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Abstract: This article focuses on the age structured model with delay. Our aim is to study both the stability of the equilibrium
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1. Introduction

The distribution and the impact of the vectorial transmission are greated increased with the climate change, ur-
banization, high population mobility. Understanding the dynamics of infectious diseases transmission become very
important. This requires an integrated and multidisciplinary approach. Mathematical modeling is a fundamental
tool to understand the interaction between environment, animals, climate and infectious diseases. This remains an
important help tool for decision making. The mathematical models can be deterministic [7], based on ordinary or
partial differential equations [23], or stochastic [23], which are based on probability theory [7], [23]. In this work we
use a deterministic model, so we will classify the population into compartments. The first epidemic model about dis-
ease transmission was established by Kermack and McKendrick in 1927 [24]. From this model, there have been many
other extensions depending on what the researcher wants to take into account. Nowadays, there are some works de-
voted to study the models such as, SIR, SIRS [22], SEIR [2, 20], SEIRS [24], and so on.

In our work, we considered the SEIRS model with disease related mortality. In addition, we have added a compartment
of vaccinated individuals, hence the choice of VSEIRS model. [3, 10, 19, 24].

2. Model formulation

We consider Vaccinated (V), Susceptible (S), Exposed (E), Infective (I) and Recovered (R) of two age stages in
age-structured epidemiological model with delay. The susceptible (S) are people who are able to develop the disease.
The vaccinated are a group of individuals who is extracted among the susceptible and vaccinated. The exposed are
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those who have been in contact with the infected, but who do not show the clinical signs of the disease. The infected
are those who, in contact with a susceptible person, can transmit the disease. Recovered (people with immunity
againts disease either naturally or after vaccination). The individuals of each subpopulation are divided into two age
group: a first group goes from birth to maturity (from 0 to a;) and a second group goes from maturity to maximum
age A (from a; to A). In the first phase, the individual can be born, grow and die before maturity just as he can reach
the age a; of maturity and begin to procreate [19], [24]. a; is considered the minimum age to be mature, it is the age
from which individuals enter in the second phase and can begin to procreate. In the second phase, individuals can
grow, procreate, die or reach the maximum age A.

Let V(a,t), S(a,t), E(a,t), I(a,t) and R(a,t) be the respective densities of the Vaccinated denoted V, of the susceptible
denoted S, of the exposed denoted E, infected denoted I and recovered denoted R of age a and at time ¢ in the domain
Q={(a,1)/0=<t<T;0<a=< A}. The number of Vaccinated, Susceptible, Exposed, Infected, and Recovered individuals
is respectively defined as follows:

Ns() = [ S(a, t)da, No(0) = [ E(a, da, Ni(t) = [ I(a, )da, N;(8) = [ R(a, Dda, N,(0) = [} V(a, Dda.

The sum N;(f) + Ny (£) + No(t) + Nj(t) + N, (f) represent the total number of individuals and is denoted N(t). In
constructing the mathematical model, it is assumed that infection in the population does not occur directly in the
susceptible after exposure, but at some point with a delay. This slight delay or incubation time is denoted 7. Moreover,
as the total number of the initial population is assumed to be finite, then the quantities V(a,t), S(a,t), E(a,t); I(a,t) and
R(a,t) belong to L' (Q).

The used parameters are:

*0i(a,1),i€{1,2,3,4,5} is the female fertility rate of each subpopulation of age a with

Oila, 1) = { (1) ;{seae .

e a, t) is the natural mortality rate of each subpopulation of age a.

ed,,(a,t) is the death rate due to the disease.

b (a, t) is the rate of vaccination coverage against the disease

« v is the rate of vaccinated people who did not have the expected effect of the vaccine and who became susceptible
again at the same time.

¢0 is a parameter provided such that it is equal to 1 if the individuals die while producing and it is zero when the
individuals continue to survive by producing; see the papers [19], [24], [20]..

*y1(a, t) is a transmission coefficient describing the variable probability of infection and is related to a large number
of social, environmental and epidemiological factors.

«fB(a,d, 1) is the contact rate between an infected population of age a’ and a susceptible population of age a.

+7(7 < 0) is an incubation period, for fixing the infection.

Y, is the transmission coefficient from the exposed population to the infected population of age a.

Y3 is the recovery rate of age a.

ep(a, t) is the conversion rate of the recovered population losing immunity to the susceptible population of age a.

ou; (i =1,2,3,4,5) is the reproduction rate of each subpopulation at the stage of procreation.

*p(a, 1) is a part of the exhibits that give rise to new exposed individuals.

*q(a,t) is a part of infected individuals that give birth to new infected individuals; see the recent review papers [19],
[24], [20].

These different processes can be summarized in the following diagram:
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Flow diagram of the disease transmission

AO =P1918+[Jgég(l - Ro)E+u393(} - q0)1+ﬂ4é4R+/,t5é5‘(, A= (d+aé)8,
By = p2b2poE, By = (@ +00)E, Fy = p3bsqol, F1 = (@ + agq + 003),
Go=(@+005)V,G; = (@+004)R.
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The mathematical model to describe this dynamic is governed by the following partial differential equations:

% = —(ala, 1) +0b1(a,t) — b (a, 1) +8)S(a, 1)—

(h (a,t—1) fOA Bla,a',t—1)I(d, t- T)da’) S(a, ) + 202 (a, )1 - p)(a, t)E(a, t)+
us0s(a, (1 - q)(a, O1(a, )+ (sbs(a, 1) + p)R(a, ) + (ushs(a, 1) + V)V (a, 1), (a, ) € Q,
9E - _(a+ — 1120

= ya(a, 1) +062(a, 1) — p202p(a, 1)) E(a, )+

(yl(a, t—T)fOAﬁ(a, a,t-1)ild, t—‘r)da’) S(a, 1),

U =—(aav+ys(at) +agala ) +00s5at) - psbsqla, n) I(a, ) +ya(a, OEa, v),

9R = —(ala,0)+004(a,0)+p)) R(a, ) +y3(a, D1(a, ) + (1 - v)V(a, 1),
% = —(a(a,0)+005(a 0+ 1) V(a,1)+8S(a,1).
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D

We assume that at time t=0, we have none recovered and none vaccinated individual. We have the following initials

conditions for a € [0, A] and t € [-T,0]

S(a,0) = So(a),
E(a,0) = Ey(a),
I(a,0) = Ip(a, 1),

R(a,0) =0,

V(a,0) =0.

3. Existence and uniqueness of solution

2

By using the characteristic method, we transform the system (1) into a nonlinear integro-differential system with

delay [24], we obtain the following system (3):

Si=—@u+t,0)+001(u+t,0)— b (u+1,0+6)S(u+t, 16—

(yl(u+ Li-1) [ Bu+t,d, t-1d, t—T)da’) S(u+t,0) + p2bo(1 - PE(u+t, )+
w3Os(u+t, )1 — ) (u+t, 01w+ t,0) + (abs(u+t, 1) + p)R(U+ £, 1) + (s + V) V(u+ t, 1),
Er=—(a+y2(u+t,0)+002(u+t,8) — uobap(u+t,1)) E(u+t, 0+

(yl(u+ -0 [ Bu+td, -0, t—r)da’) S(u+t,1),

Ir=—(&+aaa+ysu+t,0+aaq+003(u+t,0)—p3039) [w+t,0+y2Eu+t,0),

Ri=—(@(u+t,) +00s(u+t,0)+p)Rw+1t,0) +y3l(u+1t,0)+(1—-v)V(u+t,o,

Vi=—(Gs5(u+t,)+00s5(u+t, )+ 1) V(u+t,t)+6S(u+t,t).

: 0S O0E 0I OR 0V
with (8¢, Et, I, R, Vi) = (33 50> 57> 30> 1)

The initial conditions are:

3
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S(uvo) = SO(“); ae [OYA])

E(u,0) = Eo(a),ac [0, Al

1 I(u+ t’O):IO(u'i' t,t),t€[—T,0], (4)
R(u,0) =0,
V(u,0)=0.

Thus, we show the existence of a unique solution (V, S, E, I, R, S) of the system (3) by using the theorem (3.1). [18]

Theorem 3.1 ([18]).

Assume a continuously differentiable function G and that its partial derivatives are bounded by a constant K. For all i, j
=1, ..., d forall X eR%, ((?TG;(X)) <K.

Then there is a unique solution to the Cauchy problem defined on [0, 00|

S %]
E Y,
It is then sufficient to transform the problem (3) into a Cauchy Lipschitz problem. Wepose X=| I |;G=| V3
R Y
|4 Ys
with
Vi=—@u+t,0)+001(u+t,6)— b (u+1,0+8)S(u+t,)—-
(y1(u+ Li-1) [ Bu+t,d, t-1d, t—r)da’) S(u+t,0) + p2bo(1 - PE(u+t, 0+
psls(w+t, )1 — @) (u+t, DI+ t, 0+ (abs(u+t, 0 + P)R(u+t, ) + (us05 + V)V (u+ t, 1),
Yo=—(a+y2(u+t,0+002(u+t,0) - pabop(u+t,0) E(u+t, o)+
(5)
()/1(u+ t, t—T)fOAﬁ(u+ t,a,t—-1)la, t—T)da’) S(u+t1),
V3= —(@+auq+y3(u+t,0)+aeq +003(u+1t,1) — usbsq) [(w+t,0) +y2E(u+t,1),
Yi=—(@u+t,)+00su+t,0)+p) Ru+t,0)+yslu+t,0+1-0)V(u+tt),
Ys=—(@(u+t,)+o05(u+t, )+ ) V(u+t,)+6S(u+t1).
Which brings us back to the Cauchy problem.(6)
dx _
4X — G(t, X)
(6)
X(to) = Xo

To show the existence and uniqueness of solution (V, S, E, [, R, S), we show that the partial derivatives are bounded by
using the theorem (3.1). Indeed, there are positive constants K, K», K3, K4, K5, K¢, K7, Kg, K9, K10, K11, K12, K13, K14, K15
such that:
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M 4+ |o61] +| 6] + WlfoAlﬁOH =Ky,

0S
|% <|1202(1 = p)| < |p262| < Ky,
) ’% <In| st Bolda)SI+|usb31 - 9| < K3,
| 9| < 11464+ | < [11464] < o] < Ki,
’% <|ps0s + v| < |us0s| < vl < vl < Ks.
| 54| <Ir1]|fi" Bot| da' 11 < y1]| 5" Bobs| da'by < K,
3 ’%—Yﬁ <|-(a—p2b2p+72)| <lazl+|y2| +|u202| < Kz,
|% <|Y1%f0Aﬁ0||1|da’|SI<|Y1|blcl<Kg,
|52 | < Il Ko
’%—Yf <lal+|ys|+|us0sq| +laqal < Kio.
|52 <Irs] < K,
{19 <la+p|<lal+]p| <Kz,
(%l‘; <l1-vl<1<Kis.
|58| <161 <1< K,
(%—Y‘; <la+1<lal+1<Kis.

|% <K,
o Y, Yy
’ﬁ =Ky, 35 | = Ke, o 21| = K
0Y, oY ‘O_ES =t 0Y,
1 |6_Il <Kj, 6_E2 <Ky ; ‘6_}? < Kjy,
v;
aY; oy, ‘6_13 =fo Y,
1 2 2
’ﬁ =Ky | |57 |=Ks av | = Kis,
0Y,
v |=Ks,

aY:
‘0—55 <Ky,

Y:
‘6_‘/5 < Kis.

For reasons of simplification of writing, let us omit the writing of (u+t,t) and we obtain:
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The partial derivatives are bounded, hence the existence and uniqueness of the solution. Let us now study the

stability of the equilibrium points.

4. Stability analysis

Consider the nonlinear autonomous system in equation (3) where the following parameters are constants. To avoid

any ambiguity, we will adopt a new notation. Thus, let us note:

a(a,t)=al(a,t) +oé,~0(a, t) = @(a, t) with o = 0 for human being, 8;0(i = 1,2,3,4,5), yi(a,t) =y;(i = 1,2,3), B(a,d’, t) =
Bo, pla,t) = p, q(a,t) = g, p(a, t) = p where a;g, 8;0,7i0, P,q, p are positive constants. By integrating the equation
(1) with respect to the age of a; to A and using the real condition S(A,1)=0, E(A,1)=0, I(A,t)=0, R(A,1)=0, the system of
ordinary differential equation describing the dynamics of the population is :
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N} = =(@ - 161 +8) Ns(1) = y1Bo Ni (1) Ny(£) + p1262(1 = p) (@, )N, (1) +

113651 = @)N; (1) + (uaby + p) Ny (£) + (1505 + V) Ny (1),

N, == (a@+7y2— p2) pNe(t) +y1B0Ni (1) N5 (1),

< N{=—(G&+7Y3+Yaa—H13) GN; () + Y2 N (1), ?

N/ =—(a+p)gN, (1) +y3N;(®) + (1 - v)N, (1)

Nj, =—(@+1) Ny (1) + 6 Ng(1).

With as initial functions

N,(0) = [ So(@)da,
N(0) = J; Eo(@da,
{ N0 = [ Io(a, da, t € [-1,0], ®)

N;(0) = [ Ro(a)da,

N,(0) = [ Vo(@)da.

Proposition 4.1.

There is a disease when Rg; > 1, Ry > 1, Ry > 1, with Ry; = __nibo__ = Y20

a+yz2—pi20s’ Roz = a+aqq+yso—Hsb3

Ry = Y1Boye
0= Ta+yz—p20) (@+aqq+yso—p30s)

Proof. There is an epidemic when the number of new people exposed and the number of new patients increase.
That is, if we have the following two cases:

Firstly: there are more new patients exposed than new patients (ie by new patients, those exposed who have just
changed status). In other words :

—a+ U202 +y1B0 > Y2, = a— b2 +y2 < y1 60 = 1160

a+yz— 262
Secondly: there are more new patients than new cured (that is to say by newly cured, patients who have just

changed status by becoming cured). This is explained by:

-a- Cg/ad + Y20 — H303G > Y30 = @+ Qg + Y30 — #3039 < Y20
20
a+aqq+Yys0—H303

Taking the product of the two inequalities, we get:

Y1Boy2
(a+y2—p20) (@+aqq+yso—i3b3)

> 1, we notice :

Ry = Y1B0y2
0= Ta+y2—120) (@+agq+y3s0—p303)

> 1 is the basic reproduction number. O

Using the next generation matrix method, we obtain the same value of R (the principle is the same as [12], [9], [11],
(11, [2], [7], [5], [17], [14], [8]) We therefore have an epidemic as soon as Ry > 1. Thus, we have the following theorems :

Theorem 4.1.
For all T = 0 the equilibrium point without disease noted Hy(Sy,0,0,0,0) is asymptotically locally stable when y, =
0, RO <1,

Ry <1,Ry <1 and Ry <1 with Ry = 7%,

_ pa2bap _ _ p30s
Ry = a+yz”’ Rs = a+y3+aaq”
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Proof. When y; = 0, the system (7) becomes :

Nl = —(@&— 101+ 8)N() + p202(1 = p) (@, O N (£) + 3031 — @) N; (1) +

(uaBs + P) N, (1) + (565 + V)N, (1),

N, =—(a+7y2+—p2) Ne(t),

) €)
N} =—(a+Yy3+Yaa—H3) Ni(1) +Y2N (1),

Ny =—(&+p) Ny () +y3N; () + (1 = )N, (1),

N, = —(@+1) N, (1) + 5N, (1).

We will look for the characteristic equation of the system (9). For this, let us set:
N;(t) =yjexp(A1),j=V,s, ¢ i, r. By replacing these results in the system (9), we obtain :

A+ & — w101 + 8 — 20201 - p)a, Hye(d)

—u303(1 = ;i (1) = (abs + W, (1) + (505 + V)W, (1) = 0,

(A+a+y2—p2) pye®) =0,

) (10)
(A+a+ys+aga—us) qui(0) —y2pe(1) =0,

(A+a+p)y,)—ysNi(t) + (1 - v)y, (1) =0,

A+a+1D)y, (1) —-6y(r)=0.

From system (10), we obtain the following caractéristic equation:
A+G— 0+ A+a+y2—u2) A+ @ +ys+aad—pus)A+a+p)(A+ds+065+1) =0 (11)

E}lz—d+ﬂ1é1—6,/1: —LAZ—’}/2+[.1292[?,/1: —d—)/g—aad-i-ugggq,AZ—d—p,ﬂ,Z —-a-1

There is stability of the equilibrium point when the roots of the characteristic equation all have negative real parts
(A <0),in other words -a + 11101 =6 <0,R; <1,—a—7y2+u202p <0, where R, < 1,—a 40 — @ —7Yy3+ 13039, hence R3 < 1.
The other two roots (—a — p and —a — 1) are negative because p and «a are positive. O

Theorem 4.2.

Ify10 > 0 and system parameters satisfy Ry > 1,R; >1,Ry <1,R3 <1,R4 <1 et R5 <1 Where Ry, Ry, R3 are determined in
theorem (4.1) and

_ (@— 10, +8)(ds+p)(@+1)

47 5(uabs + p)(1— ) (1505 + V) (@ + p)

B = (a+p)(d3+y3+aad—pu30sq) (G2 +y2— 1202p)
° Y2 (1404 + p) + y2(a + p)pzs(1 — q)

The system (10) has only one positive endemic equilibrium point noted
H* =(V*,§* E*, I*, R*) asymptotically locally stable

Proof. Our goal here is first to determine the endemic equilibrium point and then study its stability. [1] [24]
The endemic equilibrium point H* = (N, N, N/, N, N}), is the solution of the following system (12) :
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0=—(@— b1 +8N; —y1BoN; N} + 20,1 - p)(a, ON} +
13031 — @)N; + (uabs + )N} + (us0s + V)N,
0=—(a+y2=p2) N +11BoNi (N,
0=—(a+ys+aad-u3) gN;(t) +y2N},

0=—(&+p) N} +y3N;() + (1 - )Ny,

0=—(@+1)N; +6N;.

H* = (N},N;, Nl.* ,N}, N, are strictly positive constants to be determined.
Let’s use substitution to determine H* = (N¢, Ng, N/, Nf, N;;)

N:=-2_N!>0

a+1""S 9
NF = QO+ QAgq +7Y30 — H3 361Ni* >0
Y20
N? = (@+ agq +7vY30 — u3b3q) (@ +7y20 — p362p) -0
¥20Y10B0
1 —
N;k — Y30 Nl* " ( U)5 N;k
a+p (a+p)a+1)
Co = (a— 101 +0)(a+p)a+1)—0(ubs+ p)A—v) + (us6s + v)(a + p)
7 (a+ Pl @+ agq — u303 +y3)(—a+ 02 —y2) +y2y3(Hals + p) +v2(a + p)u303(1 — q)
N} = a0 CoN; >0 Cy is positive according to the conditions on R4 and Rs

’)’20+1

(12

Next, we will study the stability of the endemic equilibrium point H* by linearizing the autonomous nonlinear
system and calculating the characteristic equation. We obtain a polynomial equation, which will allow us to analyze

the stability of the system. Thus, after linearization, we obtain the following system:

Y1) = —(@— 01+ Oy —y1PolN; wy(t) + Niy(0)]+

11202(1 = p) (@, OWe(t) + p303(1 - @IN7 + (abs + )N} + (us05 + V)N,
V() = —(a+y2—2) py, () +y1Bowi (DN,

Vi) == (a+y3+aaa—us) qui(t) +y21(1),

VL) =—(a+p) NS +ysyi(0)+ (1= )y, (D),

W (1) = — (@ + D)y (0) + 5w

Let’s note that y; (1) = ¢p;exp™? = /(1) = Ap;exp™?
By replacing y;(f) and 1//’1. (#) by their values in (13), we obtain the following system: (14)

A+ & — 01 +8)s (1) +y1Bo[N; s (£) + Ny pi ()] — p202(1 = p) (@, Dpe(1)—
,U393(1 -q)N} - (u4é4 + )N} — (us0s + v)N;; =0,

(A+@+y2— p2) ppe(t) = y1Bodi (ON; =0,
(A+a+ys+aad - pus) i (1) = y20: (1) =0,

(A+a+p) Ny —y3i(1) = (1 - 1)y (1) =0,

A+@+1) ¢, (1) —5s(1) =0.

13)

(14)
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Substitute N{ and N by their expressions in (14) while simplifying if necessary and setting: C; = —& + w6, -6,
Co=a+y2—p202, C3=a+p,Ca=a+y2—p202p, Cs=a+agqa+ys—ps03q, Ce = a+1, Crus0s + v, Cg = pals + p with
Ci(i=1 to 8)strictly positive according to the conditions on Ry, Ry, R3, R4, R5) we obtain the following system:

(A= Cr + LELY P (1) + (2 e — 305 (1 - )i (1) -

p202(1 = p)pe(1) — Cgpr (1) — Cr¢py (1) = 0,

A+ Ca)epe(1) = LEL (1) — 22 ¢(1) =0,

Y2 et

] (15)
A+ Cs)pi () —y2pe(t) =0,

A+ C3)pr (1) —y3p(t) — (1= v)py (1) =0,

A+ Co)pu(1) —6¢ps(1) =0.

Let's note M; = (—(C1+%2C5+C5+C3)+%‘éc5);
M, = C1(Ce+ C3) + C6Cs 5
M3=06C;C3+6(1—v)Cg+ C1CsC3 — C3CyC4Cs5+ C3CyC4Cs5 ; My = C4Cs;

Ms = [Ci + 22 4 G+ Cy+ Co + G |

Mg = [ -6C; - CO%CS 11202(1 — p) + (Cs + C4 + Cg + C3) (Cy + CoggCS) +(C4Cs + (Cg + C3)(Cs + C3) + CeCs)] ;

M; = [ —8C7(Cs + C3 + Cq) = 6(1 — 1) Cg — Y2 L& L s (1 - q) + (0405 +(Cs + C3)(C5 + C3) + (:6(:3)(01 + S0kl 4
C1Cs (G + C3) + CoCs (Cs + C) = (Cs + Cs + Co) L2 15051, 5

Mg = [ = 8C1(CsCs + CiCs + C3Ca) = 6(1 = )Co(Cy + Cs) — y3Co LSy, = (Co + Ca)y2 2% 13031 - ) = (G5 +

C5Cs + C6C3) C“E;‘CS 1202(1 — p) + CeC3C5Cy + (C5C4(C6 + C3) + CeC3(Cy + CS))(CI + %‘;Q’)] ;

My = +[ —0C7C3C4Cs5 — 6(1 — v)CgCyCs — y3CsCoC5Cyy2 — C3y2CoCaCsu303(1 — q) — C3C5CyC5C4Cs 20,1 — p) +
q&@@@+@@@@@@] 0

we obtain this characteristic equation:
A° = (A3 + MyA% + (M — 6C)A - Mg] Mge™ + MsA* + MgA® + M7 A> Mg A + Mg My = 0 (16)

Theorem 4.3.
Ift =0, forall (i=1,...9), M; > 0 and in addition Mg — My > 0, M7 — M} My >0, Mg — Mo My +6C7; My > 0, then, we have
an asymptotic stability of the endemic equilibrium point.

if T =0, we obtain;
A%+ MsA* + (Mg — M)A3 + (M7 — My M)A + (Mg — My My +6C; M)A+ Ms My + MgMy =0 a7

It’s easy to see that Descartes’ rule holds, such that there are as many positive roots as there are sign changes of the
coefficients of the polynomial [13], [15], [16]. In this case, all polynomial coefficients are positive, hence all polynomial
roots are therefore negative, which demonstrates the endemic asymptotic stability equilibrium point.
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Theorem 4.4.
Fort >0, Ms —2Mg >0, 2(Mg — M5 M7) + (Mg + 1) (Mg — M;) >0,

2(Ms Mg My — Mg Mg — 6 C7 M>) + (M7 — M) (M7 + M1) >0,

—2(My M3 + M7;MgM,) + (Mg — 6C7 + Mb)(Mg + 6C7; — M) > 0, (MgMy — M3)(MgM, + Ms) > 0, then, we have an
asymptotic stability of the endemic equilibrium point.

Proof. Fort >0, let A =iw,[6] Substituting in the equation (16), we obtain:

iw = | = iw® = Myw? + i(My = 5Cr)w — My | Ma(cos(wr) - isin(w)) + Msw* = iMw? - Mz w? + i Myw + My My =0,
Separating the real part from the imaginary part, we get:

| Ms w* = My w2+ My My+ My ™ sin (wr) + My My w? cos(w)+ My (§C7 — My) sin () w+ Ms My cos(wr) |+ | w’— Mg w*+
Mg w + My w?® cos(wt) — My My w? sin(wt) + M4 (6C7 — My) w cos(wt) — Mg My sin(wt) | =0

We obtain the following system: (18)

Msw* — My w? + Mg My + Myw?® sin(wt) + My My w? cos(wt)+
My (6C7; — M) sin(wt) w + M3z M, cos(wt) =0,

] (18)
w® — Mgw?® + Mgw + My w? cos(wt) — My My w? sin(wt)+

M4 (6C7 — My)w cos(wt) — M3 My sin(wt) = 0.

By the method of comparison, we get sin?(wt) and cos?(wt) and applying sin?(w7) + cos?(w7) = 1, and let pose
w? = X, we get:

X5+ (M2 —2Mg) x* + 2(M8—M5M7)+(M6+1)(M6—1)]x3+[2(M5M9M4—M6M8—5c7+M2)+(M7—M1)(M7+M1) P

[2(—M1M3 — My Mo My) + (Mg +8Cy — Ma) (Mg — 5Cy + Mz)] X+ (Mg My + Mz) (Mg My — M) =0 (19)
Then, according to the Descartes criterion [24], the roots of the characteristic equations (19) are all negative real parts.
Thus, the endemic equilibrium point of the autonomous system in Equation (16) is asymptotically stable. O

5. Simulation

We will now simulate numerically the disease free equilibrium point and the endemic equilibrium point by using
python. the simulation time is expressed in days. First let consider the disease free equilibruim H(Sp,0,0,0 and the
following parametters:

a =0.13 because o = 0 for human being cases, 8, =0.4, 6, =0.1,603=0.1,0, =0.2,05 =0.1, y; =0., 2 = 0.15, y3 =0.1,
Bo=0.0023, p=0.1, g =0.15, p = 0.02, @ yq = 0.1, v=0.4, [19],

(Ns(0), N, (0), N;(0), N, (0), N, (0))=(50000,0,0,0,0)

we observe that without vaccination, the disease free equilibruim Hy is locally assymptotically stable, there is no one

DFE when 6§ =0

1 —— Susceptible
£ 40000 —— exposed
= —— Infected
™ —— Recovered
= 20000 -
.':% vaccinated
= ~_
=

|]| .

0 100 200 300
time

Fig. 1. Local asymptotic stability of the disease-free equilibrium point when §=0
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infected and the susceptibles population disappers, everyone is healthy without being sensitive.

Now we simulate the EE (y; = 0.1). We will change the value of § to see the vaccination impact on the disease.
a) First, we consider there is no time delay.

case 1 (Figure (2)); When 7 = 0 and § = 0 we get the following figure:

EE whentau =0 and =10

5000 1 —— Susceptible
— spasad
— Infecked
—— PRecoverad
vaccinated

individual number

) ) 1
1] 50 1 150 20 250 30D 350
time

Fig. 2. Local asymptotic stability of the endemic equilibrium point when 7 = 0 and §=0

We can see that there is EE stability after a short oscillation (the curve of susceptible is above all.
case 2 (Figure (3)) ; Whent =0and 6 =0.1

EE when & =0.1, tau=0

2000 - Susceptible
sipased
nfected

E 30 - Fecoverad
E vaccinated
=
=
@ 2000 -
=
= _—
=
=
= 10
|:| -

T T T T T
1] ¥ W 150 M0 250 3 350

fime

Fig. 3. Local asymptotic stability of the endemic equilibrium point when 7 = 0 and 6=0.1

There is EE stability, the curve of the recovered has risen, it comes above the exposed and the infected.
case 3; When tau =0 and § = 0.2
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EE when § =02 and tau=0

060K - — ZSusceptible
i — sipased
1 — Infected
E oM - —— PRecaoverad
E vaccinated
=
=
T:lu 2000 -
=
=
=
=
= 10 -
|:|_

Fig. 4. Local asymptotic stability of the endemic equilibrium point when 7 = 0 and §=0.2

It can be seen that the number of recovered is greater than all. This is due to the fact that the recovered com-
partment is fed by the large number of vaccinated people who acquire definitive immunity. There is stability of the
equilibrium point.
case 4; 6 =0.4:

EE when & =0.4 and tau=10

1200 1 —— Suzceptible
—— sipased
10eMl
— Infected
B0 - —— Recowverad
waccinated

individual number

Fig. 5. Local asymptotic stability of the endemic equilibrium point when 7 = 0 and §=0.4

at case 4, 6 = 0.4: We noted that the number of infected and exposed disappears in twenty five days. almost every-
one has acquired immunity.
case5;0=0.5
if we vaccinate 50 percent of the population, we have the following figure:



Amadou Garba Abdourahamane et al. / Int. ]. Adv. Appl. Math. and Mech. 11(2) (2023) 65— 79 77

EE when § =0.5 and tau=0

1200 4 —— Susceptible
— sipased

10040 4 — Infecked
—— PBecoverad

900 1 vaccinated

individual number

o] e -

! I I ! I I I I
0 50 WD 150 20 250 3D 350
time

Fig. 6. Local asymptotic stability of the endemic equilibrium point when 7 > 0 and §=0.5

It is found that with higher vaccination coverage, the disease disappears more quickly. the figures (5) and (6) show
an endemic equilibrium point stability. The disease completely disappears from the population within a few months.
b) Second We consider that there is time delay:

EE when&=0.1 and tau = 0

— Susceplible
B |

—— Exposed
G000 - —— infeckad

— recoverad

vaccinated

individual number

Fig. 7. Instability of the endemic equilibrium point when 7 > 0 and 6=0.1



78 Structured Model in Age with Delay for the Study of some Diseases

EEwhen =02 and tau = 0

30000 - —— Susceptible
w 20000 — Exposed
-E — infecked
2 30D }\ — mecaverad
m | vaccinated
|8 20000 -
=
£ 10000 - \ ___,_..-—-"’/

|:|-
1] 110el 200 30D

time

Fig. 8. Local asymptotic stability of the endemic equilibrium point when 7 > 0 and §=0.2

EE when & =0.5 and tau = 0

30000 1 —— Susceptible
5 A0000 { — Exposed
-E | — nfecked
2 300 ~ I', — rmecaverad
™ I". vaccinated
= 2000049 | 4
= Lo
£ 10000 - |E ;

|:|.
0 16y 200 30

Fig. 9. Local asymptotic stability of the endemic equilibrium point when 7 > 0 and §=0.5

Figures 7, 8 and 9 show a gradual stabilization of the equilibrium point as the vaccination rate increases.

6. Conclusion

In this article we studied an age structured model with delay. We have taken the case where we can vaccinate part
of the population, to do so, we choose the model VSEIRS. Tuberculose and COVID 19 are examples of these diseases
[22]. We have seen that if there is no time delay, the increase in vaccination coverage accelerates the disappearance
of the disease. if there is time delay, vaccination is more than necessary to be able to control the disease. This fact
support the reccommendations of health professionals. in the next research we will study an age structured models
taking into account the space. For example the case of a latent individual who leaves one area for another area. In this
context, how to prevent and provide appropriate solutions ?
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