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1. Introduction and Preliminaries: Generalized Fibonacci Polynomials

The generalized Fibonacci polynomials (or Horadam polynomials or x-Horadam numbers or generalized
(r(x), s(x))-polynomials or (r(x), s(x)) Horadam polynomials or 2-step Fibonacci polynomials)

{Wy (Wo, Wi r(x), (X))} n=o
(or {W,,(x)} =0 or shortly {W},},,>¢) is defined as follows:
Wy(x) = r(X) Wy1(x) + s(X)Wy_2(x), Wo(x) = a(x), W1(x) =b(x), n=2 D

where Wy (x), Wi (x) are arbitrary complex (or real) polynomials with real coefficients and r(x) and s(x) are polynomials
with real coefficients with r(x) #0, s(x) #0.

The sequence {W,} =0 can be extended to negative subscripts by defining

B r(x) 1
W_n(x) = ) W_(n-1) () + ) W_(n-2)(x)

for n =1,2,3,... when s(x) # 0. Therefore, recurrence (1) holds for all integers n. Note that W_,(x) need not to be a
polynomial in the ordinary sense. For more details on generalized Fibonacci (Horadam) polynomials, see [10]. For
some references on special cases of Horadam polynomials see [3-5, 9, 17, 18] for papers and [1, 2, 6-8, 11, 16] for
books.

Binet’s formula of generalized Fibonacci (Horadam) polynomials can be calculated using its characteristic equation
(the quadratic equation, polynomial) which is given as

2 —r(x)y—s(x) =0. @

* E-mail address(es): yuksel_soykan@hotmail.com (Yiiksel Soykan).


http://www.ijaamm.com/
https://creativecommons.org/licenses/by-nc-nd/3.0/
mailto:yuksel_soykan@hotmail.com

Yiiksel Soykan / Int. J. Adv. Appl. Math. and Mech. 11(2) (2023) 20 - 52 21

The roots of characteristic equation are

(%) + V1% (x) +4s(x) r(x) = V12 (x) + 4s(x)
a(x):=a= 5 , B(x):=p= 5 , 3)

Now, we define two special cases of the polynomials W, (x). (r(x), s(x))-Fibonacci polynomials
{G,(0,1;7(x), s(x)}n=0 (or shortly G,(x)) and (r(x),s(x))-Lucas polynomials {H, (2, r(x);r(x),s(x))}n=0 (or shortly
Hj,(x)) are defined, respectively, by the second-order recurrence relations

Gni2(x) = r(x)Gps1+$sx)Gp(x), Go(x) =0,G1(x) =1, 4)
Hp2(x) = r(x)Hp1 +s(X)Hy(x), Ho(x) =2, Hy(x) =r(x). 5)

The (sequences of polinomials) {G,(x)} ;>0 and {H,(x)},>0 can be extended to negative subscripts by defining

G_p(x) = _@G—(n—l)(x)“‘iG—(n—Z)(x)y
s(x) s(x)

H_,(x) = —@H—(n—1)(x)+LH—(n—Z)(x),
s(x) s(x)

for n=1,2,3,... respectively. Therefore, recurrences (4) and (5) hold for all integers n.
NOTE: For the sake of simplicity throughout the rest of the paper, we use

Wy, 1,5, Wo, W1, &, B, G, Hp, Go, G1, Hy, Hy
instead of

Wi (x), (%), s(x), Wo (1), W1 (x), a(x), B(X), G (x), Hn(x), Go(x), G1(x), Ho(x), H1 (x),
respectively, unless otherwise stated. . For example, we write

Wy=rWy_1+sW,_», Wo=a,Wi=b, n=2

for the equation (1).
Using the roots a, f and recurrence relation (1), Binet’s formula can be given as follows:

Theorem 1.1 ([10], Theorem 2).
The general term of the generalized Fibonacci (Horadam) polynomials W, can be presented by the following Binet's
formula:

Wwi-pWy , Wi—aWp . . -
a — , ifa Distinct Roots Case
Wy, = a-p a-p p fa7p ) (6)
(MW —a(n-1)Wp)a™! | ifa=p (Single Root Case)
Wy - W, Wy —aW
{ 1-p Ogn_ 2179 0,6” , ifa # B (Distinct Roots Case)
= a-p a-p .
(nW1 - 5 (n—1) Wp) (%)n_l , ifa=p (Single Root Case)

We can give the sum formula 7! Z*Wois j of generalized Fibonacci polynomials (in terms of elements of the
sequence of generalized Fibonacci polynomials).

Theorem 1.2 ([15], Theorem 4.1).
For all integers m and j, we have the following sum formulas.

(@) Ifz°Ty + 2zl +T'3 #0 then

isz = 220 + 210, + 203+ 0, @
o 22T + 205 + T3

_ Op(2)

"~ Tw(2)

where

Ow(z) = 2""20; + 210, + 203 + O4 = Z"2(WjWis1 — Wit W) Winnema1 + (Wjp1 = TW) Wiy —
SWiWu) Winnem) + 2" HWo Wi = Wi W) Winnemar + (=W Wiy + FWy + sSWo) W) Wi mn) + 2(-Wo Wiy +
(= W1 + rWo) W) W1 + (Wi Wjg1 + sSWo W) W) + (WP = sSWZ — rivg W) W
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Z"201 = 2" H(WjWins1 = Wit W) Winns ma1 + (Wi = TW) Win1 — SW W) Wipom)
2" 0y = 2" H Wy W1 = Wi W) Winneme1 + (Wi Wiy + (Wi + SWo) W) Wit n)

203 = z((-WoWji1+ (W1 + rWo) Wj) Wi 41 + (W1 Wji1 + sSWo W) W)

04 = (WZ = sWZ — rig W) W;

le.,

Ow(2) =220, +2"10,+205+0, = Z"J’Z(—l)(VVl2 _SW()Z —rWoW)((=HmGj+Gms+ YWmntm+1+(=Hn(Gjy1—
rG)+Gmy js1 = G Y Winnsm) + 2" (=D WE = sWG = rWo W) (Gj Winnms1 + (Gjvr = T G) Wi ) + 2(WF =
SW = rWoW)(GuWjs1 = G W)) + (WY = sWG = rWo W) W

Z"20r = DWW sWE - rWoWD(—HmGj + Grs )Winnems1 + (Hm(Gjs1 = 7G)) + Gajur =
"G+ ) Winn+m)

2"y = 2" (=D (W] = sWG — rWoW)(Gj Winnsm1 + (Gt = 1G)) Winsmn)

203 = Z(Wf = sSWZ = rWoWi) (G Wis1 — Gpraa Wj)

04 = (WP - sWE - rWoW)W;

and

Tw(z) = 2°T1+2l2+T3 = 22 (= 1)"'s™ (W2 = sWG = r Wy Wh) + 2(—1) Hpy (W7 = sSWZ = r WoWh) + (W2 — sSWZ - rWo Wh)
2Ty = 22 (W2, — sSW2 = W W)

20 = 2((—2W + rWo) W1 + (r Wi +25Wo) Wiyy)

T3=WZ—sWZ-rioW

ie.,

T'w(2) = 2°T1 + 202 + T3 = (22 (-1)™s™ + 2(—=1) Hyp + 1) (WP — sSWG — rWo W)

2Ty = 22 (-1)"s" (WE — sSWE — rWoWh)

2Ty = z2(—1) Hp (WE — sSWE — rivp W)

Tg=W2—sWZ-riwoW

(b) Ifz2F1 +zl2+I3=u(z—a)(z—b) =0 forsomeu,a,be Cwithu#0anda#b, i.e,z=aorz=>b then

LN _ (n+2)2"10, + (n+1)2"0, + O3
Y 2 Wipgesj = .
k=0 2z +T

(c) Ifzzl“l +zl+ T3 =u(z—a)® = 0 for someu,ae C withu #0, i.e., z = a, then

LA _ (n+2)(n+1)2"01 + (n+1)nz""'0,
Y 2 Wiksj = T .
k=0 1

2. The Weighted Sum Formula ZZ:O kzZ"W,,i. j of Generalized Fibonacci Polynomials

By using Theorem 1.2 (a), we can give the sum formula ¥.7'_; kz* Wikt j of generalized Fibonacci polynomials (in
terms of elements of the sequence of generalized Fibonacci polynomials).

Theorem 2.1.
Let z be a non-zero complex (or real) number. For all integers m and j, we have the following sum formulas.

@) If(Z*(-1)™s" + 2(=1) Hyp + D?(WE = sSWE — rWoW1)? # 0 then

(8)

n Z2(Tw(2) L0y (2) - Ow (2) LT (2)
kaW . dz dz
&, Wk (Tw (2)?
(WE = sW§ —rWoWi)Aw (2)
(Z2(=1)"s™ + z(—=1) Hp, + 1)2(WF = sSWZ — r Wy Wy)?

where

Ow(z) = 2"20 + 210, + 203 + O4 = Z"2(WjWie1 — Wit W) Winnema1 + (Wjp1 = TW) Wiy —
SWiWi) Winnem) + 2" HWo Wik = Wi W) Wipnemer + (Wi Wiy + W) + SWo)W) Wi mn) + 2(-Wo Wjs +
(—W1 + rWo) W) W1 + (Wi Wjs1 + sSWo W) W) + (WP = sSWZ — rivg W) W,
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LOw(z) = (n+2)2""10; +(n+1)2"0,+03 = (n+2) 2" L (W Wipa1 = W1 W) Winns 1 + (W1 =1 W) Wi —
SWiWim) Winnem) + (n+ D" (WoWjt1 = WiW) Winneme1 + (Wi Wj1 + 0 Wi+ sSWo) W) Wi i) + (- Wo Wit +
(W1 +rWo)Wj) Wini1 + (W1 W1 + sWoW;) Wiy),

and

Tw(2) = 2°T) + 202 + T3 = (22 (-1)™s™ + 2(—=1) Hjp + 1) (W = sSWZ — rWo W),

L Tyw(z) =221 +Tp = (22(-1)™s™ + (- 1) Hp) (W2 — sSWE - rWoWh),

Aw(2) = n(=9)" 2" (= Win Wis1 + Wi Wi ) Winemner + (Wi = T W) Wit = SWj Wi) Wi ) + 2" 3 (- (n +
DWW Hp+ (n+ D)Wy Wy Hyy + (=)™ (n=1) (Wo Wj 11 = Wi W) Wins mps1 +(n+ D (r Wi = W) Wi Hpy +
s(n+1D)Wj Wy Hpyp+ (=)™ (n=1) (= Wi Wji1 + T Wi + sSWo) W) Wi mn) + 2" 2 (+2) W Wit — (n+2) Wiy Wiy —
nWoWj1—WiW) Hp) Winsemn+1+(R+2) (Wi —r W) Wi 1 = s(n+2) Wi Wi + (W1 —r W) W1 —sWo W) Hp,)
Winsmn) + (n+ D" ((WoWist = WMiW) Winimnst = (Wi Wjs1 = Wi+ SWo) W) W) + 2° (=8)" (WL W) +
Wo(Wis1 = TW)) Winse1 = Wi (Wi Wiy + sWo W) =222 (=)™ (W7 = sSWE — riWo W) Wj + 2(WE — sSWE - rWp W)
WjHpy — Wi W+ (Wi —rWi)Wo)Wipi1 + W1 Wiy + sWo W) Wiy),

2w (2) 20w (2) — Ow (2) L Tw (2)) = (WE = sW2 — rWoW1)Aw (2).

(b) If(Z*(-=1)"s" +2(~1) Hy+ 1)* (Wi = sSWE - rWoW1)? = u(z—a)*(z—b)* = 0 for some u, a,b € C withu #0 and a # b,
i.e,z=aorz=>bthen
2
n ﬁ(z(rw(z)%@w(z) 0w (D)L (2)
> kaka+j £ 2
k=0 L Ty
azz- "

d2
7 (W] = SWE = rWo W) A (2)

(122252 =122 (=1)" s Hp, + 2(Hp, + 2 (=1)™ ™) (W = sSWZ — r Wy Wp)?

(© If(Z2(=1)"s™ + z(=1) Hp, + D*(W{ = sSWE — rigWh)? = u(z— a)* =0 for some u,a € C withu#0, i.e., z = a, then
4

d
nooo %(Z(TW(Z)ﬁG)W(Z) —@W(z)%rw(z)))
Z kz ka+j = 7

k=0 d
P (Tw(2))?

d4
%((Wf - sW§ = rWoWi)Aw (2)

242M(WE — sWE — rWoWh)?

Proof. Note that
Tw(2)? = (Z2(=1D"s™ +z(=1) Hp + D*(WE = sSWE — r Wy Wy)?
= (2*s*"M =223 (1) s Hpy + 22 (H2, + 2 (=1)™ s™) = 22 Hypy + 1) (WE — sSWE — rWpWh)?,

d

= Cw(2)? = @2°s*" =622 (=1)™ s™ Hypy +22(H2, + 2 (= 1) s™) = 2 Hp)) (WE = sSWE — rWoWh)?,
z

dZ

yE Cw(z)? = (122°8*™ —12z2(=1)™ s™ Hp, + 2(HZ, +2(=1)™ s™) (W — sWE — rWoW1)?,
Z

dS

-3 Tw(2)? = (2425 —12(=1)" s Hp) (WE — sWE — rWoW1)?,

d4
= (Tw(2))?

245*M(WE — sWE — rWoWh)2.
(@) From Theorem 1.2 (a), we know that

1 Ow(z)
k w
E " Wikrj = .
= mk+j Tw(2)

By taking the derivative of the both sides of the above formulas with respect to z, we get
T'w(2) £ 0w (2) - Ow(2) 2T (2)

((Z2(=1)™Ms™ + 2(=1) Hpp + 1) (W2 — sSWZ — rWoWi))°

n
k-1
Z kz™ ™ Wi+ j =
k=0

where %@W(z) = ®/W(z) and %FW(Z) = F'W(z) denotes the derivatives of Oy (z) and I'y (2), respectively. Then
it follows that

noo Ty (2) 20w (2) -Ow(2) £ Tw(2)
Y ke Wit j =2z x 5 5 )
k=0 (22(=1)"Ms™ + z(-1)Hyy, + l)Z(W1 —sWy - rWoWq)?
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(b) We use (8). For z = a and z = b, the right hand side of the sum formula (8) is an indeterminate form. Now, we can
use L'Hospital rule (twice). Then we get (ii) by using

dZ
nooo ] (Z(FW(Z)%G)W(z) —®W(Z)%rw(z)))
ke Wik = 7
- il 2
— () .

and

d2

n — (2T (2) L Ow (2) — O (2) LT (2)))

Z kka dz2 dz dz
mk+j =

k=0

2

d—(r (2))?
de wiz z=b

(c) For z = a, the right hand side of the sum formula (8) is an indeterminate form. Now, we can use L'Hospital rule
(four times). Then we get (iii) by using

4
n — (2T w(2) £ Ow(2) - Ow (2) £ Tw (2))
Y ka Wy = 425 - : O

k=0 d
I Tw(2)?

Now, we consider special cases of Theorem 1.2.

Theorem 2.2.
Let z be a non-zero complex (or real) number. For all integers m and j, we have the following sum formulas.

(@ (m=1,j=0).

() If(sz?+rz—1)?#0, i.e, ifz2# 5 (-r —=VrZ+4s), 2# 5 (-1 + V2 +4s) then

n Q
Z ’CZka = ﬁ
=0 (sz°+rz—1)
where
Q) = ns2 2" AW, 4523 (- W1 + 1 (n+ D) Wy,) + 22 (nr Wi —s(n+2) Wy,) — (n+ 1) 2" Y W, + 523 (W —
rWo) + 2522 Wy + Wiz

(ii) If(sz2 +rz-12=0 provided that r2+4s5#0, ie., ifz= zis(—r —Vr24+4s)orz= zis(—r + V12 +4s) provided
2
that s # _rz then

n QZ

Z kaWk

o " 2(6522% +6rsz+ 12 —23)

where
Qo =nn+Dm+3)s22"2W,+s(n+3)(n+2) 2" (n— D)Wy +r(n+ DW,) + (n+2)(n+ 1) 2" (nrWy4q —
sm+2W,) —n(n+ 122" 1W, 11 +6s2(W) — rWy) +4sW,

2 2 r?
(iii) If(sz2 +rz-12%=(z-=)*=0 provided that r2+4s=0,ie, ifz= _2_rs =—,85= s then
r r
1 n+1)nz"3
TR L
k=0 4s
where

Q3 = szzs(n+4)(n+3)(n+2)Wn +s22m+3)(n+2)((n- DWypa+r(n+ )W) +z(n+2)(n—1)(nrWyy —
s(n+2)Wy)—(n+1)(n-1)(n—-2)Wp4

(b) (m=2,j=0).
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() If(r’z—s*z> +2sz-1)2 #0, i.e., ifz # ﬁ((r2 +28)+rVr2+4s), z# ﬁ((r2 +25)—rVr2+4s) then

n Ql

kz* Wy =
o 2T 22— 222 + 252 1)?

where
Q) =152z 4 Wa, + 22" 3 (r(1 — n) Wapi — (P2 +38)n+ 12 + ) Way,) + 22 (nr s+ 1) Wa g + s(nr2 +3ns+
25)Way) — (n+ 1) 2" (1 Wapi1 + sWay) + $223 (=1 Wy + sWy + r2Wy) + 25222 Wy + z(r Wy + sWp)
(i) If(r’z—s?z> +2sz—1)% = 0 provided that r> +4s #0, i.e., ifz = ﬁ((r2 +28)+1rVri+4s) orz= # ((r? +2s)—
2
r
rv'r2 +4s) provided that s # 7 then

n Q,

kzKWay =
a0 T T 22(65% 22 — 652 (12 + 25)2+ 14 + 4r%s + 652)

where
Q= ns* (n+4)(n+3)2"3Way, + s2(n+3)(n+2) 2" (=1 (n— 1) Waps1 — (12 +3ns+ s+ 12) Wap) + (n+2) (n+
Dz (nr2s+12) Waps1 +5(nr? +3ns+25) Wap) = n(n+1)22" (r Wap 41 + sWhap,) +65% 2% (=1 Wi +sWo + 1> Wo) —

452z W,
4 r?+2s 4 r?
(iii) If(r*z—s°2°+252—1)* = (z— —)* = 0 provided that r* + 45 =0, i.e., ifz = e ST then
r s r
& n+1)nz"3
3 kzfwy = UEDRE o
=0 24s
where

Q3 =s*2(m+0)(n+3)(n+2)Way, + 5222 (n+3) (n+2) (—1(n—1) Waps1 — (nr2 +3ns+ s+ 1) Wap) + 2(n+2) (n—
1(nr2s+ rz)W2n+1 + s(nr2 +3ns+25)Woy,) —(n+1)(n—1)(n—-2)(rWay1 + sWoy)
(© (m=2,j=1).
M) If(rPz— 5222 +252—=1)2 #0, i.e., if 2# 55 (12 +29) + V12 +45), 2# 555 (r* +25) = V2 +4s) then

& 1

kzszk 1=
o T (22— 5222 + 252 - 1)2

Q

where
Q) = ns* 2" Wayq — $22"3(2nrl +3ns+ ) Wapi +7s(n—1)Way,) + 2" 2 (nr* +3nr2s+3ns2 +252) Wo el +
nrs@2s+r2)Way,) = 2" (n+ 1) (s + 1) Wapg1 + 1sWay,) + $323 (W — rWy) — 25222 Wy + z((s + r2) Wy + rsWp)
(i) If(r2z—s22%+25z—1)% = 0 provided that r* +4s # 0, i.e., if 2= 55 (12 +25) + V2 +4s) or 2= 55 (r? +25) -
2
-
rv'r2 +4s) provided that s # 7 then

1

Q
22(65422 —652z(2s+1r2) + r4 +4r2s+652) 2

n

k
Y kz"Waps =
k=0

where
Qo =s*nn+4)(n+3)2" 3 Wope1 — S2(n+3)(n+2) 2" 2 (s + 2112 +3ns)Wayi + rs(n— D) Way,) + (n+2)(n +
D" ((r* +3r25+35) n+25%) Wapy1 + nrs@2s+12) Wap) = n(n+ 122" (s + 1) Wap g1 +15Way,) +65% 2% (W) —

rWo) —4s2zW,;
r2+2s 4 r?
= s= s then

252 r2’

4
(iii) If(rzz — 222 4+2sz-1)2=(z— —2)4 = 0 provided that r2+4s=0,ie, ifz=
r

nn+1)z"3

Q
2454 3

n

k
Y kzZ"Waps =
k=0

where
Qs=s*n+0)(n+3)(n+2)22Wapi1 —S2(n+3)(n+2)2%((s+2nr2 +3ns)Wape1 +rs(n— W) + (n+2)(n—
Dz((nr*+3nr2s+3ns? + 289 Wapi + nrs@2s+rH)Way) — (n+ 1) (n—1)(n—2) (s + r2)Wapy1 — rs(n+ 1) (n—

D(n-2)Wa,

() (m=-1,j=0).
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() If (22 —rz—95)>#0, i.e, ifz # %(r+ Vr2445s), z# %(r— Vr2 +45) then

n k 1
kzZ"W_, = ——
kgb k (22 —rz—15)2
where
Q) =nz"MW_,— 2" (—s(n—-1)W_,_1 +r(n+ DW_,)—sz" 2 (n+2)W_,,+nrW_,_1)—s?>(n+ 1) 2" ' W_,,_; +
ZBW) +252° Wy + z(sWy — rsWp)
=nz"M W+ 2" (n—- 1)W1 —2nr W_,) + 2" P2 (—nrW_ e + (nr2 —ns—2)W_p,) —s(n+ 1) 2" Y (W_ 41 —
rW_p) + 28 Wy + 2522 Wy + z(sWy — rsWp)
(ii) If(z2 —rz—52%=0 provided that r2+4s#0, ie., ifz= %(r + \/M) orz= %(r - M) provided that
2

r
s#—— then
7 4
Y kZ"W_p = 5 5 Q,
=0 2z(6z%—6rz+71°—298)
where

Qo =nn+4)n+3)z"B3W_,—(n+3)(n+2)z"2(r(n+ HVW_,,—s(n—-1)W_,_1) —s(n+2)(n+ 1) 2" *@eW_, +
nrW_p1 + W_,)) — ns2(n+1)22"W_,_1 + 622 W, + 4szW,
=nn+4)(n+3)z2"3W_,—(n+3)(n+2) 2" 2 Q2nrw_,—(n-DW_11)— (n+2) (n+ D) 2" L (nrW_ 1+ (—nr?+

ns+28)W_,) —ns(n+ 1)2z2"(W_,41 — TW_,)) + 622 W) +4szW,
2

r r r
(iii) If(z>-rz-s)?=(z— 5)4 =0 provided thatr*> +4s =0, i.e., ifz = >S==7T then
n nn+1)z"3
Y kebw = MU g,
=0 24
where

Q3= (n+4)(n+3)(n+2)BW_,,—22(n+3)(n+2)r(n+ DW_,—s(n—-DW_,_1)—s(n+2)(n—-1)z(n+2) W_,, +
nrWep_1) —s2(n+1)(n—-1)(n-2)W_,_,

=+ n+3)(n+2)22W_, - 22(n+3)(n+2)(—(n—DW_,1 +20rW_,) — (n+2)(n— D z(nr W_ 1 + (ns—
nr? + 29)W_p)—s(n+1)(n—-1)(n—-2)(W_p,41 —1TW_,)

(e (m=-2,j=0).

() If(22 - (12 +29)z+$%)2 #0, ie., ifz# S (r? +25) + rVr2 +4s), 2 # 1 (r* + 25) = rVr? + 4s) then

1
(22— (r2 +2s)z + 52)?

n
Z kaW—Zk =
k=0

where

Q= nz"™* Wy, — 2" 3 ((nr2 +3ns+ s+ 1) Weo, —rs(n—1)W_p,_1) + sz 2 ((nr? +3ns+2s)W_s,, — nr(2s+

PYWeppn1) + SS(n+ 1) 2" N (=Weop + 1Weop_1) + 22 (r Wy + sWp) — 25222 Wy + 2 2(—r Wy + (s + %) W)

=nz2" M Woopy+ 2" 3 (r(n=1D)Weope1 — @nr2+3ns+ ) Weop) + 2" 2 (—nr 2s+ 1) Weop + (r* +3r2s+3s%) n+

282 YWoop) + 2+ 1)z N (rWoopa1 — P2+ YWoo)) + 23 (1 Wy + sWy) — 25222 Wy + s2z2(—1r W + (s + r2) W)
(i) If (z° — (r? +25)z + s%)? = 0 provided that r* + 4s # 0, i.e., if 2= (> +28) + rVr2 +4s) or z = 2((r* +2s) -

2
rv'r2 +4s) provided that s # — rz then

& 1

kzZFW_pp =
= 2K 22622 —62(r2 +25) + r* + 4125+ 652)

Qo

where

QL =nn+D)n+3)2"3W_o,—(n+3)(n+2) 2" 2 (nr?> +3ns+ 12+ )W_p, —rs(n—1)W_o,_1) + s(n+2)(n+
Dz (nr? +3ns+28)Weo, — nr(2s + 1) Weop_1) + 183 (n+ 1022 (= Weop + 1 Weop_1) + 622 (r Wy + sW) —
4szzW0

=nn+Dn+3)2"3 Wy — (n+3)(n+2)2"2 (1 — N Weope + @Cnr? +3ns + HWooy) + (n + 2)(n +
l)z”“(—nr(r2+23)W_2n+1+(3nrzs+nr4+3ns2+232)W_2n)+n53(n+1)2z"(—W_2n+r%(W_Z,HI—rW_2n))+
622(rWy + sWp) —4s%zW,
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2 2 2 2
r re+2s r r
22 =(z— 1 —)* =0 provided that r*> +4s =0, i.e., ifz = =TT then

(iii) If(z2— (r’+2s)z+s

nn+1
Z kzXW_o &Qs
=0 24

where

Q3 =23+ (n+3)(n+2) W —22(n+3)(n+2)(nr? +3ns+ 12+ ) Weop—rs(n—1)W_o,_1) + sz(n+2)(n—
D((nr2+3ns+28)Weo, —nr(r2 +2)Weop_1) - sSS(n+D(n—-1D)(n-2)Wo,+rs2(n+1)(n-1)(n—2)W_s,_1
=22+ (n+3)(n+2) W, — 22 (n+3) (n+2) (r (L= ) W_opi1 + @Qrr? +3ns+ ) Weo,) + 2(n+2) (n—1) (—nr (r®+
28)Weop1+(nr*+3ns2+3nr2s+2s2)Ws,)—s2(n+1)(n—1) (n—2) (r2 + ) W+ 152 (n+1) (n—1) (n—2) W_2 41

) (m=-2,j=1).
() If(22 - (1P +29)z+$%)2 #0, i.e., ifz# S (r? +28) + rVr2 +4s), 2 # 1 (% + 25) = rVr? + 4s) then

1

Q
(22— (2 +25z+52)2

n

k
Y kZ"Wopgi =
k=0

where

Q1 = nz2"™ I Weon+sWeoan1) = 2" 30r(n+ D (r? + 2)Wooy + s(nr? +3ns + 12 + Wz 1) + s22" 2 (r(n +
DWoon+(nr?+3ns+28)W_o,_1) —s*(n+1) 2" Weo 1 + 22 (12 + ) Wi + 522 (=25 Wi + 12 Wo) + s 2(W) — 1 W)
=Nz Weoni1 — 2" ((mr2+3ns+ 12+ )Woope1 —rs(n—1)W_p,)) + 52" 2(nr? +3ns+28)W_o s —nr(r2 +
29)Woop) = 3 (n+ 1) 2™ N (Weope1 — TWeoy) + 22 (r2 + )Wy + 522 (=2sWh + rzWp) + s3z(W) — 1)

(i) If (z° — (r? + 25)z + s%)? = 0 provided that r* + 4s # 0, i.e., if 2= 2(r* +28) + rVr2 +4s) or z = 3((r* + 2s) -
2

rv'r2 +4s) provided that s # — rz then

1

Q
22(622 —62((r2+25)) + 11 +4r2s +652) -

n

k
Y kZ"Wopgi =
k=0

where

Qo =123+ (n+3) Wy +SWeoy 1) — 2" 2n+3)(n+2)(r(n+ 1) (72 +2)W_op + s(nr® +3ns+r2 +
HWeop )+ 822" (n+2)(n+ D) (r(n+2)Weop+ (nr? +3ns+2)W_o,_1) — ns* 2% (n+ 1) W_pp—1 +62% (sW; +
r2W1 +rsWy) —4322W1

=nz2"3(n+4)(n+3)Weopi1 — 22 (n+3) (n+2) (nr2+3ns+ 12+ ) Weops1 —1rs(n—1)W_o,) + sz (n+2) (n+
1)((nr2+3ns+25)W_2n+1—nr(rz+2§)W_gn)—ns3z”(n+1)2(W_2n+1—rW_Zn)+622(3W1+r2W1+rsW0)—432

z W1

b - ., ) ) o r?+2s r? r?
(i) If(z°—(r°+28)z+s°)" =(z— Z) =0 provided thatr“+4s=0, i.e., ifz= 5 T s=—— then
n nn+1)z"3
> k2" Wogp = ————0Q3
k=0 24
where

Q=2+ +3)(n+2) (T Weop + SWeopy_1) —22(n+3)(n+2)(r(n+ D) (1% + 25)W_p,, + s(nr® + 3ns+ s+
FPYW_o,1)+2z2(n+2)(n—-1)r(n+2)W_o, + (nr? +3ns+2)Wo,_1) = st (n+ D(n-1)(n—2)W_op—;
=2+ n+3)(n+2)W_ope1 —22(n+3)(n+2)(nr? +3ns+ s+ 1) Weops1 —rs(n—1)W_y,) + sz(n+2)(n—
D((nr? +3ns+28)Wopp1 — nr(r2 +28)Wepp) — s3(n+ 1) (n—1)(n—2)(W-241 — T W_pp,)

3. Weighted Generating Function Z nWpny j2" of Generalized Fibonacci Polynomials

n_

In this section, we present weighted generating function of the sequence Win+ j and its special cases.
Next, we give the ordinary weighted generating function Z nWinns+jz" of the sequence Wy (in terms of
=0

elements of the sequence of generalized Fibonacci polynomlals and (r,s)-Fibonacci and (7, s)-Fibonacci-Lucas

polynomials).
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Lemma 3.1. -
Assume that|z| < min{|la|™™, |,6|_m}. Suppose thatfwmmj (2= X nWmn+jz” is the ordinary weighted generating func-
n=0

o0
tion of the generalized Fibonacci (sequence of) polynomials (Wi j}. Then, Y. nWy,,, jz" is given by
n=0

i - v
S T T (@D MM 4 2(=1) Hyy + D2(WE - sW2 - rWoWh)
where

W(2) = 2° (=9)" (Wi W + Wo(Wjs1 = r W) Wins1 — Wi (Wi Wiy + SWoW))) — 222 (=) (W2 — SWZ — rivg W) Wj +
2(WE = sSWE = rWo W)W Hyy = (Wi Wj + (W1 — 1 Wj) Wo) Wit + (Wi Wisy + SWo W) Win).

Proof. Use Theorem 2.1 (a) and Theorem 1.1. [J
Now, we consider special cases of Lemma 3.1.

Corollary 3.1.
The ordinary weighted generating functions of the sequences Wy, Wa,, Wo 41, W_p,, W_o,,, W_p,,41 are given as follows:

(@ (m=1,j=0,lz| <minflal™},||"'D.

SZ3(Wy — rWy) + 2522 Wy + Wiz

(e}
nWyz" =
,Z‘O " (sz2+rz—1)2
() (m=2,j=0,lzl <minfla|?,|B| ).
x n SPZ3(—rWh + sWo + r2Wo) — 252 22 Wy + 2(r W + sWp)
2 nWanz" = 2, _ 2,2 2
n=0 (réez—s“z*+2sz—1)

(© (m=2,j=1,lzl <minflal 2|6 ).

® a SSZBWy—rWp) — 25222 Wi + z((s + r) Wy + rsWp)
Y nWrp2" = 3 2 3
n=0 (rez—s%zc+2sz—1)

(d) (m=-1,j=0,lzl <min{lal,|B}.

ZPWy +252° Wy + z(sW) — rsWp)
(z2—rz—1s)?

nW_,z" =

018

n=0

(€ (m=-2,j=0,lz| <minflal?,|B['}.

i AW 2 = Z2(rWy + sWp) — 25222 Wy + s2z(—rWy + (s + r2) W)
n=0 2 (22— (r2+28)z+ §2)2

) (m=-2,j=1,lz <min{lal?,|B*).

i W g = ZB((r? + )Wy + rsWp) — 25222 Wy + s z(Wy — rWp)
=0 —antl (22— (r2 +2s)z + s2)?

Proof. Use Lemma 3.1 (or Theorem 2.2). [J

4. Special Cases of Generating Function of Generalized Fibonacci Polynomials

In this section, we present special cases of the ordinary weighted generating function of generalized Fibonacci
polynomials.



Yiiksel Soykan / Int. J. Adv. Appl. Math. and Mech. 11(2) (2023) 20 - 52 29

4.1. Weighted Generating Function of Generalized Fibonacci Numbers

In this subsection, we consider the case r = 1, s = 1. A generalized Fibonacci sequence {W,} >0 = {W,(Wy, W1)} =0
is defined by the second-order recurrence relation

Wy =Wp1+ Wy, 9

with the initial values Wy = ¢y, W = ¢1 not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining

W_p=-W_-1y + W_(n-2)

for n=1,2,3,.... Therefore, recurrence (9) holds for all integer n. The Binet formula of generalized Fibonacci numbers
can be written as

Wl_ﬁWO n_W]—C(W()

W, = a " 10
" a-p a-p h (10)
where @ and f are the roots of the quadratic equation x> — x — 1 = 0. Moreover
1++v5
a =
2
po 2V
2

So

Wi - pwo) (152" - i —amp) (155)”
Wy, = 7 .

Now, we define two special cases of the sequence {W,,}. Fibonacci sequence {F;},>o and Lucas sequence {L,} >0
are defined, respectively, by the second-order recurrence relations

F, = Fp1+F, 3, F=0F=1, (11
Ly = Ly1+Lp2, Ly=2,L1=1, (12)

The sequences {F;},,=0 and {L,},>¢ can be extended to negative subscripts by defining
F_pn = Fn-py+F-n-2),
Loy = Logn-1+L-(n-2),

for n =1,2,3,... respectively. Therefore, recurrences (11)-(12) hold for all integer n.For all integers n, Fibonacci and
Lucas numbers can be expressed using Binet’s formulas as

an_ﬁn
a-"

L, = a"+p",

F, =

respectively. Note that here, G,, = F, and H, = L,,.

(e o)
Next, we give the ordinary generating function Y. Wy, ;z" of the generalized Fibonacci numbers.
n=0

Lemma 4.1.
145 |7 1—\/5)"”
T2

Assume that|z| < min{) =2 | (2) = X502 s nWinny j2" is the ordinary generating func-

tion of the generalized Fibonacci numbers (Wi j}. Then, Y00 Wy, j2" is given by

}. Suppose that fy

mn+j

5% i - LG
o T T (@D 4 2(-1) Ly + DEWE - WE - W W)
where

¥ (2) = 2% (1) (W W+ Wo (W) 1= W) Wiy = Wiy (Wi W + Wo W) =222 (=1)™ (WE = WE = Wo W) W+ 2(WE -
WE = WoW)) W, Ly, — (Wi Wi + (W1 — W) Wo) Wi + (Wi Wjsq + Wo W) Wiy).

Proof. Setr=1,s=1,G,, = F,, and H, = L,, in Lemma 3.1. [J
Now, we consider special cases of the last Lemma.
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Corollary 4.1.
The ordinary weighted generating functions of the sequences Wy, Woy,, Wo 41, W_p,, W_ay,, W_p,,41 are given as follows:

-1
@ (m=1,j=0,lz1<| 5| ~0618033).

ZB(W) — Wp) +222 Wy + Wiz

nWw,z" =
" (z224+2z-1)2

18

n=0

=2
(b) (m=2,j=0,1z1<|52| = 0.381966).

i I Z3(=W1 +2Wp) — 222 Wy + 2(W; + W)
= an (z2-3z+1)2 )

-2
L5 = 0.381966).

() (m=2,j=1,lz|<

i nW Zn_ Z3(Wl_rWO)_222W1+Z(2W1+W0)
= 2n+1 (z2 324 1)2 .

@ (m=-1,j=0,lz < |'5| =0.618033).

W+ 225 W + 2(W) — Wp)

o0
W_ n
Z -n (z22—-z-1)2

n=0

2
(&) (m=-2,j=0,lzl<|*55| ~0381966).

x n Wi+ Wo) =222 Wy + z(— Wy +2Wp)
Z nW_p,z" = .
(22 —3z+52)2

n=0

2
() (m=-2,j=1,lzl < |*55| ~0.381966).

i AW o = Z22W1 + Wo) — 222 Wy + z2(W; — W)
= e (22 -3z+1)2 '

The last Lemma gives the following results as particular examples (weighted generating functions of Fibonacci and
Fibonacci-Lucas numbers).

Corollary 4.2.

-m -m
Assume that | z| < min{ %ﬁ ) , )1—Tf5| }. Weighted generating functions of Fibonacci and Fibonacci-Lucas numbers

are given, respectively, as follows:

(a)

2% (-1)" (= FpFjs1 + FjFips1) =222 (=1)" Fj + 2(Fyu Fj1 = FjFipa1 + FiLy)

o0
Fonsi2" =
Y nFmnejz (Z2(-1)" + z(=1) Ly, + 1)2

n=0

(b)

22 (=1)"(@Lj+1 = L) L1~ Lm@Lj + Lj+1)) +102* (=D L;
e " +2((=2Lj11+ Lj)Lip+1 + (Lj+1 —3Lj) L)
Z NLmp+jz" = 5 2
=5z (-1)"+z(-1L;, +1)

n=0

Now, we consider special cases of the last two corollaries.

Corollary 4.3.
The ordinary weighted generating functions of the sequences Fy, Fopn, Fony1, F—p, F_on, F—_pp+1 and Ly, Loy, Lops1, L—p,
L_3,, L_pp41 are given as follows:
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-1
@ (m=1,j=0,lzI<|5| " ~0618033).

2B+z

(e 0]
nF,z" = —/————,
,,20 " (22 +z—1)2
f Loon -3 +4z%+2
nlpz" = ——.
= (22+2z-1)2
-2
(b) (m=2,j=0,1z1<|52| " =0.381966).
0 " Z—Z3
nFppz" = ———
,,;0 an (22 -3z+1)?

323 -4z2+3z

nlp,z" = = 2% 7%
an (22 —3z+1)2

P18

3
I
(=]

-2
L8| = 0.381966).

(©) (m=2,j=1,lz|<

2 P n 23222 +2z
n 2" =
=0 el (z2-3z+1)2
i Lo g = -z3-27% +4z
o 2n+1 —(Z2—3Z+1)2 .
@ (m=-1,j=0,lz|<|'5%%| ~0.618033).
3
S nFet = AR
= (z2-z-1)2’
°° o 2447 -2z
Z I’I,LfnZ = m
n=0
2
(&) (m=-2,j=0,lzI<|*55| ~0381966).
o n -z
nF_opz" = ———,
= reen (22 —3z+1)2
i NL_py2" = 323422 +3z
e S (z22-3z+1)2°
2
() (m=-2,j=1121<|55| ~0.381966).
i nE . 223-222+2
_ Zn =
=0 anl (z2-3z+1)2
i": nl n 4z3-222 -2z
o112t = —————.
=0 an+l (22 -3z+1)2

From the last corollary, we obtain the following results for Fibonacci and Fibonacci-Lucas numbers.

Corollary 4.4.
Infinite sums of Fp, Fop, Fons1, F—n, F—on, F—on+1 and Ly, Loy, Lops1, L—y, L_2p, L_p,41 are given as follows:
(@ z= %

X F

Y n= = 10,

n=0 2

X L

Y n—~ = 22

21’!

n=0
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(b) z=13.

(o]
F.

E nﬂ = 24,
371

n=0

L2n

3}’!

54.

n=0

(c) z= 3

]
3
‘.3’
=
x
I

39,

d) z=3.

Wl

(e) z=

) z=1.

4.2. Weighted Generating Function of Generalized Pell Numbers

In this subsection, we consider the case r = 2,s = 1. A generalized Pell sequence {W;} ;=0 = {W,,(Wp, W1)},=0 is
defined by the second-order recurrence relation

Wy, =2W,_1 +W,_o, (13)
with the initial values Wy = ¢y, W1 = ¢1 not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining
W_p==2W_n-1)+ W_(n-2)
for n=1,2,3,.... Therefore, recurrence (13) holds for all integer n.
The Binet formula of generalized Pell numbers can be written as
Wy — W, Wy —aW,
w, =" B 0o n_M 0 gn (14)
a-p a-p
where @ and f are the roots of the quadratic equation x?> — 2x — 1 = 0. Moreover
a = 1+ \/5,
B = 1-V2.
So
w. = Wi=pWo 0+ V2)" — (W) —aWp)(1 - v2)"
n— .

2V2
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Now, we define two special cases of the sequence {WW,}. Pell sequence {P,},>0 and Pell-Lucas sequence {Q} ;>0 are
defined, respectively, by the second-order recurrence relations

P, = 2P, 1+Py_o, Pyp=1,P1=0, (15)
Qn = 2Qn-1+Qn-2, Q=2,01=2, (16)

The sequences {P,,} >0 and {Q,} ;>0 can be extended to negative subscripts by defining

Py = =2P_(n-1)+P-(n-2)
Q-n = —2Q0-m-1y+Q-n-2

for n=1,2,3,... respectively. Therefore, recurrences (15)-(16) hold for all integer n.
For all integers n, Pell and Pell-Lucas numbers can be expressed using Binet’s formulas as

an_‘Bn
Py = ——,
n a—ﬁ

Qn = an+,6n)

respectively. Here, G, = P,, and H,, = Qj,.
Next, we give the ordinary weighted generating function -2 ) nWy,,,+ jz" of the generalized Pell numbers {W;, 4 }.

Lemma 4.2.
Assume that |zl < min{|1+v2|™",|1=V2|™"}. Suppose that fw,,,,(2) = 520 nWins;z" is the ordinary weighted
generating function of the generalized Pell numbers {Wiy 4 j}. Then, .00 nWy, jz" is given by

i nWins 2" = Y@
o T T @D+ 2(-1) Qe+ DAWE - WE - 2Wo W)
where

¥(2) = 2° ()" (W W) + Wo (W1 = 2W)) Wini1 = Win(W1 Wiy + WoW)) = 22% (=1)" (W] = W = 2Wo W) W +
2(WF = WG = 2Wo W)W Qm = (Wi W) + (Wjs1 = 2W)Wo) Wins1 + (Wi Wiy + WoW)) Wip).

Proof. Setr =2,s=1,G,, = P, and H, = Q, in Lemma 3.1. [J
Now, we consider special cases of the last Lemma.

Corollary 4.5.
The ordinary weighted generating functions of the sequences Wy, Way,, Wo 1, W_y,, W_oy,, W_o,41 are given as follows:

@ (m=1,j=0,lzl<|1+v2| "' =0.414213).

Z3(Wy —2Wp) + 222 Wy + Wiz

oo
nw,z" =
X nWa (22 +2z—1)2

n=0

) (m=2,j=0,lzl < |1+ V2| > =0.171572).

f AW 2" = 23 (—2Wq + Wy +4Wp) — 222 Wy + z(2Wi + Wo)
2n (-z2+6z-1)2 '

n=0

© (m=2,j=1,lzl<|1+ V2| ~0171572).

< n (W —2Wp) — 222 Wi + 2(5W +2Wp)
E I’len+1,Z = .
(-z2+6z-1)?

n=0

d (m=-1,j=0,|zl <|1- V2| ~0.414213).

i AW 2T = Wy +22° Wy + 2(W) — 2 W)
= (22 -2z—1)2 '

(@ (m=-2,j=0,lzl<|1-V2|" =0.171572).

x n ZRW + W) =22 Wy + 2(—2 W) +5Wp)
Z nW_y,z" = 5 3 .
=0 (z¢—62z+1)
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) (m=-2,j=11zl<|1-v2|* =0.171572).

i W e Z2(5W) +2W) — 222 W + z(W) —2Wp)
= e (Z2—6z+1)2

The last Lemma gives the following results as particular examples (weighted generating functions of Pell and Pell-
Lucas numbers).

Corollary 4.6.

Assume that|z| < min{| 1+v2 rm , | 1-v2 | -, Weighted generating functions of Pell and Pell-Lucas numbers are given,
respectively, as follows:

(a)
i WP gl = 22 (=1)" (PjPps1— PmPjs1) —22% (=1)" Pj + 2(PjQp — PjPps1 + Pj1Pm)
P (D" + 2(~1)Qp + 1)2 '
(b)
22 (1" 2(Qj+1 - Q) Qm+1 = 2(Qjs1 + Q) Q) +162% (1) Q;
i nQ o +2z2((Qj — Qj+1)Qm+1 + (Qj+1 —3Q;)Qm)
P —8(2(—1)" + 2(~1)Qp + 1)?

Now, we consider special cases of the last two corollaries.

Corollary 4.7.
The ordinary weighted generating functions of the sequences Py, P2y, Papy1, P—pn, P—on, P_on+1 and Qp, Qap, Q2p+1,
Q-n, Q-2n, Q—2p+1 are given as follows:

@ (m=1,j=0,lzl <|1+v2| "' ~0.414213).

3
i nPpz" = — 2 %
= (22 +2z-1)2’
i 02" 273 +42% +22
n z = —.
= (22 +2z—1)2

) (m=2,j=0,lzl < |1+ V2| > =0.171572).

°Z°: e -22%+2z

' = ———,
= an (-z2+6z—-1)?
‘i Q2" = 62° —4z° + 62
P (-z2+6z-1)?

© (m=2,j=1,lzl < |1+v2| > =0.171572).

i": PPy d = Z3-222+5z
= (22 +6z—1)2’
X n —228-47% + 14z
ng,onQZnﬂZ = 261

) (m=-1,j=0,lzl < |1-v2| ~0.414213).

3
ozo:nP e EEE
= (z2-2z-1)2’
x 228 +47% -2z

Y nQ_pz" =

= (z2-2z-1)2%"
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(© (m=-2,j=0,lzl<|1-V2|" =0.171572).
223-2z

(e
nP_y,z" = —/———,
ngo an (z2-6z+1)2
< 62° —47% +6z
nQ_ppz" = ——-—.
,;0 Q-2n (z2-6z+1)2
) (m=-2,j=11zl<|1-v2|* =0.171572).
i P . 5Z8-27%+z
_ 2" =
o e (z2-6z+1)2
X 142% - 422 -2z
nQ- Zn = ————.
nX=:O Q-2n+1 62712

From the last corollary, we obtain the following results for Pell and Pell-Lucas numbers.

Corollary 4.8.
Infinite sums of Py, P2y, Pap+1, P—p, P—ap, P_op+1 and Qy, Q2 Q2p41, Q—ny Q-25, Q-25+1 are given as follows:
(@) !
z=-—.
3
X Py 15
L oy = o
n=0
X n
Y nor = 2L
n=0 3
1
b) z=-.
(b) 6
o0
2
Y n—2 = 420,
n=0 6
(e 0]
ZnQ—Zn" = 1188.
n=0 6
(c) !
c) z=-—.
6
= P2n+1
yon o = 1014
n=0
o Qons1
Z”G—n = 2868.
n=0
1
d) z=-.
(d) 3
inp‘" 15
=" 3n 98’
$,%n _ 3
— 3" 49
n=0
(e !
e) z=—.
6
& P—Zn
Y. n o = 420
n=0
[ee]
ZnQ’j” = 1188.
n=0 6
1
f) z=-.
) 6
<  Poons1
Yon T
n=0
(e}
ZnQ72n+1 _ _aoo.

35
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4.3. Weighted Generating Function of Generalized Jacobsthal Numbers

In this subsection, we consider the case r = 1, s = 2. A generalized Jacobsthal sequence {W,;} ;>0 = {W,,(Wy, W1)} =0
is defined by the second-order recurrence relation

Wy =Wp1+2Wy-2, 17)

with the initial values Wy = ¢y, W; = ¢; not all being zero.
The sequence {W,},>¢ can be extended to negative subscripts by defining

1 1
W_, = _EW—(n—l) t3 W_(n-2)
for n=1,2,3,.... Therefore, recurrence (17) holds for all integer n.
The Binet formula of generalized Jacobsthal numbers can be written as

Wl—ﬁW() n Wl—(XW() n
W, = - 18
n (X—ﬁ a a—,B ﬁ (18)
pia” —p2p"
a-p

where @ and f are the roots of the quadratic equation x*> — x —2 = 0 and

pr = W1-p6W,
p2 = Wl—C(W().

Moreover

So
(W1 — W) x 2" — (Wy —aWp) x (=1)"
= 3 .
Now, we define two special cases of the sequence {W,}. Jacobsthal sequence {J,},>0 and Jacobsthal-Lucas se-
quence {j,},=0 are defined, respectively, by the second-order recurrence relations
In Jn-1+2Jp-2, Jo=0,1=1, (19)
Jn = jn-1+2jn-2, jo=2,1=1 (20)

Wy

The sequences {J,} =0 and {j,} =0 can be extended to negative subscripts by defining

1 1
Jon = _5]7(n71)+§]7(n72)
. 1, 1,
J-n = —51—(n—1)+51—(n—2)

for n=1,2,3,... respectively. Therefore, recurrences (19)-(20) hold for all integer n.
For all integers n, Jacobsthal and Jacobsthal-Lucas numbers can be expressed using Binet’s formulas as
a — ﬁn a — ﬁn
a-p R
le = an + ﬁny

In

respectively. Here, G, = J, and Hj, = jj,.
Next, we give the ordinary weighted generating function }_
{Wmn+j}-

[e ]

o 0 "Winns j2" of the generalized Jacobsthal numbers

Lemma 4.3.
Assume that|z| < min{2™™, 1}. Suppose that fw,,,. ;(2) = £52nWin+ ;2" is the ordinary weighted generating function
of the generalized Jacobsthal numbers {Wp,,+ j}. Then, 35 n'Wiy,p4 j2" is given by

5% i 27— ¥e
e S (22(=2)™ + 2(=1) jm + D2 (W2 - 2WZ - WoW5)

where
W(2) = 2° (=2)" (MW + Wo(Wjs1 = W) Wins1 = Win(Wi Wisr +2WoW))) = 222 (=2)" (W = 2W§ — WoWi) W +
Z(WE = 2WE = WoWD) W, jim — Wi W) + (W1 = W) Wo) Wina1 + (Wi Wiy +2Wo W) Wiy).
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Proof. Setr=1,s=2,G, = J, and H, = j, in Lemma 3.1. [J
Now, we consider special cases of the last Lemma.

Corollary 4.9.
The ordinary weighted generating functions of the sequences Wy, Wo,, Wo 41, W_y,, W_ay,, W_p,,41 are given as follows:

(@ (m=1,j=0,lz| < 3).

i W27 = 223(Wy — Wp) +42° Wy + Wiz
= 2z2+z-1)2 ’
(b) (m=2,j=0,]zI< 3.
i I 423 (— Wy +2Wo + Wp) — 822 Wy + (W) +2Wp)
= en (—422 +5z2— 1)2 '

(© (m=2,j=1,lzI< .

< . 8Z3(Wy —Wp) — 822 Wi + 2(3W; +2Wp)
Y nWrpii2" = .
(-42z? +5z—-1)2

n=0

(d (m=-1,j=0,lz| <1).

i AW 2 Wy + 422 Wy +22(W; — Wp)
= (z22-2z-2)2
(€ (m=-2,j=0,lz| <1).
i AW 2T 23 (Wy +2Wp) — 822 Wy + 4z (-~ W) +3Wp)
n=0 2 (22 —5z+4)2 )
) m=-2,j=1,1z| < D).
i AW oM Z3(3W) +2W,) — 822 W) + 82(W; — Wp)
PO (22 —5z+4)2 :

The last Lemma gives the following results as particular examples (weighted generating functions of Jacobsthal and
Jacobsthal-Lucas numbers).

Corollary 4.10.
Assume that |z| < min{2™",1}. Weighted Generating functions of Jacobsthal and Jacobsthal-Lucas numbers are given,
respectively, as follows:

(a)
i n] .zn _ Z3 (_z)m(]]]m+l _]m]j+1) —2Z2 (—2)m]] +Z(]jjm_]j]m+1 +]j+1]m)
=T (Z(=2)" + 2(=1) jm + 1)? ‘
(b)

23 (=2 (2fje1~ ) jme1 = Im(@jj + 1)) +182% (=)™ j;
ST +2((=2j 1+ J ) Jmer + (j1 =57 dm)
Jmn+j2" = —9(22(=2)™ + z(—1) jm + 1)?

n=0

Now, we consider special cases of the last two corollaries.

Corollary 4.11.
The ordinary weighted generating functions of the sequences ], Jon, Jon+1, J-n, J-2n, J—2n+1 and jn, jon, jon+1, j-n
j—2n> j_2n+1 are given as follows:
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1
(@ (m=1,j=0,|z| < E)'

1
(b) (m=2,j :0)|Z| < Z)

1
(© (m=2,j=1,|Z|<Z)-

(d) (m=-1,j=0,lz|<1).

(e (m=-2,j=0,lzl<1).

M) (m=-2,j=1,lzI<D).

On Sums and Generating Functions of Horadam Polynomials

S n o 223+ 2
,;0’”"2 (222 +z-1)%
< .o -2728+8z%+z
" = e
i njnz" = —Z_4Z3 )
=0 (—4z2+5z-1)2
i": Njpnz" = 20z% -162% + 52.
o (-4z% +5z—1)?
S n 823 -8z2+3z
n;on]znﬂz = Ca2isz_1?
i Rimna" = —8z3—8z2+7z'
= (422 +5z—1)?
i Wz = 22 +2z
= (2 —z-2)%’
i": nj g = Z3+8z% - 2z'
o (22 —2z-2)2
s n -4z
,;O Pl-zn2" = (22 -5z+4)%’
® ., 5z2-162%+20z
ngb nj-2pz” = TZ-5z+4?
S n 323 -8z°+8z
nzz‘bnffznﬂz = —(22—5z+4)2 )

(e o]

. no_
Zn]—2n+lz =
n=0

723 -82z% -8z
(22 -5z+4)2 "

From the last corollary, we obtain the following results for Jacobsthal and Jacobsthal-Lucas numbers.

Corollary 4.12.

Infinite sums of Jn, Jon, Jon+1, J-n, J-2n, J-2n+1 and jn, jon, jon+1, j-n, j-2n, j-2n+1 are given as follows:

(@) .
a) z= 3.

> Jn _ 33
L ngn = 1
=3 16
S ] 93
Zn]—" = =.

3n 16
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1
b) z=-.
(b) 2=
X ]2n 105
Y g = 15
= 5 16
X jon 325
Yoo = —.
= 5 16
(©) L
C) 2= —.
5
Jon+1 215
"o T T
= 5 16
injzrwl _ @
= 5" 16
1
d) z=-.
d) z=7
Sl - 2
n=o 2" 9’
o0 ‘_ 2
Zn]—nn =.
n=0 2 9
(e) .
e) 2= —.
2
X Joan 30
I L
=2 49
X joan 106
L = e
=2 49
1
f) z=—.
) z=7
Si pJzenvt _ 38
= 2 49’

j-ens1 82

49’

P18
S
[\S]
S
|

S
Il
o

4.4. Weighted Generating Function of Generalized Mersenne Numbers

In this subsection, we consider the case r = 3, s = —2. A generalized Mersenne sequence {W;,} ;>0 = {W,, (W, W)} =0
is defined by the second-order recurrence relation

Wy, =3Wp-1—2Wy—2 (21)
with the initial values Wy = ¢y, W = ¢1 not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining
3 1
wW_, = EW—(n—l) - EW—(n—Z)
for n = 1,2,3,.... Therefore, recurrence (21) holds for all integer n. For more information on generalized Mersenne
numbers, see Soykan [12].
The Binet formula of generalized Mersenne numbers can be written as
Wh — BW, Wi —aW
w, =M BWo oM ()
a-p a-p

where a and S are the roots of the quadratic equation x? — 3x + 2 = 0. Moreover

ﬁn

a = 2
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So
Wy = (W1 — Wp)2" — (Wy - 2WY). (22)

Now, we define two special cases of the sequence {W,}. Mersenne sequence {M;},>9 and Mersenne-Lucas se-
quence {H,},>¢ are defined, respectively, by the second-order recurrence relations

My, 3Mp-1—-2Mp—2, My=0,M;=1, (23)
H, = 3Hy-1—-2Hu-3, Hy=2,H; =3, (24)

The sequences {M},} ;=0 and {H,} ;>0 can be extended to negative subscripts by defining

M. = 3M 1M
-n - 2 —(n-1) 2 —-(n-2)»
3

1

H_p EH—(n—l) - EH_(”_Z)'
for n=1,2,3,... respectively. Therefore, recurrences (23)-(24) hold for all integer n.

For all integers n, Mersenne and Mersenne-Lucas can be expressed using Binet’s formulas as
an n

+ p =

(a-p) Pf-a)
H, = a"+p"=2"+1,

n

’

M, =

respectively. Here, G, = M,, and Hj, := Hj,.
Next, we give the ordinary weighted generating function Y52 , nW,,,1 jz" of the generalized Mersenne numbers
W j}-

Lemma 4.4.
Assume that|z| <min{2™™, 1}. Suppose that fw,,,, ;(2) = X520 Wi+ ;2" is the ordinary weighted generating function
of the generalized Mersenne numbers (W, j}. Then, Y5 nWy,,,, jz" is given by

i Wy iz = ¥(z)
= (2227 4 2(=1) Hyy + D2 (W2 +2WZ2 —3Wp W)
where

W (2) = 222" (W) W+ Wo (W1 —3W)) Wing1 = Win Wy Wi —2Wo W) — 222" L (WP + 2WE —3Wo Wh) W) + 2(Wf +
2WE = 3WoW1) Wi Hp — (Wi Wi + (W1 = 3Wj) Wo) Wini1 + (Wi Wi —2Wo Wj) Wipy).

Proof. Setr =3,s=-2,G,, = M, and H,, := H,, in Lemma 3.1. (J
Now, we consider special cases of the last Lemma.

Corollary 4.13.
The ordinary weighted generating functions of the sequences Wy, Wa,, Wo 41, W_p,, W_a,,, W_2,,41 are given as follows:

1
(@ (m=1,j=0,|z|< 5).

—2z3(Wy —3Wp) — 422 Wy + W,z

o0
W, 2" =
Y, nWaz 222-3z+1)2

n=0

1
(b) (m=2,j=0,lz|< 4_1)'

i AW 2" = 423 (—=3Wq —2Wp + 9IWp) — 822 Wy + 2(BW) — 2Wj)
o e (422 -5z +1)2 '

1
(©) (m=2,j=1,l|z|< Z)‘

i AW gl = —823(Wq —3Wp) — 822 W) + z(7TW) — 6Wp)
o e (4z2—5z+1)? '
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(d) (m=-1,j=0,|z] <1).

i AW 2T = 23 Wy — 42" Wy + 22(- W) + 3Wj)
= (22 -3z +2)2 '

(e (m=-2,j=0,lzl<1).
* a Z(BWy —2Wp) — 822 Wy +4z(-3W; + 7TWp)
Z nW_ooyz" = .
(22 —5z+4)2

n=0

(f) (m = _zyj = 1,|Z| < 1)-
i - a Z(TWy —6Wy) —8W; 2% —8z(W; —3Wp)
— Z = .
el (22 -5z +4)?

n=0

The last Lemma gives the following results as particular examples (weighted generating functions of Mersenne and

Mersenne-Lucas numbers).

Corollary 4.14.
Assume that |z| < min{2™",1}. Weighted Generating functions of Mersenne and Mersenne-Lucas numbers are given,

respectively, as follows:

(a)

i o 0 22" (MM = My Mjgy) — 222" M + 2(Hp Mj — MjMp1 + M1 M)

o W mne 2= (222 + z(~1) Hyp + 1)2 '
(b)

232™((2Hjs1 —3Hj)Hpar — BHj1 —4H)) Hy) + 22 H;
e . +2(BHj—2Hj+1)Hm+1 + BHj+1 —5Hj) Hy))
nHpp+jz" = >
=0 —(222" + z(=1) Hp, + 1)2

Now, we consider special cases of the last two corollaries.

Corollary 4.15.
The ordinary weighted generating functions of the sequences My, Moy, May+1, M—p, M_2p, M_,41 and Hy,, Hay,, Ho i1,

H_,, H_»,, H_»p4) are given as follows:

1
(a) (m=1,j=0,|z|<5).

3
i nM,z" = __rr2e
= (222 -3z+1)%’
X n 625 -8z2+3z
nH,z" = o3 a2
=0 (222 -3z+1)2
, 1
(b) (m:2)] :0)|Z| < Z)
i M2 = 3z-1223
= T 42 574 1)2
x . 20z2%-162%2+5z
nHnZ = S e 2
=0 (4zc—-5z+1)
, 1
() (m=2,j=1,lzI< Z)'
i M n -8z3-8z2+7z
=,
= Tran 4z2—5z+1)?

i = " 2473 -24722 +9z
n z = ——.
= Tand (422 —5z+1)?
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(d) (m=-1,j=0,lzl<1).

S oM = AP
= (22 -3z+2)%’
& I 323822 +62
—nk = -
oy " (22 -32+2)2
(e (m=-2,j=0,lzl<1).
i Moo 323 -12z
nM_,,z2" = ——m—,
= an (2% —5z+4)2
S i o 523 —162% + 20z
niH_ Z = —
=0 an (2% —5z+4)?
(f) (m = _2yj = 1}|Z| < 1)'
i M. n 728 -8z -8z
_ Z' = s,
P (22 -5z +4)
‘i nH n 9723 -247% + 24z
— z = —.
= e (22 —5z+4)2

From the last corollary, we obtain the following results for Mersenne and Mersenne-Lucas numbers.

Corollary 4.16.
Infinite sums of My,, Moy, Maps1, M_p, M_2p, M_2,,41 and Hy,, Hop, Hopy1, H-p, H-2,, H_2p,41 are given as follows:

(a) !
a) 2= —.
3
® M, 21
Y g = T
n=0 3 4
x H, 27
Y=
n=0 3
1
b) z=-.
(b) 5
i M, _ 315
=75 16
inHZn 325
= s5n 16
(c) !
C) 2=—.
5
inM2n+1 _ 635
=" 5n 16
§, Honn 645
=" 5n 16’
1
d) z=-.
(d >
X M, 14
Zn n = T
n=0 2 9
X H., 22
Yt = T
2n 9
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(e) L
e) z=—.
2
X M-y, 90
Zn n = Ty
=2 49
X Hopp 106
Yon—— = —.
= 2 49
1
f) z=—.
) >
inM—znﬂ _ 8
= o 49’

i Hoone1 _ 114
o 2n 49 °

4.5. Weighted Generating Function of Generalized balancing Numbers

In this subsection, we consider the case r = 6, s = —1. A generalized balancing sequence {W,;} ;>0 = {W,(Wy, W1)} =0
is defined by the second-order recurrence relation
Wy =6Wy_1 —Wy—2 (25)
with the initial values Wy = ¢y, Wi = ¢; not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining
Won=6W_(n-1) = W-(n-2)

for n = 1,2,3,.... Therefore, recurrence (25) holds for all integer #n. For more information on generalized balancing
numbers, see Soykan [13].
The Binet formula of generalized balancing numbers can be written as

_Wi-pW , Wi-aW

W, = ey a pray; ik
where @ and f are the roots of the quadratic equation x*> — 6x + 1 = 0.Moreover
a = 3+2V2,
B = 3-2V2.

So

W1 —(3-2v2) W W1 —(3+2v2) W

W, = — (3-2v2) 03+2v2)" - 2 B+2v2) L3-2v2)".
42 42

Now, we define three special cases of the sequence {WW,}. balancing sequence {B},>0, modified Lucas-balancing

sequence {H,},>0 and Lucas-balancing sequence {C,},=¢ are defined, respectively, by the second-order recurrence
relations

(26)

By, = 6By-1—-Bp-2, Bp=0,B1=1, 27
H, = 6Hy-1—Hyp-2, Hy=2,H; =6, (28)
Cn = 6C4—1—-Cy—2, Cp=1,C;=3. (29)

The sequences {B;} =0, {Hn}n=0 and {C,} >0 can be extended to negative subscripts by defining
= 6B_(n-1— B-n-2)

H.p = 6H_(n-1)~ H-(n-2),

Con = 6C_(n-1~C-n-2),
for n=1,2,3,... respectively. Therefore, recurrences (27)-(29) hold for all integer n.

For all integers n, balancing, modified Lucas-balancing and Lucas-balancing numbers can be expressed using Bi-
net’s formulas as

P
3
|

an ﬁn
B, = + ,
" (@-p B-a)
H, = a"+8",

n+ n
Cn = * 2‘6 i)

respectively. Here, G,, = B, and Hj, := H,.
Next, we give the ordinary weighted generating function Y5, nW;;,,; ;2" of the generalized balancing numbers
{Winn+ J }.
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Lemma 4.5.
Assume that |z| < min{|3 + 2\/§|_m ,|3- 2\/§|_m}. Suppose that f,,,.;(2) = X5 nWinn+ j2" is the ordinary weighted
generating function of the generalized balancing numbers {Wy, . j}. Then, Y5 nWyupy j2" is given by

i nWyneizh = ¥(z)
T T (22— 2Hyy + D2(WE + W - 6WoWA)
where

Y (2) = 22 (Wi W + Wo(Wjs1 — 6W;) Wins1 — Wi (W Wi — WoW))) — 222 (WE + WZ — 6Wo W)W, + (W7 + W —
6WoW1) W Hyy — (WL W + (Wjy1 —6Wj)) Wo) Wipi1 + (WL Wiy — Wo W) Wiy).

Proof. Setr =6,s=-1,G;, = B, and H; := H,, in Lemma 3.1. J
Now, we consider special cases of the last Lemma.

Corollary 4.17.
The ordinary weighted generating functions of the sequences Wy, Wa,, Wo 41, W_p,, W_a,,, W_2,,41 are given as follows:

@ (m=1,j=0,lzl<|3+2v2| " =0.171572).

i W27 = —-Z3(Wy —6Wp) — 222 Wp + Wi z
= (-22+6z—1)?

(b) (m=2,j =0,z < |3+2v2| > ~0.029437).

i AW 2" = 23 (—6Wq — Wp + 36Wp) — 222 Wy + 2(6W; — W)
= (22 -34z+1)? '

© (m=2,j=1,lzl <[3+2v2| " =0.029437).

°° . —Z3(Wp —6Wp) — 222 W) + z(35W; — 6W))
Y nWopi2" = 3 3 .
=0 (z¢—34z+1)

() (m=-1,j=0,lzl <|3-2v2|=0.171572).

f LW Z2Wy —22° Wy + 2(- W) +6Wp)
= (z2—6z+1)2 '

(@ (m=-2,j=0,lzl <|3-2v2|" =0.029437).

* n Z2(6W) — Wo) =222 Wy + 2(—6 Wi + 35W))
Z nW_oopz" = 5 > .
=0 (z¢—=34z+1)

) (m=-2,j=1,1lzl<|3-2v2|" ~0.029437).

i W e Z3(35W) —6Wp) — 222 W, — (W) —6Wp)
o St (22 —34z+1)? ’

The last Lemma gives the following results as particular examples (weighted generating functions of balancing,
modified Lucas balancing, Lucas-balancing numbers).

Corollary 4.18.
Assume that |z| < min{|3 +2v2 rm , \3 —2V2 |_m}. Weighted Generating functions of balancing, modified Lucas balanc-
ing, Lucas-balancing numbers are given, respectively, as follows:

(a)

S B 2" = 2°(BjBm+1~ Bjs1Bm) —22°Bj + 2(Bj Hym — BjBm+1 + Bj+1Bm)
=0 e (22— zHp, +1)2 )
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(b)
Z22((2Hjs1 —6Hj)Hpysr — (6Hj 1 — 2H}) Hy) +642% H;
S +2(—32H; Hp, — 2Hj41 — 6Hj) Hyp1 + 23Hj 41 — Hj) Hpy)
n i< = .
= 3222 — zHp + 1)2

()
Z23((Cj+1=3C))Cps1 — Cu(C1Cjs1 — CoCj)) + 162°C;
® +2(=8CjHpm — (Cj+1 —3Cj)Cp+1+ (BCj11 — Cj)Cpy)

nCpns 2" =
Fr S —8(22 — zH,, +1)2

Now, we consider special cases of the last two corollaries.

Corollary 4.19.
The ordinary weighted generating functions of the sequences By, Boy, Bop+1, B—n, B—2pn, B_on+1 and Hy, Hoy, Hapyo,

H_y, H-2n, H-2p+1 and Cy, Can, Can+1, C—n, C—2n, C_2pn+1 are given as follows:

@ (m=1,j=0,lzl<|3+2v2| " =0.171572).
3

S z—-2z
) nBpz" = —
=0 (—z=+6z-1)
S n 623 —4z% +62
Z anZ = D) 27
=0 (=z=+6z-1)
S n 3z3-272+3z
Z I’lCnZ = . 12
=0 (=z=+6z-1)

b) (m=2,j=0,lzl < |3+2v2| " ~0.029437).

i B2 = 6z—62°

= TR (22347412
x . 34z%-47%+34z
2 nHonz" =~
n=0 (Z —34Z+1)

x . 1723-2722 417z
2 nCoz" =~
n=0 (Z —34Z+1)

(© (m=2,j=1,lzl < [3+2v2| > =0.029437).

—2z3-22°+35z2

%
nganZ,le” = m,
inHanZn _ 6z3—1222+198z’
o (2% —34z+1)?
inczmz” _ 323—622+99z'
oy (2% —34z+1)?

d (m=-1,j=0,lz| <|3-2v2| =0.171572).
3

oS z>—-z
Y nBpz" =
n=0 (Z —6z+ 1)

i WH g = 6z° -4z + 62
T T (22 -62+1)2)
o 3z3-222+3z

nC_,z" = ——————.
Z " (22 -6z+1)2

n=0
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(@ (m=-2,j=0,lzl < |3-2v2|" = 0.029437).

5 nB_znzn — ﬂ,
= (z2-34z+1)2
x nHopp2" = 3423—4z2+34z,
= (2% —34z+1)2
X nCognd = 172 -222 + 17z

(22 -34z+1)2 °

n=0

(6) (m=-2,j=1,1l2l<|3-2v2|" ~0.029437).

i’: NB_ppii 2" = 3523 -222 -z
o (22 -34z+ 1%’
x PHar2" = 19823 — 1222 + 62
= (z2-34z+1)2
x nCogir2” = 99z3—6z2+3z.
= (2% —34z+1)2

From the last corollary, we obtain the following results for balancing, modified Lucas balancing, Lucas-balancing

numbers.

Corollary 4.20.
Infinite sums of By, B2y, Ban+1, By, B_on, B_an+1 and Hy, Hop, Hops1, H-p, H_2p, H_2p41 and Cy, Cap, Copy1, C_p,

C_2p, C_2,41 are given as follows:

(a) !
a) 2= —.
6
® B
Y n— = 210,
n=0 6
(o) Hn
n— = 1188,
n=0 6
x C
Y n— = 594,
n=0 6
1
b) z=—.
(b) 36
‘inBZn 279720
= 36" 5329
inHZ" 1582344
4~ 36" 5329 '
incz,, 791172
= 36" 5329
(o) !
C) 2=—.
36
iﬂBZnﬂ 1630332
=" 36" 5329 '
inHz,Hl 9222552
=" 36" 5329 '

Cons1 4611276
36" 5329
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1
d z=-.
(d 5
® B
Y n—= = -210,
n=0 6
o0 H n
Y n—- = 1188,
n=0 6
x Co
Y n—=" = 594,
n=0 6
(e) !
€) 2= —.
36
inB,gn 279720
= 36" 5329’
inH_zn 1582344
= 36" 5329 ’
i”azn 791172
= 36" 5329 °
1
f) z=—.
(f) 36
inB_gnH 47988
= 36" 5329
i Hoppy1 271512
n = y
= 36" 5329
i , C-ans1 135756
= 36" 5329

4.6. Weighted Generating Function of Generalized Oresme Numbers

47

In this subsection, we consider the case r = 1,s = —i. A generalized Oresme sequence {W,} ;>0 = {W,,(Wp, W)} =0

is defined by the second-order recurrence relations

1
Wy =Wy - ZWn—Z

with the initial values Wy = ¢y, Wi = ¢; not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining

W_p =4W_(n-1) —4W_(n-2)
forn=1,2,3,....
bers, see Soykan [14].

Binet formula of generalized Oresme numbers can be given as

Wy, =(D; + Dzn)a"
where
Dy = W,
1
D2 = — (Wl — CICW()) .
a
ie.,

1
Wy, = (Wo+ — (W) —aWp) n)a”
a
Here,a == 2 are the roots of the quadratic equation

1
P-x+=-=0.
4

(30

Therefore, recurrence (30) holds for all integer n. For more information on generalized Oresme num-

B

(32)



48 On Sums and Generating Functions of Horadam Polynomials
i.e. the roots of characteristic equation (32) are equal. Note that

Wp=Wy+2

W, 1W)n) !
1 WL
17270 2n

Now, we define three special cases of the sequence {W},,}. Modified Oresme sequence {G;},>0, Oresme-Lucas se-
quence {H,},>0 and Oresme sequence {O,},>o are defined, respectively, by the second-order recurrence relations

1

Gn+2 = Gn+1 - ZGn: GO =0, Gl =1, (33)
1

Hypip = Hpp1— ZHn» Hy=2,H =1, (34)
1 1

On+2 = Opy1-— Zom 0p=0,0; = 7 (35)

The sequences {Gy} =0, {Hn}n=0 and {0y} ;>0 can be extended to negative subscripts by defining
G-n = 4G_(n-1)—4G_(n-2),
H_, = 4H_(n-1—4H-(n-2),
O-n = 40-(n-1)—40-(n-2),

for n=1,2,3,... respectively. Therefore, recurrences (33)-(35) hold for all integer n.
For all integers n, modified Oresme, Oresme-Lucas and Oresme numbers can be expressed using Binet’s formulas

as
G, = na"'= 2:_1,
H, = 2a" = 2nl_1,
O, = na= 2%,
respectively. Here, G, := G,, and Hj, := Hj,.
o0

Next, we give the ordinary weighted generating function .
{(Whnn+ j }.

o "Wins jz" of the generalized Oresme numbers

Lemma 4.6.
Assume that |z| < 2™ . Suppose that fw,,,,;(2) = X5, nWnn.jz" is the ordinary weighted generating function of the
generalized Oresme numbers (Wi j}. Then, Y00 nWiy 4 j2" is given by

e WY(z)
Winns 2" =
ngon S MMt 2 ) Hyy + 172
where ) )
V() =22 (1)" (—zm—+]) @Um =)W+ (= m=1)Wo) =22 (§)"" Wy + 2(W Hyn + 5o 2m= Wi+ (= m =1 W)

Proof. Setr=1,s= —i, Gy, := Gp and Hy, := H,, in Lemma 3.1. Note that
2 1o 1 2
(W + L WG = Wo W) = - (Wo —2W)°.
Note also that using the Binet’s formula

Wy = (W +2

1% 1 Wi ) ) !
177 on
we obtain

1
(W1 Wj + Wo (W1 = W) Wi = Wi (Wy Wy = Wo W)

1 1
= —2m+jZ(WO—ZWI)Z(Z(m—j)Wl+(j—m—1)W0),

1
—(MWj+ (Wji1 — Wi Wo) W1 + (W) Wiy — ZWOWj)Wm

11 5 . .
= Sigm 7 Wo—2W)*@Um = Wi + (j = m =D Wh).

O
Now, we consider special cases of the last Lemma.
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Corollary 4.21.
The ordinary weighted generating functions of the sequences Wy, Woy,, Wo 41, W_y,, W_ay,, W_p,,41 are given as follows:

(@ (m=1,j=0,lz|<2).

i AW, 2" = 4z*(Wp — W) —8zW,
oy (z-2)3

(b) (m=2,j=0,|z| <4).

x a  AZ2(3Wo—4WY) +162(W, —4W))
Z nWo,z" = 3 .
=0 (z—4)

() (m=2,j=1,|z|<4).

x . AZ2(Wo—Wh) +162(Wy —3W))
Y nWrpi2" = 3 .
frr) (z—4)

1
(d) (m = _]-)j :Orlzl < 5)

i Sl = 822 Wy +4z(W) — Wo).
= " 2z-1)3

1
(e) (m = _2,j = 0,|Z| < Z)

o . 16Z2(4W; — Wp) +4z(4W; —3Wp)
Y nW_p,z" = 3 )
n=0 (4z-1)

1
) (m=-2,j=1,lzl< Z).

x . 1622(3W) — Wp) +4z (W) — W)
Y nW_pp2" = 3 .
n=0 4z-1)

The last Lemma tistteki lemma gives the following results as particular examples (weighted generating functions of
modified Oresme, Oresme-Lucas and Oresme numbers).

Corollary 4.22.
Assume that|z| < 2. Weighted Generating functions of modified Oresme, Oresme-Lucas and Oresme numbers are given,

respectively, as follows:

(a)
o L —E21Mi(m— )= Z22V72MG + 2(Gj Hpy + 21 (m - )
Z nGmn+jZ = 20-—2m 2 .
n=0 (z=2 +z(-1)Hy,+1)
_ 2(3)" (GG = Gj1Gm) —222 (1) Gj+ 2(Gj Hyn = GGps1 + Gj1Gim)
(Z2(3)™ + 2(=1) Hp +1)2 '
(b)
i . L Z21T3me] 2172 4 Z(H Hyy — 217 7)
o HHmne &= (22227 1 2(—1) Hyp + 1)2
(0

—23273M" I (m - j) - 222172M0; + 2(0; Hp + 27/ (m - j)
(z2272m + z(-1)H,, + 1)?
2 (3)" 1(0;0me1 - 0j410m) —222(3)™" 0+ 230 Hyy — 3001 + 30741 0m)
F@ M+ 2(=1) Hy + 1)2 '

(e 0]
n
Z nOmn+j2" =
n=0
m+1
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Now, we consider special cases of the last two corollaries.

Corollary 4.23.

The ordinary weighted generating functions of the sequences G, Gopn, Gon+1, G=n, G_2p, G-2n+1 and Hy, Hoy, Hopt1,

On Sums and Generating Functions of Horadam Polynomials

H_y, H_ 3, H_2y11 and Oy, Oy, O241, Oy, O_2y, O_2,11 are given as follows:

(@ (m=1,j=0,|z| <2).

(b) (m=2,j=0,|z| <4).

() (m=2,j=1,|z|<4).

1
(d) (m = _]-)j :Orlzl < 5)

1
() (m=-2,j=0,]z| < 4_1)'

1
() m=-2,j=1,lz|< Z)-

i nGz" = -47% -8z
o (z—2)3
i nH. 2" = 422 -8z
n - y
n=0 (2_2)3
2
i nonzn = ﬂ'
= (z-2)3
x G2 = —162% — 64z
=0 (z—4)3
& nHoy 2" = 8z° —32z
n - »
n=0 (2_4)3
i - -822-32z
nOypz" = ——m—
= (z—4)3
OZO" nG2n+1Zn = —_4Z2 — 48z
n=0 (Z_4)3
n=0 (2—4)3
=0 (z—4)3
i ntnZn — w
n=0 (ZZ_I)B
i n/anZn — @
n=0 (2Z_1)3
i no_nzn — 4Z2—+2Z
= (2z-1)3
i I 6422 + 162
_opz2’ = ——,
P (4z-1)°
S gt = RE8
=0 4z-13%’
ino_znz” _ 322482
= (4z-1)3
o 4872 + 4z
ZntszrlZn = 3
=0 (4z-1)
i H n 16z° -4z
nH-2p+12° = — =3
= 4z-1)
e 2472 42z
n0_op412" = —/————.
Z 2n+1 (4Z—l)3

I
I
o
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From the last corollary, we obtain the following results for modified Oresme, Oresme-Lucas and Oresme numbers.

Corollary 4.24.
Infinite sums of Gy, Gon, Gan+1, G-, G-2n, G_2n4+1 and Hy, Hap, Hops1, H-yy, H_2y, H_3p41 and Oy, O2p, Ozp41, Oy,

O_2p, O_2,,4+1 are given as follows:
(@ z=1.

(]
Y nG, = 12,
n=0

(o]

Y nH, = 4,
n=0
oo
Y n0O, = 6.

n=0

(b) z=1.

(¢ z=1.

18
3
D
g
x

|

S
Il
[=}

nHypy = -,

D18

S
i}
(=)

18

n0z2p41 = —.

3
1l
(=}

d z=1.

Qi

(e) z=
Y n—= = -720,
= "

n = 40,

n = —-360.

() z=1.

18
S
@)
&
S
*
I}
|
w
-~
o

3
Il
(=}
)]
N

20,

N
S
=
g
st
Il

P18
o
3
:

n = -170.

3
Il
o
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