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1. Introduction: Generalized Fibonacci (Horadam) Polynomials and Generalized Horadam-
Leonardo Polynomials

First, we recall the definition and some properties of Horadam polynomials and its two special cases. The general-
ized Fibonacci polynomials (or Horadam polynomials or x-Horadam numbers or generalized (r(x), s(x))-polynomials
or (r(x), s(x)) Horadam polynomials or 2-step Fibonacci polynomials)

Vi (Vo(x), V1(x); 1(x), (X))} n=0
(o1 {V,,(x)} =0 or shortly {V};},=0) is defined as follows:
Va(X) =r(0) Vo1 () +s(x0) Vo (%), Vo(x) = a(x), V1 (x) = b(x), n=2 (1

where V(x), V1 (x) are arbitrary complex (or real) polynomials with real coefficients and r(x) and s(x) are polynomials
with real coefficients with r(x) # 0, s(x) # 0.

The sequence {V,;} ;=0 can be extended to negative subscripts by defining

Vo ="y 0+ =V sy ()
a(X)=——V_e —V_(n-
n s(X) (n-1) s(x) (n-2)

for n =1,2,3,... when s(x) # 0. Therefore, recurrence (1) holds for all integers n. Note that V_,(x) need not to be a
polynomial in the ordinary sense.

For some references on special cases of second-order linear recurrence sequences of polynomials and numbers,
see for instance [15, 16, 20, 50, 52, 70, 71] for papers and [1, 14, 24-26, 60, 68] for books.
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Binet’s formula of generalized Fibonacci (Horadam) polynomials can be calculated using its characteristic equation
(the quadratic equation, polynomial) which is given as

yz—r(x)y—s(x) =0. 2)

The roots of characteristic equation are

() +Vr2(x) +4s(x) r(x) — vV r?(x) +4s(x)

ax):=a 5 , Bx):=p= 3 ) 3)
and the followings hold
a+pf = rx),
aff = —s(x),
(@-Pp? = (@+p?-4af=r*x) +4sx),

If the roots a and B of characteristic equation (2) are distinct, i.e., @ # 8 then r2(x) + 4s(x) # 0 and if the roots a and B
of characteristic equation (2) are equal, i.e., @ = § then (2) can be written as

Y -r@y-sx)=y-a?=y*-2ay+a®=0
and, in this case,

2
*= % r(x) =2a, s(x) = —a’= -~ )

s rz(x) +4s(x)=0.

Now, we define two special cases of the polynomials V;,(x). (r(x), s(x))-Fibonacci polynomials
{My(0,1;7(x),s(x))}n=0 (or shortly My(x)) and (r(x), s(x))-Lucas polynomials {N,(2,r(x);7(x),s(x))}n=0 (or shortly
N, (x)) are defined, respectively, by the second-order recurrence relations

My 12(x) r(X)My41+s(xX)Mp(x), Moy(x)=0,M;(x) =1, 4)
Npo(x) = r(x)Nps1 +S(X)N»(x), No(x) =2, N1(x) =r(x). (5)

The (sequences of polinomials) {M,,(x)},>0 and {N,(x)},=0 can be extended to negative subscripts by defining

M_,(x) = _@M—(n—l)(x)‘*‘LM—(n—Z)(x)»
s(x) s(x)

N_,x) = _@N—(n—l)(x)“'iN—(n—Z)(x)r
s(x) s(x)

for n=1,2,3,... respectively. Therefore, recurrences (4) and (5) hold for all integers n.
NOTE: For the sake of simplicity throughout the rest of the paper we use

Vi, 1,8, Vo, V1, @, B, My, Ny, My, My, Ny, N;
instead of

Vi (), 1 (%), $(x), Vo (), V1(x), @(x), B(x), Mpn(x), Ny (x), Mo (x), M1 (), No(x), N1 (%),
respectively. For example, we write

Viu=rVy_1+sVy_o, Vo=a,Vi=b n=2

for the equation (1).
Using the roots «, § and recurrence relation (1), Binet’s formula of V,, can be given as follows:

Theorem 1.1.

(a) (Distinct Roots Case: a # 3) Binet’s formula of generalized Fibonacci (Horadam) polynomials is

rna™ rp"  ra-r,p"
y, = e, 28 _n 28
a-p P-a a-p

where

(6)

r ZVl—ﬁVO, Iy = Vl—(XV().
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(b) (Single Root Case: a = B) Binet's formula of generalized Fibonacci (Horadam) polynomials is
Vy= (D1 +Dan)a’ (7)
where

Dy = W,

1
—(Vi1—aVp).
a

N
I

Note that Binet’s formulas of M, and N,, can be given, respectively, as follows:

)

a — ﬁn
———— , if a # B (Distinct Roots Case)
M, = B
na™! |, ifa= B (Single Root Case)
N. = a+p" , if a # B (Distinct Roots Case)
"7 2a" , ifa=p (Single Root Case)

Now, we define two sequences related to (r, s)-Fibonacci polynomials and (r, s)-Fibonacci-Lucas polynomials. For
r, s satisfying Eq. (4) and (5), (r, s)-Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo-Lucas polynomials
are defined as

Gu(x) =1rGp_1(x) + sGy_2(x) +1 with Gy(x)=0,G1(x) =1, n=2, 8)
and

H,x)=rH,_1(x)+sHy,_2(x)+ (1 —-s—r) with Hy(x) =3, H1(x)=r+1, n=2, 9
respectively.

Note that G, (x) = r+1 and Hy (x) = r+2s+1. The first few values of Horadam-Leonardo polynomials and Horadam-
Leonardo-Lucas polynomials are

0,1,r+1,r2+r+s+1,r3+r2+r+2rs+s+1,...
and

3,r+1,r2+25+1,r3+33r+1,r4+4r23+232+1,...
respectively. Note also that from the equations (8) and (9), we get

sGp-3(x) = Gp_1(x)—1rGp_2(x) -1,
SHy3(x) = Hy1(x)—rHp2(x)-(1-5s-71),

and so the sequences {G,(x)} and {Hj,(x)} satisfy the following third order linear recurrences:

Gp(x)
Hy(x)

(r+1)Gp_1(x) + (s = 1) Gp_2(x) — sGp_3(x), (10
(r+DHp_1(x)+(s=r)Hp_2(x) — sHyp_3(x). (11)

For more information on (r, s)-Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo-Lucas polynomials,
see [59].
Note that if we define a sequence of polynomials as

V() =rY,—1(x) +sY,_2(x) + c(x), with Yy(x)=d1(x),Yi(x)=d2(x), n=2

where r, s satisfying Eq. (1) and Yy (x), Y3 (x) are arbitrary complex (or real) polynomials with real coefficients and c(x)
is a polynomial with real coefficients, then since

$Y,_3(x) =Yy 1(x) —1rYy_2(x) — c(x),
we get

V() =(r+ 1Y, 1(x) +(s—r)Y,_2(x) — sY,_3(x).
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2. Generalized Horadam-Leonardo Polynomials

In this section, for r, s satisfying Eq. (1), we present a sequence and its two special cases, namely the generalized
Horadam-Leonardo, (1, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials.

For r, s satisfying Eq. (1), generalized Horadam-Leonardo polynomials {W,,} ;>0 = {W,,(Wy, W1, Wa; r+1,s—1,—8)}n=0
(or shortly {W,,(x)},>0) is defined by the third-order recurrence relation

Wip(x) = (r+ DWy_1(x) + (s = 1) Wy_2(x) — sWj,_3(x) (12)

with the initial values Wy (x) = co(x), W1 (x) = ¢1(x), Wa(x) = c2(x) not all being zero and Wy (x), W (x), W»(x) are arbi-
trary complex (or real) polynomials with real coefficients.
The sequence {W,,(x)} =0 can be extended to negative subscripts by defining

s—r r+1 1
W_y,(x) = wa(nfl)(x) + wa(n72) (x) - ;W,(n,m (x)

for n=1,2,3,.... Therefore, recurrence (12) holds for all integer n. Note that for n = 1, W_,(x) need not to be a polyno-
mial in the ordinary sense. For more information on generalized Horadam-Leonardo polynomials, see [59].
Some special cases of generalized Horadam-Leonardo (sequence of) polynomials are given as follows (Table 1):

Table 1. A few special cases of generalized Horadam-Leonardo sequence

No Sequences (Numbers) T, Notation References
1 Generalized Leonardo r=1,s=1 W, (Wy, W1, Wh;2,0,—1)} [53]
2 Generalized John r=2,s=1 W, (Wp, W1, Wh;3,-1,-1)} [54]
3 Generalized Ernst r=1,s=2 W, (Wy, Wi, Wh;2,1,-2)} [55]
4 Generalized Pisano r=1,s= —% {Wn(WO,Wl,Wg;Z,—%,%)} [56]
5 Generalized Edouard r=6s=-1 W, Wy, W1, Wh;7,-7,1)} [57]
6 Generalized Bigollo r=3,s=-2 {W;, (W, W1, Wh;4,-5,2)} [58]

Generalized Horadam-Leonardo polynomial are special cases of generalized Tribonacci polynomials, for some ref-
erences on generalized Tribonacci polynomials and its special cases, see for example [8, 28, 30, 32, 51].
Note that the sequences {G,(x)} and {H,(x)} which are defined in the section Introduction, are the special cases
of the generalized Horadam-Leonardo (sequence of) polynomials {W,,(x)}. For convenience, we can give the defini-
tion of these two special cases of the sequence {W,(x)} in this section as well. (r, s)-Horadam-Leonardo and (r, s)-
Horadam-Leonardo-Lucas polynomials are defined, respectively, by the third-order recurrence relations
Gn(x) = (r+1)Gp-1(%) + (s —1)Gp-2(x) = sGp-3(x), (13)
Go(x) = 0,G1(x)=1,Gz(x) =r+1,

and
Hp(x) = (r+1)Hp-1(x) + (s —1r)Hp-2(x) — sHp-3(x), (14)
Ho(x) = 3,Hi(x)=r+1,Hy(x)=r*+2s+1.

The sequences {G,(0,1,r+1;7+1,5—1,—8)} ;=0 and {H,(3,7+1, r24+2s+1;7+1,s—r,—$)} n=0 can be extended to negative
subscripts by defining

G_p(x)

s—r r+1 1
5 G-(n-nx) + —~ G_(n-2)(x) — 3 G-(n-3 (%),

S—r
H_,(x)

r+1 1
— H_(n-1y(X) + — H_(n-2)(x) — —H_(n-3)(x),
s s s
forn=1,2,3,... respectively.

Remark 2.1.
For the sake of simplicity throughout the rest of the paper, we use

Wi, Wo, W1, Wa, Gp, Go, G1, G2, Hp, Ho, Hi1, Hp,
instead of
Wi (), Wo (x), W1 (x), W2 (x), G(x), Go(x), G1 (x), G2(x), H(x), Hy(x), H1 (x), Ha (%)
respectively, unless otherwise stated. For example, we write
Wy=(+DWy1+G—1rWy_o—sWy_3, Wo=co, W1 =c1,Wa=cp, n=3

for the equation (12). Also we write Uy, Uy, Uy, U, instead of U, (x) with initial conditions Uy(x), U; (x), U»(x) for any
subsequence {U},(x)} of {W,}.
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When r,s, Wy, W), W, are real numbers we call generalized Horadam-Leonardo, (r,s)-Horadam-Leonardo and
(1, s)-Horadam-Leonardo-Lucas polynomials as generalized Horadam-Leonardo, (r, s)-Horadam-Leonardo and (7, s)-
Horadam-Leonardo-Lucas numbers (sequences).

The characteristic equation (the cubic equation, auxiliary equation, polynomial) of W, is given as

Y -r+Dy —(s—ny+s=@*-ry-s)(y-1=0. (15)
The roots of characteristic equation are
r+vré+4s r—vr2+as
= , ﬁ = ,
2 2
where @ and f are as in (3).
We next present Binet’s formula of generalized Horadam-Leonardo polynomials

a Y=1,

Corollary 2.1 ([59]).
Binet’s formula of generalized Horadam-Leonardo polynomials is given as follows according to the roots of characteristic
equation (15):

(@) (Three Distinct Roots Case: a # f#y=1)

Wg—(ﬁ+1)Wl+ﬁW() Wg—(a+1)Wl+aW0 W2+(—(I‘+1)+1)W1+(—S)W()

w, = ny ny
" (a=P)(a-1) * B-a)(-1) p (=) -+ +2
_ (aWo+a(—(r+1)+a)W; + (—s)Wp) o+ (BW2+ B(—(r+ 1)+ )W, +(_S)W0)ﬁn
(r+Da?2+2((s—r)—ra+3(-s) (r+1)B2+2((s=r)—r)f+3(-s)

Wo+(—(r+1)+1D)W; + (=)W
F+D)+2((s—1)—1)+3(=s) ~
(b) (Two Distinct Roots Case: a #f=y=1)
_
(1-(-5)?

(Wo—2W+Wp)a™ + (= Wo+2 W) +(=5) (=) —2) W)+ (1 = (=) (Wa— (1 +(=$)) W) +(—5) Wp) n).

n=

(r+1)
3

(c) (Single Root Case:a=f=y=1= )

1
W, = E(n(n— DWr —2n(n-2)W; +(n—1)(n—2)Wp).
Next, we present Binet’s formulas of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials.

Corollary 2.2 ([59]).
For all integers n, Binet's formulas of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials are
given as follows:

(a) (Three Distinct Roots Case: a # B#y=1)
an+1 ﬁn+1 1
+ +
(@=-Pla-1) P-a)(-1) (QA-a)1-pP)
an+2 'Bn+2 1
+ + ,
r+Da?2+2(s—ra+3(-s) (r+1)ﬁ2+2(s—r)ﬁ+3(—s) (r+1)+2(s—r)+3(—9)
H, = a"+p"+1.

Gn, =

(b) (Two Distinct Roots Case: a # =7 =1)

— "+ (1-a)n—a)
n — (1_a)2 ’

H, = a"+2.

_(r+1)
03

(c) (Single Root Case:a=f=y=1 )

nn+1
G, = ( )’

2
H, = 3.

For more information on generalized Horadam-Leonardo polynomials, see Soykan [59]
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Identities on Horadam and Generalized Horadam-Leonardo Polynomials

In this section, we present identities between Horadam, (r, s)-Horadam, (r, s)-Horadam-Lucas polynomials and
generalized Horadam-Leonardo, (1, s)-Horadam-Leonardo, (r, s)-Horadam-Leonardo-Lucas polynomials
Since

N. = { a+p" , if a # B (Distinct Roots Case)
=

2a"™ , ifa =B (Single Root Case)
and
Hy=a"+p"+1
we see that
N, =H,-1
ie.,
H,=N,+1.

There are close relations between Horadam polynomials and generalized Horadam-Leonardo polynomials. For
example, they satisfy the following interrelations:

Lemma 3.1.
The following equalities are true:

@ (Wi+(r—s+DWE—sWZ—(r+2)Wi Wa+rWoWa+ (2s—r)Wo W) (W — r Wy — sWo) (Vs + k) = Ay Wi + Ap Wiyt +

AsW,
where

Ay = (rVi+sV+ R WE (P +r2+r)Vi+rs(r+ D Vo+ k(r—s+ D) W2 =s((s+r) Vi +rsVo+ WS = ((r+s+2r) Vi +
SRr+1)Vo+k(r+2)WyWo+((r2—rs+8) Vi +s(r— ) Vo + kr)WoWa — (3 = 125 — s2) Vi + s(r> — rs— §) Vo + k(r — 25))
Wo W1,

Ao =—=((r=9)\Vi+sVo+kn)Wi—r(r—s+1)(rVi+sVo+ W2+ s((r> = rs+ Vi +s(r— ) Vo + kr) Wi + (r2r—2s+
DVi+s@2r—s+ D) Vo+kr(r+2)WyWo — (1% + s% + s =2r$) Vi + s(r —=28) Vo + kr ) WoWa + (r (r — $)? Vi + s(r? + 52 —
s=2rs)Vo+ kr(r—-2s)WyWs,

As=—=s(V+ Wi+ (r+DVi+rsVo+k(r—s+ D)WE—srVi+sVo+ WS — (Qr+1) Vi +sVo+k(r+2) Wy W +
(r=9)Vi+sVo + kn)WoWa + (- (r> = rs—s) Vi + s(s — 1) Vo + k(25 — 1)) Wo W),

and k is a polynomial with real coefficients.

(b) (WZ+(r—s+1)WZ=sWZ—(r+2) Wy Wo+rWoWa+(2s—1) Wy W) (Wa—r Wi —sWp) (Vi +k) = A Wiao+ Ao Wi +As W,

(©

where

A= (k+ VQ)WE+(rVi+rVo+k(r—s+ D)W =s(k+ VOWS = (Vi+ (r+ DV + k2 + ) Wi Wa + (Vi — sVp + k)
WoWs — ((r — $) Vi — sV + k(r — 25)) Wy Wy,

A==+ D) Vo—kn)Wi—r(r—s+1)(k+Vo)WZ+s(Vi —sVo + k)W + (—rVi + (r? + 2r = s+ D) Vo + kr(r +2))
WiW — (L4 8)Vi —s(r+2) Vo + kr2) WoWa + (r Vi — s@r — s+ 1)V + kr(r — 28)) Wy Wy,
As=(-Vi+rVo—kWi=(rVi—r(r=s)Vo+ks(r—s+ 1) W2+ s?(k+ Vo)WZ + (L + 1) Vi = (r—s+r?) Vo + ks(r +2))
WiW, + s(V; —(r+1)VO—kr)W0W2+s(—V1 +(2r—s)V0+k(r—23))W0W1,

and k is a polynomial with real coefficients.

@) (VE=sVE—rVoVD)(r+s— D)Wy = A1 Vi1 + AoV, + As
where
M=V -Vo)Wo+ (-rVi+ 1= Vo)W1 +((r— 1) V1 + sVp) Wy,
A=(Q-NVi=sV)Wo+ ((F2+s=DV +rsVp) Wi = (r? —=r + ) Vi + s(r = 1) Vo) Wy,
Ay =—(VE=sVZ—rVyV)(Wo — riW; — sWp),
Ag=—(VE=sVZ-rVoVi)(Wo — r Wy — sWp).
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(i) (VZ—sVZ—rVoV)(r+s—1DWyiz = A1 Vi1 + A2V + Ag
where
A = (r¥+rs+ s)V1—(r3+rzs+sz+2rs)V0)W2+(—(r2—sz+s)V1+r(r2—52+23)V0)W1+s(—(r+s)V1+(r2+
rs+ ) Vo) Wy
Ao =s(((r+S)Vi— (2 +rs+)V)Wo+ (—1rVi+ (12 =2+ ) Vo) Wi + s(= V1 + (r + 5) Vo) Wp)
Ay =—(VE=sVZ—rVoV)(Wo — rW; — sWp)

Proof. Use Binet’s formulas of Horadam polynomials and generalized Horadam-Leonardo polynomials or induc-
tion. [J

The following Corollary present identities between (r, s)-Fibonacci polynomials and (r, s)-Horadam-Leonardo
polynomials.

Corollary 3.1.
The following equalities are true:
(a)
() My+2=(k+1)Gps2—(kr+1)Gps1—ksGy—k
where
k is any polynomial with real coefficients.
(ii) M2 = Gn+2 - Gn+1
(iil) Mp42=2Gp42—(r+1)Gpy1 -G, -1
(iv) Mys2=(-1)Gpe1+5Gp+1
(b)
() sMy = (ks+1)Gpiz— (krs+1+1)Gps1 + (r — ks>)Gp — ks
where
k is any polynomial with real coefficients.
(i) sMy=Gpi2— (r+1)Gpr1+71Gy
(iii) sMy=(s+1)Gpi2—(rs+r+1)Gps1+ (r—s?)Gp—s
(iv) sMy = (-s+1DGpsa— (—rs+r+1DGps1 + (r+s)Gp +s
(o)

G (r+s-1)G,=M,41 +sM, -1

() r+s-1Gpis=3+r2s+s°+2r)Mp +s(s+rs+r?)M, -1

Proof. We use Lemma 3.1.
(a) For (i), W, = G, with Gy(x) =0,G;(x) =1,G2(x) =r +1 and V,, = M,, with My(x) =0, M;(x) =1 in Lemma 3.1 (a).
For (ii), (iii) and (iv), take k =0, k = 1, k = —1, respectively, in (i).

(b) For (i), take W,, = G, with Gy(x) =0,G1(x) = 1,G2(x) = r + 1 and V,, = M,, with My(x) =0, M;(x) =1 in Lemma 3.1
(b). For (ii), (iii) and (iv), take k =0, k = 1, k = —1, respectively, in (i).

(©

(i) Take W), = G, with Go(x) =0,G;1(x) =1,G2(x) = r+1and V,, = M, with My(x) =0, M;(x) =1 in Lemma 3.1 (c)
@@).

(ii) Take W,, = G, with Gy(x) =0,G1(x) =1,G2(x) = r + 1 and V,,; = M,, with My(x) = 0, M;(x) =1 in Lemma 3.1
(c) (i). O

There are close relations between (r, s)-Fibonacci-Lucas polynomials and (r, s)-Horadam-Leonardo polynomials.
For example, they satisfy the following interrelations:

Corollary 3.2.
The following equalities are true:
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(@)
() Npyro=(k+1r)Gpio+@2s—(k+1)r)Gps1 —sk+2)G,—k
where
k is any polynomial with real coefficients.
(i) Npy2=1Gps2+@2s—1)Gpy1 —25Gy
(iii) N2 =10 +1)Gpe2+(2s-21r)Gpe1 —3sG,—1
@(iv) Nypi2=(=1+71)Gyy2 +25Gp1 — G+ 1
(b)
(@) SNy =(ks=1)Gpao+ (T2 +71+25—krs)Gpi1 — (12 +25+ks?)G,, — ks
where
k is any polynomial with real coefficients.
(ii) SNy =—1Gpiz+ (2 +1r+28)Gpp1 — (12 +25)Gp
(iii) SN, = (5= Gpi2+ (2 +r+25—78)Gps1 — (r2 +2s+ 529G, —s
(iv) SNy, =—(s+7)Gpao+ 72 +1+25+78)Gps1 — (F2+25=s2)G + s
(c)

i) (r2+48)(r+s—1G, = (r+28)Nyi1 — s(r —2)N,, — (r? + 4s)

(i) (P2 +4)(r+5—1DGpis=(*+r3s+4r2s+3rs2 +25*)Npyy1 + s(3 + r2s+3rs+2s2)N,, — (r? + 4s)

Proof. We use Lemma 3.1.
(a) For (i), W,, = G, with Gy(x) =0,G;(x) =1,G(x) =r+1and V,, = N, with Ny(x) =2, N;(x) = r in Lemma 3.1 (a). For
(i), (iii) and (iv), take k =0,k =1, k = —1, respectively, in (i).
(b) For (i), take W,, = G, with Gy(x) =0,G1(x) =1,G2(x) = r+ 1 and V,, = N,, with Ny(x) =2, N7 (x) = r in Lemma 3.1
(b). For (ii), (iii) and (iv), take k =0, k = 1, k = —1, respectively, in (i).
(c)
(i) Take W, = G,, with Gy(x) =0,G1(x) =1,G2(x) =r +1 and V,, = N,, with Ny(x) =2, N;(x) = r in Lemma 3.1 (c)
(i).
(ii) Take W,, = G, with Gy(x) =0,G;1(x) =1,G(x) =r +1 and V;,, = N,, with Ny(x) =2, N7(x) = r in Lemma 3.1 (c)
(). O

The following Corollary present identities between (r, s)-Fibonacci polynomials and (r, s)-Horadam-Leonardo-
Lucas polynomials.

Corollary 3.3.
The following equalities are true:
(a)
(W) (F2+49)r+s—DMyso = (2 +rs+25—k(r> +48) Hypo — (r? + 25 =25 = kr (r?> + 48) Hy41 + (-1 =25+ k(r? +
48)Hy - k(r? +4s)(r+s—1)
where
k is any polynomial with real coefficients.
(D) (r?+48)(r+s—1)Mys2 = (r? +rs+28)Hpip — (r? + 25— 25%) Hypy1 — S(r +28) Hp,
(i) (r?+48)(r+s—DMps2=S(r—2)Hpso+ (13 —r? +4rs+ 25> —=28) Hyy1 + S02 =1+ 28) Hy — (r> +48) (r +s— 1)
(V) (r?+48)(r+s—1)Mpsr = Cr2+rs+6s)Hyo— (13 + 12 +4rs—252+28) Hpp1 — S(r? +1+68) Hy+ (1’ +45) (r+s-1)
(b)

@) (FP+48)(r+s—1D)M, =—(r—2+k(r?+48)Hyso+ (12 +25=2+kr(r> +48) Hy1 + (=12 +r—=2s+ks(r’ +4s)) H,, —
k(r® +4s)(r+s-1)
where
k is any polynomial with real coefficients.
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(i) (244 +s—1D)M,=—0—2)Hpio+ (12 +25—2)Hyi1 + (12 + 1 —25)H,

(i) (F2+48)(r+s—1)M,=—(r?+r+4s=2)Hpso + (P + 12 +4sr +25=2) Hy1 + (rPs—r? + 1 +4s* = 25)H, — (r* +
4s)(r+s-1)

(iv) (r2+4s)(r+s—1)Mn = (r2—r+4s+2)Hn+2+(—r3+r2—4sr+23—2)Hn+1 —(r’s+ r2—r+4sz+25)Hn+(r2+
48)(r+s-1)
(c)

() Hyp=2M, 1 —rM,+1
(i) Hyr3=10%+38)Mps1 +s(r2 +25)M, +1

Proof. We use Lemma 3.1.

(a) For (i), W,, = H,, with Hy(x) =3, Hy(x) = r+1, Ho(x) = 12+ 2s+ 1 and V,, = M, with My(x) =0, M (x) = 1 in Lemma
3.1 (a). For (i), (iii) and (iv), take k = 0, k = 1, k = —1, respectively, in (i).

(b) For (i), take W,, = H,, with Hy(x) =3, H;(x) = 7 + 1, Ho(x) = 2 + 2s+ 1 and V,, = M,, with My(x) = 0, M;(x) =1 in
Lemma 3.1 (b). For (ii), (iii) and (iv), take k =0, k = 1, k = —1, respectively, in (i).

(c)
(i) Take W,, = H, with Hy(x) = 3, H;(x) = r+ 1, Hy(x) = r2+2s+1 and Vyu = My, with My(x) = 0, M;(x) =1 in
Lemma 3.1 (c) (i).
(ii) Take W, = H, with Hy(x) =3, H1(x) = r + 1, Hy(x) = r2+2s+1and V, = M, with My(x) =0, M;(x) =1 in
Lemma 3.1 (c) (ii). O

There are close relations between (r, s)-Fibonacci-Lucas polynomials and (r, s)-Horadam-Leonardo-Lucas polyno-
mials. For example, they satisfy the following interrelations:

Corollary 3.4.
The following equalities are true:

(a)

) r+s—-1)Ny,2o=(r+s—kHyo+rk-1)Hy, 1 +s(k—1)H,—k(r+s-1)
where
k is any polynomial with real coefficients.

(i) (r+s=1)Ny42=(r+8)Hy2—rHy—sHy
(iii) N,=H,-1

@iv) (r+s-1)Nyo=0+s+1)H,,»—2rHy,1 —2sH, +(r+s-1)
(b)

@) (r+s—-1)N,=—(k-1)Hyo+r(k—1)Hy1+(r+ks—1)H,—k(r+s—1)
where
k is any polynomial with real coefficients.

(i) (r+s—1)Np=Hpi2—rHp1+(r—1)Hy

(iii) N,=H,-1

@iv) r+s—-1)N,=2H,42—2rHy 1 +(r—-s—-1)H,+(r+s-1)
(c)

(@) H,=N,+1
(i) Hps3=(?+8)Npp1 +7sN, +1
Proof. We use Lemma 3.1.

(a) For (i), W,, = H,, with Hy(x) =3, H;(x) =1+ 1, Hp(x) = r2+2s+1land V, = N, with Ny(x) =2, N;(x) = r in Lemma
3.1 (a). For (ii), (iii) and (iv), take k =0, k = 1, k = —1, respectively, in (i).



Yiiksel Soykan / Int. J. Adv. Appl. Math. and Mech. 11(1) (2023) 42 - 55 51

(b) For (i), take W), = H,, with Hy(x) =3, H;(x) =r+1,Hy(x) = r2+2s+1 and V= N, with Ny(x) = 2,N;(x) =rin
Lemma 3.1 (b). For (ii), (iii) and (iv), take k =0, k = 1, k = —1, respectively, in (i).

(©

(i) Take W,, = H,, with Ho(x) =3, H;(x) = r + 1, Ho(x) = r2 +2s+1 and V,, = N,, with Np(x) = 2, N;(x) = r in
Lemma 3.1 (c) (i).

(ii) Take W,, = H,, with Hy(x) =3, H;(x) = r + 1, Hy(x) = r®*+2s+1 and V;, = N,, with Ny(x) = 2, N;(x) = r in
Lemma 3.1 (c) (ii). O

4. Conclusions

The Fibonacci and Lucas sequences which are special cases of Haradam sequence are sources of many nice and
interesting identities. For rich applications of these second order sequences in science and nature, one can see the
citations in [24-26].

In this study, we present identities between special cases of Horadam (generalized Fibonacci) polynomials and
special cases of generalized Horadam-Leonardo polynomials.

Linear recurrence relations (sequences) have many applications. Next, we list applications of sequences which are
linear recurrence relations.

First, we present some applications of second order sequences.

* For the applications of Gaussian Fibonacci and Gaussian Lucas numbers to Pauli Fibonacci and Pauli Lucas
quaternions, see [2].

¢ For the application of Pell Numbers to the solutions of three-dimensional difference equation systems, see [5].
e For the application of Jacobsthal numbers to special matrices, see [69].

e For the application of generalized k-order Fibonacci numbers to hybrid quaternions, see [19].

* For the applications of Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see [65].

e For the applications of generalized bivariate Fibonacci and Lucas polynomials to matrix polynomials, see [66].
* For the applications of generalized Fibonacci numbers to binomial sums, see [64].

e For the application of generalized Jacobsthal numbers to hyperbolic numbers, see [35].

e For the application of generalized Fibonacci numbers to dual hyperbolic numbers, see [36].

¢ For the application of Laplace transform and various matrix operations to the characteristic polynomial of the
Fibonacci numbers, see [11].

* For the application of Generalized Fibonacci Matrices to Cryptography, see [31].

* For the application of higher order Jacobsthal numbers to quaternions, see [29].

* For the application of Fibonacci and Lucas Identities to Toeplitz-Hessenberg matrices, see [17].
* For the applications of Fibonacci numbers to lacunary statistical convergence, see [4].

e For the applications of Fibonacci numbers to lacunary statistical convergence in intuitionistic fuzzy normed
linear spaces, see [21].

e For the applications of Fibonacci numbers to ideal convergence on intuitionistic fuzzy normed linear spaces,
see [22].

* For the applications of k-Fibonacci and k—Lucas numbers to spinors, see [27].
* For the application of dual-generalized complex Fibonacci and Lucas numbers to Quaternions, see [62].
* For the application of Hyperbolic Fibonacci numbers to Quaternions, see [9].

We now present some applications of third order sequences.

e For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see [7] and [6],
respectively.
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* For the application of Tribonacci numbers to special matrices, see [67].

e For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [33] and [3], respec-
tively.

¢ For the application of Pell-Padovan numbers to groups, see [10].

e For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some difference equa-
tions, see [18].

¢ For the application of Gaussian Tribonacci numbers to various graphs, see [61].

e For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [12].

¢ For the application of Narayan numbers to finite groups see [23].

e For the application of generalized third-order Jacobsthal sequence to binomial transform, see [37].
e For the application of generalized Generalized Padovan numbers to Binomial Transform, see [38].
e For the application of generalized Tribonacci numbers to Gaussian numbers, see [39].

e For the application of generalized Tribonacci numbers to Sedenions, see [40].

e For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [41].

¢ For the application of generalized Tribonacci numbers to circulant matrix, see [42].

* For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [63].

* For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see [13].
Next, we now list some applications of fourth order sequences.

e For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [43].

* For the application of generalized Tetranacci numbers to Gaussian numbers, see [? ].

e For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [45].

e For the application of generalized Tetranacci numbers to binomial transform, see [46].
We now present some applications of fifth order sequences.

¢ For the application of Pentanacci numbers to matrices, see [34].

* For the application of generalized Pentanacci numbers to quaternions, see [48].

* For the application of generalized Pentanacci numbers to binomial transform, see [47].

We now present some applications of second order sequences of polynomials.
¢ For the application of generalized Fibonacci Polynomials to the summation formulas, see [49].

 For some applications of generalized Fibonacci Polynomials, see [50].

We now present some applications of third order sequences of polynomials.

» For some applications of generalized Tribonacci Polynomials, see [51].
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