 and k(2)
1 have stabilizing

effects on the system under consideration of electrified couple stress viscoelastic fluids.
Figure 8 demonstrates the variation of the negative imaginary part of growth rate ni versus the wave number k for

different values of the porosity of porous medium ε and constant values of the other parameters. It is obvious from
this figure that the maximum dominant growth rate, dominant wave numbers and the critical wave numbers values
decrease, while the starting wave numbers values increase due increasing of the porosity of porous medium, and this
lead to reduce the instability zone. Then, we conclude that the porosity of porous medium ε has a stabilizing influence
on the system.
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Figure 9 shows the negative imaginary part of growth rate ni in relation to the wave number k for different values of
surface tension T with constant values of the other parameters. As the surface tension value is increased, the resultant
curves are gradually increase slightly after a fixed wave number value greater than one as seen by the curves behavior.
The surface tension T has a small destabilizing influence on the system under consideration, therefore we can draw
this conclusion.

5. Concluding remarks

The linear analysis of the Kelvin-Helmholtz instability of two superposed semi-infinite dielectric viscoelastic fluids
of couple stress type in the presence of porous media with various medium permeabilities and electric fields has
been explored in this article. In order to express the growth rates in terms of wave numbers for constant values of
the other physical parameters included in the study, we use perturbations and normal modes methodologies for
the governing equations of motion and boundary conditions for coupled stress fluids and electric fields. As a result
of Gaster’s iterative process, the derived dispersion relation was numerically solved in Mathematica to yield growth
rates through a guess value. As shown in the following graphs, a variety of parameters have an impact on the stability
of the system under consideration.

(1) There is a stabilizing influence on the considered system for each of fluid velocity, fluid kinematic viscosity,
fluid density, and dielectric constant.

(2) The system is destabilized by the fluid kinematic viscoelasticities, medium permeabilities, porous medium
porosity, and electrical fields.

(3) The Kelvin-Helmholtz instability is suppressed by the surface tension in the presence of couple stress fluids
and applied electric fields, according to this study.
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