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1. Introduction and Preliminaries

The generalized Tribonacci polynomials (or generalized (r(x), s(x), t(x))—Tribonacci polynomials or x-Tribonacci
numbers or generalized (r(x), s(x), t(x))-polynomials or 3-step Fibonacci polynomials)

{W,,(Wp(x), Wi (x), W (x); 1 (x), s(x), £(X))}nz0
(or {W,,(x)} =0 or shortly {W},},>¢) is defined as follows:
Wi (x) = 1 (X)W1 (X) + s(0) W2 (x) + t(x) Wy—3(x),  Woh(x) = a(x), Wi (x) = b(x), Wa(x) = c(x), n=3 (1

where Wy (x), W) (x), Wa(x) are arbitrary complex (or real) polynomials with real coefficients and r(x), s(x) and #(x) are
polynomials with real coefficients and #(x) # 0.
The sequence {W,} =0 can be extended to negative subscripts by defining

s(x) r(x) 1
W_pn(x) = ) W_(n-1y(x) — ) W_(n—2)(x) + TX)W_M_S) (x)
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for n=1,2,3,... when #(x) # 0. Therefore, recurrence (1) holds for all integers n. Note that for n = 1, W_,,(x) need not
to be a polynomial in the ordinary sense. For more information on generalized Tribonacci polynomials, see Soykan
[12].

Binet’s formula of generalized Tribonacci polynomials, as {W,,} is a third-order recurrence sequence (difference
equation), can be calculated using its characteristic equation (the cubic equation, auxiliary equation, polynomial)
which is given as

22— r(x)z2 -s(x)z—t(x)=0. 2)

The roots of characteristic equation of {W,,} will be denoted as a(x) = a(x, 1, s, 1), B(x) = B(x, 1, 5, 1),y (x) = y(x, 71,5, 1).

Remark 1.1.
For the sake of simplicity throughout the rest of the paper, we use

Wy, 1,8, t, Wy, W, Wy, @, B,7,
instead of
Wi (20), 1 (x), s(x), £(x), Wp (x), W1 (x), Wa (x), a(x), B(x),y(x),
respectively, unless otherwise stated. For example, we write
Wy=rWy_1+sWy, o+tW,_3, Wo=a,Wi=bWr=c, n=3

for the equation (1). Also we write Uy, Uy, Uy, Us instead of U, (x) with initial conditions Uy(x), U (x), Uz (x) for any
subsequence {U, (x)} of {W},}.

(r, s, t)-Tribonacci (sequences of) polynomials {G,},=0 and (r, s, £)-Tribonacci-Lucas (sequences of) polynomials
{Hy,}n=0 are defined, respectively, by the third-order recurrence relations

Gniz = 1Gpi2+8Gp1 +tGy, Go=0,G1=1,G2 =, 3)
Hpi3 = rHpso+SHpy1+tHy, Ho=3,Hy=r,Hy=2s+ . 4)

The sequences {G,} =0 and {H,} ;>0 can be extended to negative subscripts by defining

Gn = -G "G+ oG

-n = =160y = 262 F 203y,
S r 1

H_, = _;H—(n—l)_;H—(n—2)+;H—(n—3)r

for n=1,2,3,... respectively. Therefore, recurrences (3) and (4) hold for all integers n.
Now, we present sum formulas of generalized Tribonacci polynomials.

Theorem 1.1 ([12], Theorem 62).
We have the following sum formulas.

(@ (m=1,j=0).
() IfZ22 (-0 +zZ%(=1)s+z(-1)r + 1 #0 then

L Q
Z Zka L
k=0

T BED+2Dsta-Dr+1

where
Q) = 2" (=) tWy, + 272 (r Wy1 = Wigo) + 2 L (D) Wiy + 22 (Wo — r Wy — sW) + 2(W; — r W) + W.
(i) If2 (-0 +22(-1)s+z(-1)r+1=u(z—a)(z-b)(z—c) =0 for some u,a,b,ce Cwithu#0anda# b #c, ie.,
z=aorz=borz=cthen
L Q
Z Zka =23 2
k=0 3ze(-)+2z(-1)s+(-Dr

where
Qy = (n+3) 2" P2 (= 1) tW,,+(n+2) 2" L (r W1 = Wiao) + (n+ 1) 2 (=) Wyp1 +22(Wo —r Wy — sWo) + (W) —r Wh).
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(iii) Ifz3(—t) +Z22(-Ds+z(-Dr+1=ulz—a)*(z-b) = 0 for some u,a,be C withu#0anda# b, i.e.,, z=a or
z = b then for z = a we get
& Q
T B
=0 6z(—t)+2(-1)s
where
Q3 = (n+3)(n+2) 2" (=D W+ (n+2) (n+ 1) 2" (1 W1 — Wiao) + (n+ D nz L (=1) Wy +2(Wa — r Wy —sWp)

and for z = b we get

n k Q4
ZZ WkZ >
=0 3z4(—t)+2z(-1)s+ (-1)r

where
Qu = (n+3) 2" P2 (= 1) tW,,+(n+2) 2" L (r W1 — Wiao) + (n+ 1) 2 (=) W1 +22(Wo — r Wy — sWo) + (W) —r Wh).

(iv) If22(-1) + Z22(=1)s+ z(-1)r + 1 = u(z— a)® = 0 for some u,a € C with u #0, i.e., z = a, then

where
Qs=m+3)(n+2)(n+D2" (D) tW,+ (n+2)(n+ Dnz" LWy — Wyso) + (n+ Dnn - 1272 (=) Wy 1.

(b) (m=2,j=0).
() IfZ3(—t2) + Z22(=2rt+ %) + 2(-1)2s + r>) + 1 #0 then

> ZWop= 5 —— 2 2
=0 Z22(—t?)+z°(2rt+s°)+z(-1)(2s+r°)+1

where
Q1 = 2" (1) 2 Wa + 2" 2 (sWapso — (rs+ O Wops1 — F tWoy) + 2 (= 1) Wa 0 + 22 (— sWa + (E+ T ) W) + (5% —

royWo) + z(Ws — (r2 + 25) Wy) + W.
(ii) Ifz?’(—tz) +Z22(=2rt+ s +z(-1)2s+r3)+1=ulz—a)(z—b)(z—c) = 0 for some u,a, b, c € C with u # 0 and
a#b#c,ie,z=aorz=>borz=cthen

n k _ QZ
PR W2k_3 2(_ 12 2 2
=0 zé(=t°)+2z(=2rt+s9)+ (-1)(2s+r*)

where
Qo = (n+3) 22 (=1) 2 Wap + (n+2) 2" (sWapso — (rs+ ) Waype1 — Tt Wap) + (n+1) 2 (= 1) Wap 40 +22(—sWo +

(L+TS)Wy + (82 = T ) WQ) + (Wa — (2 + 25) ).
(i) Ifz3(—1?)+ 22 (—2rt+s®)+z(-1)@2s+ 1) +1 = u(z— a)*(z— b) = 0 for some u,a,be C withu#0 anda # b,
i.e, z=aorz=D>b then forz=a we get

Qs
6z(—12)+2(-2rt+s2)

n
Z ZkWZk =
k=0

where

Q3 = (n4+3)(n+2) 2" 1 (=1) 22 Wo+(n+2) (n+1) 2" (s Wa g0 — ( S+ D) Wagi1 — T t W)+ (n+ 1) nz L (= 1) W40+
2(=sWo + (£ + )W) + (s2 = r) Wy)

and for z = b we get

n Q4

k
2" Why =
kZ:o kT 32—y v 2z(-2ri+ D) + (D) 2s+12)

where
Qs = (n+3)2"2(=1) 2 Wap + (n+2) 2" (sWappo — (Fs+ ) Waype1 — Tt Wop) + (n+ 1) 2 (1) Wapys0 +22(—sWo +

(t+rW + (2= r)Wp) + Wa — (r2 + 25) Wy).
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(iv) Ifzg(— )+ 22(=2rt+ ) +z(-DRs+r) +1=uz—a)? = 0 for some u,ac C withu #0, i.e., z = a, then

Qs
6(—12)

n
Z ZkWZk =
k=0

where
Qs=n+3)(n+2)(n+ 12" (1) 2 Wop, + (n+2)(n+ 1)1z N (sWapso — (rs+ ) Waps1 — 1 tWay) + (n+ D) n(n—

1Dz""2(-1) Waps2.
(© (m=2,j=1).
() IfZ2(~t5) + 22 (—2rt+5%) + z2(-1)(2s + r2) + 1 # 0 then
Q

n
k
z"W; =
kZ:o 2T B+ 22 (2t + ) + 2(-) @25+ 2 + 1

where
Q) = 2" (=P Wops1) + 272 (= tWapao + (82 = ri))Wapsr + StWap) + 2 (= 1) (r Wans2 + sWans1 + tWap) +

Z2t(Wo — 1 Wy — sWy) + 2(rWa — (r2 + $)Wh + t W) + WA
(i) If3(—t2) + Z2(=2rt+s®) + z(-1)2s +r?) + 1 = u(z— a)(z — b) (z— ¢) = 0 for some u, a, b, c € C with u # 0 and
aZb#c,ie,z=aorz=borz=cthen
Qo

n
k
E z" W, =
& M T 32wy 2z(=2rt+ ) + (D25 +12)

where
Qo = (n+3)2" 2 (=P Wapi1) + (n+2) 2" (= tWapio + (82 — T Wapa1 + SEWap) + (n+ 1) 2" (=1) (r Wap2 +

SWoni1+ tWoy) +2zt(Wo —rWy — sWy) + (rwa — (7‘2 + )Wy + tW).
(idi) I]°z3(—t2) +Z22(=2rt+ ) +z(-1)2s+r3)+1=ulz—a)*(z-b) = 0 for someu,a,beC withu#0anda# b,
i.e, z=aorz=D>b then for z= a we get

§ o .
Z =

& T bz(—) +2(-2rt + 52)

where

Qs = M+ 3+ 22" N =B2Wopi1) + (n+ 2)(n + D" (—tWapio + (52 — 1) Wapne1 + stWay,) + (n +

Dnz" N (=1)(rWapsz + sWapg1 + tWap) + 26(Wa — r Wy — sWp)
and for z = b we get
Qy

n
k
z" W, =
kzzo 2T 2 L2y v 2z(=2r i+ D) + (D) 2s+12)

where
Q4 = (n+3)2" 2 (=12 Waps1) + (M +2)2" (=t Wapso + (82 = 1O Wapse + stWap) + (n+ 1) 2" (= 1) (r Wapo +

SWopi1+ tWoy) +22E(Wo —r Wy —sWy) + r W, — (r’ + YW1+ tWp).
(V) IfZ22(—1?) + Z2(=2rt+ s+ z(-1)2s+1?) + 1 = u(z— a)® = 0 for some u,a € C with u #0, i.e., z = a, then

Qs

n

k

W- =—
ZZ 2k+1 6(—12)

k=0

where
Qs = (n+3)(n+2)(n+1) 2" (- 2 Wopi1) +(n+2) (n+ D)0z Y= tWopio+ (2 — 1) Waps1 +StWop) + (n+ 1) n(n—

DZz""2(=1)(rWapso + sWaps1 + tWap).
d) (m=-1,j=0).

() Ifz3(—=1)+ 2°r + zs+ t #0 then

n k Ql
Y W= 5
=0 Z2(-1)+z°r+zs+t

where
Q=2"B3 (= )W_,,+ 2" 2 (rW_,, = W_ 1) + 2" L= D) (W o — T W1 — SW_ ) + 22 Wi + 2(Wo — T W) + tW.
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(ii) Ifzs(—l) +Z%r+zs+t=u(z-a)(z—b)(z-¢) =0 forsomeu,a,b,ce Cwithu#0anda#b+#c,ie,z=aor
z=Dborz=c then

n © Q,
I A e —
=0 3z¢(=1)+2zr+s

where
Qo =m+3)2"2(-)W_,,+ (n+2) 2" L W_,, - W_ i)+ (n+ Dz (1) (W_py2 — TW_ i1 — SW_p) +22W; +

(Wg—l‘Wl).
(i) Ifz3(-1) +z%r+zs+t=u(z—a)*>(z—b) =0 forsomeu,a,be C withu#0anda+# b, i.e, z= a orz=Db then

for z=a we get

L Q

Z ZkW_k = —3

= 6z(—1)+2r
where
Q3=+ +2)2" N (—DW_, + m+2)(n+ 12" W_, = W_py1) + (n+ Dnz" (=) (W_ pyo — TW_p41 —
sW_p) +2W,
and for z = b we get

L Q

> Wy = 2 -

=0 3ze(-1)+2zr+s
where
Qu=(n +3)z”+2(—1)W_n +(n+ 2)z”+1(rW_,l —W_ i)+ (m+ D)2 (~1)(W_ o —TW_y1 —SW_,) +2ZW; +
(W —rWh).

(v) IfZ23(-1) +2°r +zs+ t = u(z— a)® = 0 for some u,a € C with u #0, i.e., z = a, then

n

Q
I A —
=0 6(-1)

where
Qs =n+3)(n+2)(n+D2"(-DW_,,+(n+2)(n+Dnz" Yo W_,—W_,.)+(n+Dn(n—-12""2(=1)(W_,42—

TW_opi1 = SW_p).
() (m=-2,j=0).
() Ifz2(-1)+ 22(r> +25) + z2rt — s?) + t> # 0 then

Q
(-1 +z2(r2 +2s)+ zQ2rt—s2) + 12

n
Z Zk W_zk =
k=0

where
Q=23 (D) Weop+ 2" 2 (= 1) (= SWeop+ (E+T) Wy 1 + 1 EW_np_2) + 2" N (= 1) P W0+ 22 Wo 4+ 2(—sWa +
(t+ )Wy +rtWy) + £2W,.

() If2(-D)+22(r2+25)+z2rt—s)+t>= u(z—a)(z—b)(z—c) = 0 for some u,a,b,ce Cwithu#0anda# b # c,

ie,z=aorz=borz=cthen

n r QZ
D 2 Woop=2— 2 2
=0 3z4(=1)+2z(r=+2s)+ (2rt—s-)

where
Qo = (n+3)2" 2 (=) W_o,+(n+2) 2" N (= 1) (=sW_op+ (t+TS)Weop_1 +rtW_o,_2) +(n+ 1)z (= 1) 12 W_s,,_o +

2zWo + (—sWh + (£ + 1) Wy + rtWp).
(iii) Ifz3(=1) + z2(r® + 2s) + z2rt — %) + t?= u(z — a)*>(z — b) = 0 for some u,a,b € C withu #0 and a # b, i.e.,

z=aorz=Db then forz= a we get

Q3
6z(—=1) +2(r2 +25)

n
Z Zk W,gk =
k=0

where
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Q3 = M +3)(n+2) 2" =D W + (n+2)(n + D2 (=1)(=sW_p, + (£ + r)W_py_1 + FtW_p,_2) + (n +
Dnz" N =1 W_p,_» +2W>

and for z = b we get

_ Q

T 322(=1)+22(r2 +2s) + (2rt — 52)

n
Z ZkW_Zk
k=0

where
Qu=n+3) 2" 2 (D)W, +(n+2) 2" N (=D (=sW_op+ (t+ 1) Weop1 +rtW_o,_2) +(n+ 1) 2" (= 1) 12 W_s,,_o +
2z2Wo + (—sWo + (t+ rs) Wy + rtW).

(v) Ifz2(-1) +Z%(r®> + 2s) + z(2rt — s?) + t?= u(z — a)® = 0 for some u,a € C withu #0, i.e., z= a, then

Qs
6(-1)

n
Z ZkW_Zk =
k=0

where
Qs=n+3)(n+2)(n+Dz"(~DW_oo, + (n+2)(n+ D nz" N =1 (=sW_op+ (t+1rS)Weop_1 + rtW_o,_2) + (n+
Drn-1)z"2(=1)*W_z,_».

) (m=-2,j=1).

i) Ifzs(—l) +Z2(r2+25)+ z(2rt—s2) + t2 #0 then

i ZkW _ 0
k=0 ST D + 22 +25) + 221 L — $2) + 12
where
Q1 = Z"EDEWoapo1 + Wogno + TWogp) + 22 (=t Wogy + (8% = rOWogp1 + StIWo_2p2) +

2N =D Woopo1 + 22 Wo + sWy + W) + 2(tWa + (rt — s2) W) — st W) + 2.

(i) IfZ2(-1)+22(r?+2s)+zQ2rt—s?)+t*> = u(z—a)(z—b)(z—c) = 0 forsome u,a,b,c e Cwithu 20 anda# b # c,
ie,z=aorz=borz=cthen

" T T 32(c) 12202 1 29) + (211 — 82)
where
Qo =(n+ 3)zn+2(_1)(Sw_2n_1 +tW_op_o+1rW_o,) +(n+ Z)Zn+1(—tW_2n + (32 O Wopyot 4 SIWopya) 4
(n+ 12" (-1 P W_on_1 +22(rWo + sWy + tWp) + (tWo + (r £ — s)) Wy — stWp).
(i) Ifz3(—=1)+ 22(r? +2s) + z@2rt— s?) + t? = u(z— a)*(z— b) = 0 for some u,a,b € C withu#0 and a # b, i.e.,
z:aorz:bthenforzza weget

n k QB
Y 2 Wogpp = 5
=0 6z(=1) +2(r=+2s)
where
Q3= (n+3)(n+2)2" N (=1)(SW_op_1+ tW_opno+ rW_o,) + (n+2)(n+ 1) 2" (—tW_pp, + (s> = r ) W_pp_1 +
StW_pp_2) + (n+1)nz" "L (=1) 12 W_p,_1 +2(rWa + W + t W)
and for z = b we get

Q4
322(=1) +2z(r2 +2s)+ (2rt—s?)

n
Y A Woppar =
k=0
where
Qy=(n+3)2"2(=1)(SWeop1 + tW op o+ TW_opp) + (n+2) 2" N (—tW_ oy + (8% = rt) W_pp_1 + StW_pp_2) +
(n+ 12" (1) P W o1 +22(r Wo + sWj + tWp) + (t Wy + (rt — s2) W) — stWp).

(iv) Ifzg(—l) +Z22(r2+28)+ z2rt—- s+t = u(z—a)® = 0 for someu,ac C withu #0, i.e., z = a, then
n QS
Z ZkW—2k+1 =—
k=0 6(-1)

where
Qs = (n+3)(n+2)(n+1) 2 (= 1) (SW_op_1 +tW_op_o+7W_op)+(n+2) (n+ 1) nz" (=t W_op+ (2 =1 ) Weg,_q1 +
StWoono)+(n+Dnn-1)z"2(-1)t*W_s,_1.
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o0
Next, we give the ordinary generating function Y W, ;2" of the sequence Wy, ; (in terms of elements of the
n=0

sequence of generalized Tribonacci polynomials).

Lemma 1.1 ([12], Lemma 66).

_ _ (o]
Assume that | z| < min{|la|™™, |,6| mn |y| ™, Suppose thatfwmn” (2= X Wmn+]~z” is the ordinary generating function
n=0

of the generalized Tribonacci (sequence of) polynomials {Wy .+ j}. Then, % Winns j2" is given by
n=0

o Z2®4+Z@5+@6

W, +'Zn=
P 23T + 22T + 2['3+ Ty

where

2204 = 22 (WoWiso + (Wi — rWo) Wiy + (W — r Wy — sWo) W) W2, + (Wo — sWo) Wisp + (E W + r sWo) W1 + (s* Wo +
(rs+ ) Wi—sWo) W) W2+t (W1 Wjso+(Womr W) Wi + tWo W) Wi+ (= (Wi +1 Wo) Wi+ (r2 Wo—Wo) Wiy + (-1 Wa+
r2Wh+(rs— ) Wo) W) Wit Wi+ (Wi = Wo) W o+ (r Wa— (s+ 1) W) = EWo) Wit + £ (r Wo— W) W) Wiy o Wi+ (sW) —
WO Wjta + (sWo = (rs+ )W) + 1 tWo) Wiy + t(=Wa + r W) + 25 Wo) Wj) Wipye1 Wipy),

205 = 2((WE = WoWo) Wjip+ (EWE = Wi Wo + r Wy Wa + sSWo W) Wiy + (—2WZ = r2 W2 — tr W2 +3rWy Wa +2s Wy Wa +
@t —sr)WoWD) W) Wipip + (EWE = Wi Wa + rWo Wa + sWo W) Wiip + (WE = (r2 + )Wo Wo — (rs+ D Wo W) Wiy + (r Wi —
2(t+1 ) WE=25tWE+ 25— r2) W Wo+ (21— 15) Wo Wa— (25 +1 ) Wo W) W) Wiy 1 + (W5 — sWE—r W Wo— EWo W) Wi ip +
(—rWE + (rs+ OW2 + r2WiWo — tWoWa + riWo W) Wiy + t(—r W7 = 2tWZ + 2Wi Wa — rWo Wa — 2sWo Wi) W) Wiy, —
r WG Wisi Wins1),

O = (W + (t+r)W; + 2 W3 —2r Wy WE — sWo Wi + (r? — Y WEWa + (5% + r ) Wo WE + 25t WE W) + 1 tWE W, + (rs—31)
WoW1 W2) W3,

and

2T =23 (— " (W3 +(t+T WP+ EPWS + (2 — ) WEWL —2r Wy W — sSWo W+ tWEWa + (52 + 1 ) Wo WE + 25t WE W, +
(rs=30Wo W1 W2)),

22Ty = Z2((BWa —2rWy — sSWQ) W2, + (r? = )W + Brs+ 30 Wy + (s> + rOWo) W2, | + t(rWa + 2s Wy + 3t W) W2 +
(—4rWo+2(r2 = )Wy + (rs =30 W) Wipso Wip1 + (=25 Wo + (rs—3 ) Wy + 21 t W) Wio Wiy + (rs—3 ) Wa + 2(s2 +r ) W) +
4stWo) W1 Wha),

2l = 2((—3WF+(s—r2)WE — tr W +4r Wy Wo+2sWo Wo+ (3t —sT) Wy W) Wi o+ (2r Wi —(Brs+30) Wi —2st WG + (25—
2r2 ) Wi Wo+ Bt—r ) WoWo—2(s* +r ) Wo W) Wi1 + (SWE — (s2+r ) WE =312 WZ + (B3t —r )Wy Wo =21 tWy Wo —4st Wy Wh)
Win),

Ty= W, +(t+r)W2+ PWS —2rWy W + (r? — YWEW, — sSWo W2 + (s2 + r ) WoWE + r tWE Wa + 2stWE Wy + (rs—31)
Wo Wi W.

Now, we consider special cases of Lemma 1.1.

Corollary 1.1 ([12], Corollary 67).
The ordinary generating functions of the sequences Wy, Way,, Wopi1, W—p, W_op, W_s,11 are given as follows:

-1

@ (m=1,j=0,lzl <minflal™, ||, |y| "D.

_ ZE(Wo — Wy — sW) + 2(W) — r W) + Wy
B B0 +22(-Ds+z(-1)r+1 :

B 1|7

Z2(—sWo + (E+TS) W) + (52 — r ) WQ) + 2(Wa — (12 + 25) W) + W
(=12 + 22 (=2rt+s2) +z(-1)2s+1r2) +1 '

(b) (m=2,j=0,|z| <min{la|?,

00
Z Wgnz" =
n=0

(© (m=2,j=1,lz <minflal™,|8]%,|y| ).

x L ZPE(Wo —rWy — sWp) + z(rWa — (r? + )W) + tWp) + Wy
(=) +22(-2rt+ ) +z(-1)2s+1r2) +1

Wop12” =
n=0

(d (m=-1,j=0,|z| <min{lal,|f],|y|D.

Z2Wi+z(Wa — 1Y) + tW,
BN +z2r+zs+t

(e o]
Z W_,z" =
n=0
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(€ (m=-2,j=0,lzl <min{lal?,||*, |y|*}.

i Wopp 2" = Z2Wa + 2(=sWa + (£ + 1) W + 1 tWp) + 12 W
= B +22(r2+29) +zQre—s2)+ 12
: s 2 2
() (m=-2,j=1,lzl <min{lal?, |p|", |y|D.
S " e Z2(rWo + sWi + tWy) + 2(tWo + (rt — sH Wy — stWp) + 2 W,
n=0 e B(-1)+22(r2+2s)+ zQ2rt—s2) + 2 )

Lemma 1.1 gives the following results as particular examples (generating functions of (r, s, t)-Tribonacciand (r, s, )-

Tribonacci-Lucas polynomials).

Corollary 1.2 ([12], Corollary 68).
Assume that |z| < min{|a|™™, |,B|_m , |y|_m}. Generating functions of (1, s, t)-Tribonacci and (r, s, t) -Tribonacci-Lucas
polynomials are given, respectively, as follows:

(a)

(b)

o n_ Z2@4+Z®5+®5
Gmn+j2" = 3 )
n=0 22T+ 2zl + 23+ 1y
where
2294=ZZ(GE,HZG]'H+rG§n+1Gj+2+l‘G§n+1Gj+thnGj+2—Gm+1Gm+2Gj+2+SGme+1Gj+2—T’Gm+1Gm+2Gj+1—

SGme+2Gj+1 - tGme+1Gj+1 - tGme+2Gj)y

205 = 2(Gm+2Gj+2=TGmi1Gjs2 = TGms2G 11— SGm G2+ 1*Gmi1Gj11—21GGppa1 + (t+78) GG 11+ 171G Gj)
Qg = th,

and

2T =23 (-1,

Z°Ty = Z2(rG% ., + (P +2rs +30G? | + t(r* + 28)G%, = 2(r? + $)Gps2Gps1 — Bt + 1$)Gme2Gm + (rPs + 25 —
rt)Gm+1Gm),

2l'3 = 2(SGpmaz — (rs+30)Gpe1 — (s = 2r ) Gpy),

Iy=t.

& 2294 + 205 + O

H, + 'Zn =
n=0 mev] z3F1 + erz +zl3+1y

where

7204 = 2*(BHjy2—2rHjp1 — SH) HZ  , + (r? = $)Hjyp +3(rs+ ) Hjp1 + ($* + r0) Hj)H? | + t(rHj o+ 2sHj +
3tHj)H% + (=4rHj.2 +2(r? = )Hjs1 + (rs = 30)Hj) Hipso Hns1 + (=28Hjip + (rs = 30) Hj1 + 2r tHj) Hypip Hp +
(rs=30Hjp+2(s* + 1) Hjs1 +45tHj) Hyp1 Hi),

205 =2z((=2(r* +38)Hjsp+ 2r3+7rs+90 Hj 1 + (r’s+4s* =3r ) H) Hpeo + +(2r3 + 7rs+90) Hj o — (2r* +8r2s+
3rt+2s)Hj — (rPs+4rs? = r?t+6s0)Hj) Hpe1 + (rPs—3rt+4s*) Hjp — (P s+4rs? = r? 1+ 6st) Hj —20(r3 +
4rs+96)Hj)Hpy —9rtHj+1 Hyp1),

O = Ar3t—r2s2—4s® + 27t +18rst)H;,

and

22T = 22 (=t (@r3t—r?s® + 18rst — 455 + 2712)),

2Ty = 22 ((r* +39)H2, , + (r* +4rs+ s> + 6r ) H2, | + 1(r® +4rs+ 90 Hj — 2r3 + 7rs + 90 Hypyo Hypy — (s —
3rt+4s2)Hm+2Hm+(rgs+4rsz—r2t+63t)Hm+1Hm),

zl'g = Z2(—4r3t+ 1252 + 453 - 2742 — 18rst)H,,,
Ty=4r3t—r?s®2—4s3+27¢% +18rst.

Now, we consider special cases of Corollay 1.1 (or Corollary 1.2).
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Corollary 1.3 ([12], Corollary 69).
The ordinary generating functions of the sequences G, Goy, Gon+1, G-n, G-2p, G-2n+1 and Hy,, Hzp,, Ho i1, H-p,, H-2p,
H_5,+1 are given as follows:

-1

@ (m=1,j=0,lzl <minflal™, ||, |y| "D,

Gpz' = —mmm———,
,;0 " 1-rz—sz?—1t23
x i 3-2rz—sz?
ZHVLZ = T 3
=0 1-rz—szc-1tz
. P S
(b) (m=2,j=0,lzl <min{la|™%,|6|"",|y| D.
iG " rz+1z?
z = ’
= ~2n 1-Q2s+1¥)z—Q2rt—s?)z? - 1228
ey i 3-2(2s+r¥)z—-Qri—sH)z*
2 Hpnz" = 2 N2_23°
=0 1-2s+r9)z—Q2rt—s°)zc—t°z

-2

© (m=2,j=1,lzl<minflal"2,|8| %, y| *h.

= G n 1-sz
2" = )
n=0 antl 1-(2s+1r2)z—Q2rt—s2)z2 - 1223
= o " r+@t+rs)z—stz?
2n+1% =

=0 1-@2s+r2)z—(2rt—s»)z? - 122%"

(d (m=-1,j=0,|z| <min{lal,|B],|y|D.

2

e z
Y Gonz" = s,
= t+sz+rz2—z
x " 3t+2sz+rz?
ZanZ S
= t+sz+rz2—z
. . 2 2 2
() (m=-2,j=0,|zl <minflal®,|B|", |y|D.

x n tz+rz?

ZG—Z"Z = 72 2 2 2_ .3’

n=0 t“+Q2rt—s?)z+(r-+2s8)zc—z

e n 312+ (4rt—2s2)z+ (r2 +2s)z2
> Hoonz" = - 2 2 2_ 3"
n=0 t“+Q2rt—s?)z+(r-+2s8)zc—z
. . 22
() (m=-2,j=1,lzl <min{lal?, |p|", |y|D.

i c 0 P+ Q2ri-sMz+ (r*+95)z?
— Z = )

fowar 2n+l 2+Q2rt—s2)z+ (12 +2s)z2 - 23

i i n TP+ (-rs?+2r’t—snz+ (rP+3rs+30z*
-2n+1% =

2+@2rt—s¥)z+(r2+2s)z2 - 28

3
I
(=]

n n n n n n
2. The Sum Formulas ) Wi, Y} Wai, Y Worsr, X Wog, Y Wook, X W_sii1 and Generating
k=0 k=0 k=0 k=0 k=0 k=0
Functions of Special Cases of Generalized Fibonacci Polynomials/Numbers: First Group

In this section, we present special cases of sum formulas ZZ:O Wink+ j and generating functions 307 ) Wi+ jz" for
special cases of generalized Tribonacci polynomials, namely, generalized Tribonacci numbers, generalized third-order
Pell numbers, generalized Padovan numbers, generalized Pell-Padovan numbers, generalized Jacobsthal-Padovan
numbers, generalized Narayana numbers, generalized third order Jacobsthal numbers. Moreover, we evaluate the
infinite sums of special cases of generalized Tribonacci numbers.
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n n n n

2.1. Sum Formulas ) Wy, > Wy, Z Woks1, 2 Wog, Z W_ok, Y W_yr+1 and Generating Functions
k=0 k=0 =0 k=0

Y Wiz, X5 Wz, X590 Wapi2", Zn oWon2", X0 0W znZ y 2o o Wo2,112" of Generalized Tribonacci

Numbers

In this subsection, we consider the case r =1, s =1 and ¢ = 1. A generalized Tribonacci sequence {W,};>0 =
{W,,(Wy, W1, W)} >0 is defined by the third-order recurrence relations

Wy=Wp 1+ Wy o+Wy_3 5)

with the initial values Wy = ¢y, W; = ¢1, W = ¢, not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining

W_p=-W_n-1) — W-_n-2) + W_(—3

for n = 1,2,3,.... Therefore, recurrence (5) holds for all integer n. For more information on generalized Tribonacci
numbers, see Soykan [16].
Binet formula of generalized Tribonacci numbers can be given as
b1 a” + bgﬁn bg}/n
(a=PB)la-y) PB-a)B-7) GF-a)y-p

(6)

n=

where
by = Wo—(B+y)W+ ByWy, %)
by = Wo—(a+y)Wr +ayW, (8)
by = Wg—(d+ﬁ)Wl+(XﬁW0. 9

Here, a, § and y are the roots of the cubic equation

B-x?-x-1=0.

Moreover
~ 1+\/19+3\/_+\/19 3\/_
5 1+0V19+3V33 +w2\3/19 3v33
\/19+3\/_+w 19-3v33
’)/ =
where
-1+iv3
= T\/_ = exp(27i/3).

Two special cases of the sequence {W,} are the well known Tribonacci sequence {T,},>9 and Tribonacci-Lucas
(Tribonacci-Lucas-Lucas) sequence {Ky},>0. Tribonacci sequence{T}},=>0, Tribonacci-Lucas sequence {K;},>o are
defined, respectively, by the third-order recurrence relations

Th+3 = The2+ Tne1+ T, To=0TN=1,T=1, (10)
Kyis = K2+ Ky + Ky, Ko=3,K1=1,K;=3, (11)

The sequences {T;} =0, {Kn}n=0, can be extended to negative subscripts by defining
T_n = —T-(n-1) — T-(n-2) + T-(n-3), (12)
K.pn = —K-(n-1) —K-(n-2) + K-(n-3), (13)

for n=1,2,3,... respectively. Therefore, recurrences (10)-(11) hold for all integer n.
For all integers n, Tribonacci and Tribonacci-Lucas numbers can be expressed using Binet’s formulas as
an+1 ’Bn+l yn+1

+ + ,
(a-PBla-y) PB-a)B-7) F-a)y—-pB
K, = a"+p"+y",

T, =

respectively. Here, G, = T, and H;, = K.
Next, we present sum formulas of generalized Tribonacci numbers



90 Sums and Generating Functions of Special Cases of Generalized Tribonacci Polynomials

Theorem 2.1.
For n = 0, we have the following sum formulas for generalized Tribonacci numbers:

(a) éo Wi = L (Wpoo + Wy, = Wo + Wp).

b) éo Wak = L (Waps1 + Wap — Wi + Wp),

(© éo Waks1 = 3 (Wapsa + Wape1 — Wo + WY).
%) éo W= L Woppn + W+ Wa + Wo).

(e éo W_pk = 5 (~Wopn1 — Woan_2 + Wi + Wp).
(f) éo Wepks1 = 5 (~Wegp = Weppy + Wo + W1).

Proof.

(a) Use Theorem 1.1 (a) (i) with z=1.
(b) Use Theorem 1.1 (b) (i) with z=1.
(c) Use Theorem 1.1 (c) (i) with z =1.
(d) Use Theorem 1.1 (d) (i) with z=1.
(e) Use Theorem 1.1 (e) (i) with z=1.

(f) Use Theorem 1.1 (f) (i) with z=1.

From the last Theorem, we have the following Corollary which gives sum formulas of Tribonacci numbers (take
W,=T,withTy=0,T1=1,T, =1).

Corollary 2.1.
For n = 0, Tribonacci numbers have the following properties.

n
@ ¥ Te=3(Tnrz+Tp—1).
k=0
& 1
(b) kZ L = 5(Ton+1+ T2n—1).
=0
- 1
(© kz o1 = 5(Tons2 + Ton+1).
=0
- 1
@) ¥ Tp=-Topo+ Ty +1).
k=0
& 1
(e) kz Tk =35(-T-2pn-1—T-2p-2+1).
=0
- 1
(f) kZD T_pk+1=5(=T-2n—T-2n-1+2).

Taking W,, = K, with Ky = 3,K; = 1, K3 = 3 in the last Theorem, we have the following Corollary which gives sum
formulas of Tribonacci-Lucas numbers.

Corollary 2.2.
For n = 0, Tribonacci-Lucas numbers have the following properties:

n
@ % Ki= 3 (Knsz + Kp).
=0
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z 1
(b) kZ Kok = 5 (Kans1 + Kop +2).
=0
L 1
(© kz Kog+1 = 5 (Kons2 + Kons1 —2).
=0
o 1
(d) kZ K = 2 (—K_p+2+ K, +6).
=0
& 1
(e) kz Kook =5(-K2p-1-Kp-2+4).
=0
& 1
(f) kz K pp1 = 5(=K2p = K_gp-1 +4).
=0

Remark 2.1.
The ordinary generating functions of the generalized Tribonacci numbers and its special cases are given in [12]. For
completeness, we present them, below, in this section as well.

(e 9]
Next, we give the ordinary generating function Y. W, ;2" of the generalized Tribonacci numbers {W, .+ j}.
n=0
Lemma 2.1.

_ _ (o]
Assume that|z| < min{la|™™,|B|"™,|y|""}. Suppose that fw,,. (2) = Y. Wyuny ;2" is the ordinary generating function
n=0

of the generalized Tribonacci (sequence of) polynomials {Wy .+ j}. Then, % Winns j2" is given by
n=0

x Z2®4 + 205 + Og

Winn+j2" =
n=0 ] z3F1 +er2+ZF3 +1y

where

7220y = Z2(WoWji2 + (Wi — W) Wiy + (Wa — Wi — WQ)WHW?2,, + (W — W) Wjia + (W + Wo) Wi + (W +
2Wy — Wz)Wj)W,%Hl + (W Wiio+ (Wo = W) Wiy + WOWj)Wyzn + (W1 + Wo) Wiz + (Wo — W2)Wii + (=W + W) W))
Wine1 Wipa2 + (W1 =Wo) Wi o+ (W —2W1 = Wo) Wit +(Wo— W) W) W0 Wiy + (W1 = Wo) Wi o +(Wo =2 W1 + Wo) Wi +
(=Wa + W1 + 2Wo) W) Wi1 Win),

205 = z((WE — WoWo)Wjip + (WG — Wi W, + WoWa + WoW) Wiy + (—2W7 — W2 — W2 + 3Wi Wa + 2WpWs +
WoWD) W) Wiz + (WG = Wi Wa + WoWa + WoW1) Wjip + (WS = 2WoWa — 2WoW1) Wiy + (WS —AWE —2WG + Wi W, +
WoWa = 3Wo W) W) W1 + (W = WE — Wy Wo — Wo W) Wjip + (- W+ 2WE + Wi Wo — W Wa + Wo W) Wiy + (- W2 —
2W02 +2W1 Wo = WoWp —2Wo W) W) W, — W()2Wj+1Wm+1);

Op = (W, +2W + W —2Wy W — Wo W + 2Wo Wi + WEW, + 2WE W, —2Wo Wi Wo) W,

and

2T =23 (D) (W5 +2W + W5 —2Wy W2 — Wo W5 + 2Wo W7 + WEW, + 2WE W) — 2Wo W) W),

2T = Z2(BWo —2Wy = Wo) W2, + (6W1 +2Wo) W2, | + (Wa +2W) +3Wo) W3, + (=4 W — 2Wo) W2 Wi + (—2Wo —
2Wh + 2Wo) Wi 2 Wiy + (=2Wa + AW + 4AWo) Wi 1 Wi,

2l'3 = 2((—3WZ = W2 +AW, W +2Wo W+ 2Wo W1) Wips2 + QW2 —6 WP —2W2E +2Wo Wo — AWy W1) Wiy +(WE—2W7 -3
WE +2Wi Wo — 2Wo W — AW, W1) Wipy),

Ty= W3 +2W2 + W3 —2W W7 = WoWZ + 2Wo W7 + WEWs + 2WE Wy — 2Wo W W

Proof. Setr=1,s=1,t=1,G, = T, and H,, = K;; in Lemma 1.1. [J
Now, we consider special cases of the last Lemma.

Corollary 2.3.
The ordinary generating functions of the sequences Wy, Way,, Wayi1, W_p, W_oy,, W_z,,41 are given as follows:

(@ (m=1,j=0,|z| < |a|~' =0.543689).

i W g = & Wa = Wi = Wo) + 2(Wi = Wo) + Wo
= BD+22(D+2z(-)+1

(b) m=2,j=0,|z <|al™? =0.295597).

SR Z2(—Wa +2W)) + 2(Wa — 3Wp) + Wy
Z = .
an B(=D+22(-1)+3z(-D) +1

n=0




92

Sums and Generating Functions of Special Cases of Generalized Tribonacci Polynomials

(© (m=2,j=1,lzl <|al™? =0.295597).

x n ZE(Wo— Wy —Wo) +2(Wo —2W3 + Wp) + W4
W2n+1Z = 3 2 .
23(-1)+22(-1) +3z(-1) +1

n=0

(d (m=-1,j=0,|zl<|B| = |y| = 0.737352).

iW Zn_ZZW1+z(W2—W1)+W0
=" B-D+22+z+1

(€ (m=-2,j=0,lzl<|B|* = |y|* =~ 0.543689).

Z2Wo + (- Wy +2W; + W) + W,
2B(-1)+322+z+1 ’

00
Z W_ann =
n=0

) (m=-2,j=1,1zI<|B|* = |y|* = 0.543689).

Z2(Wy + Wy + W) + z(Wo — Wo) + W)

(e e}
W_oy12" =
,;0 2nl D) +322+z+1

The last Lemma gives the following results as particular examples (generating functions of Tribonacci and

Tribonacci-Lucas numbers).

Corollary 2.4.
Assume that |z| < min{lal‘m,| ,3|_m,|y|_m}. Generating functions of Tribonacci and Tribonacci-Lucas numbers are
given, respectively, as follows:

(a)

(b)

X n_ Z2®4 + 205 + BOg
Tmn+jz" = 3 )
n=0 22T+ 2zl + 23+ 1y
where
2204 = Z5(T2 ,Tis1 + T2 Tjsa + T2 Tj + T4 Tjs2 = Tme1 T2 Tjs2 + T Tims1 Tivz — Tmet Tma2 Tjer —

TmTm+2Tjv1 = T Tm+1Tj+1 — Tm T2 T}),

205 =z(Tm+2Tjv2 = Tmt1Tjr2 — T2 Tjs1 — T Tjr2 + Tina1 Tj1 = 2T Tipe1 + 2Ty Tj1 + T T)),
O =Tj,

and

2T =23(-1),

Z’T, =2*(T%,,+6T2

+3T5 = 4Tms2 Tme1 =4 T2 T + 2Tt Tn),
23 = 2(Ty42 —4Tme1 + Tin),
I'y=1.

X n_ 22@4+Z®5+®6
Kmn+jz" = 3 )
n=0 22T+ 2zl + 23+ 1y

where

2204 = 22 ((3Kju2—2Kj41 — KjKZ,, , + (6K 11 +2K) K2, | + (Kju2 +2Kjs1 +3K)) K2, + (4K 12 = 2Kj) K2 K1 +
(—2Kj+2 = 2Kjs1 + 2Kj) Ko K + (=2Kj42 + 4K 11 +4Kj) Kin1 Kpp),

205 = z((—8K4+2+18K 1 +2K)) K2+ (18K 12— 15Kj41 = 10K)) Kpp+1 + (2Kj42— 10Kj41 —28K) K1y —9Kj 11 K1),
O = 44K,

and

2Ty = 2%(—44),

Z°Ty = 22 (4K2,,, + 12K2,
zl's = z(-44)K;y,,

Ty =44.

+ 14K, = 18K 12K 1 = 2K 12Ky + 10K 041 Kin),
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Now, we consider special cases of the last two corollaries.

Corollary 2.5.
The ordinary generating functions of the sequences Ty, Ton, Ton+1, T-n, T-2n, T—2n+1 and K, Koy, Kop+1, Koy, Koop,

K_5,,+1 are given as follows:

(@ (m=1,j=0,|z| < |a|~' =0.543689).

(e 0] n z
Tpz" = — =
n;o " 1-z-2z2-273
iK " 3-2z-2?
z = .
= 1-z-2z2-73
(b) (m=2,j=0,|zl < |a|™? =0.295597).
S et = Y
= 1-3z-22-23’
iK . 3-6z-2?
= an 1-3z-22-7%
(© (m=2,j=1,]z] <|al™®=0.295597).
°Z°: T n 1-z
Z' = —
=0 ansl 1-3z-2z2-78
o K n 1+4z-2%
z = .
=0 an+l 1-3z-2z2-73
(d (m=-1,j=0,|z| <|B| = |y| = 0.737352).
(S} Z2
T 2" = ———
,;0 " 1+z+22-23
iK . 3+2z+2?
—nk = .
= 1+z+22-23
(€ (m=-2,j=0,lzl<|B|* = |y|* =~ 0.543689).
i T 2" = z+ 7?
e 1+2z+322-28
iK n 3+2z+32°
—2n%k = —.
=0 an 1+z+322-23
(f) (m=-2,j=11zl<|B|* = |y|* = 0.543689).
1+z+27°

n _
T_opn12" =

18

14+z+322-23"

14722
1+z+322-23"

B
I
(=}

n _
Ko2p+127 =

P18

B
I
(=]

From the last corollary, we obtain the following results for Tribonacci and Tribonacci-Lucas numbers.

Corollary 2.6.
Infinite sums of Ty, Ton, Ton+1, T—ny, T-2n, T—2n+1 and Ky, Koy, Kopt1, Koy, Kooy, Kooy 41 are given as follows:
(a) L
a) z=-—.
2
X T
I
n=0 2
OO n
— = 14.
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1
b) z=-.
(b) 2
EE Ty 20
ogn 1
iKgn 92
=oan 11
(© .
Z=—.
4
< Top+e1 48
=4
< Kopy1 124
a1
1
d) z=—.
(d >
Ei T, 2
—oon 13
53 K, 34
= o2n 13
(e) .
e) z=—.
2
iT—Zn _ 6
= o2on a7
Ei Ko, _ 38
S L U
1
f) z=-.
(f) >
Ei T_2n+1 16
2n 17’

i Koops1 22
= 2 17

n n n n n n
2.2, Sum Formulas Y Wi, Y Wy, X Whryr, X Wog, Y Woor, X W_pr:1 and Generating Functions
k=0 k=0 k=0 k=0 k=0 k=0

0 Wz, X Wanz", Y0 Wans1 2", X0 W2, £°° 0 Wo2,2", £ W_p,41 2" of Generalized Third-Order Pell
Numbers

In this subsection, we consider the case r =2, s =1 and ¢ = 1. A generalized third order Pell sequence {W,},>0 =
{W,,(Wp, W1, Wa)} =0 is defined by the third-order recurrence relations

Wy, =2Wy_1+W,_2+W,_3 (14)

with the initial values Wy = ¢y, Wi = ¢1, W» = ¢, not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining

Wopn==-W_(n-1) =2W_(n-2) + W_(n-3)

for n=1,2,3,.... Therefore, recurrence (5) holds for all integer 7. For more information on generalized third order Pell
numbers, see Soykan [19].
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Binet formula of generalized third order Pell numbers can be given as

B bia™ N b, " N bsy"
""la-Pla-y) B-a)B-7) G-a)y-p
where
by =W = (B+Y)W1 + ByWo, by = Wa — (@ + Y)W + ay Wy, by = Wa — (a + B) W) + afW. (15)

Here, , f and vy are the roots of the cubic equation x* — 2x? — x — 1 = 0. Moreover

1/3 1/3
2 61 29 61 29

= —+[=+\/=| +[=-\/=
3 |54 36 54 36

a =
1/3 1/3
2 61 29 5[ 61 2
B = -+o|l—=+\/—= +0° | — -/ =
3 54 36 54 36
1/3 1/3
2 5[ 61 29 61 29
Y = -+ =+ = +w|——-\/—
3 54 36 54 3
where
-1+iv3
w= —\/_ =exp(2mi/3).

2

Now, we define two special cases of the sequence {W,}. Third-order Pell sequence{P,},>¢ and third-order Pell-
Lucas sequence {Q;} >0 are defined, respectively, by the third-order recurrence relations

Pn+3 = 2Pn+2+Pn+l+Pnr POZO)PIZI)PZZZr (16)
Qn+z = 2Qp2+tQn+1+Qn, Q0=3,01=2,02=6 (17)

The sequences {P,,} >0, {Qn} =0 can be extended to negative subscripts by defining

P_y —P_(n-1) —2P_(n-2) + P-(n-3)
Q-n = —Q-(n-1)—2Q-(n-2) + Q-(n-3)

for n=1,2,3,... respectively. Therefore, recurrences (16) and (17) hold for all integer n.

Note that P, is the sequence A077939in [2 | associated with the expansion of 1/(1-2x—x?—x%), Q, is the sequence
A276225in [?].

For all integers n, third-order Pell and Pell-Lucas numbers can be expressed using Binet’s formulas as

an+1 ’Bn+1 Yn+1
Pp, = + + )
(a-PBla-y) PB-a)pB-7) F-a)y-pB
Qn = a"+p"+y",

respectively.
Next, we present sum formulas of generalized third-order Pell numbers

Theorem 2.2.
For n =0, We have the following sum formulas for generalized third-order Pell numbers:

(a) éo Wi = L (Wi = Wy + Wy — Wa + W3 +2105).

b) éo Wak = L (Waps1 + Wap — Wi +2Wp),

(© éo Wake1 = L (Wansz + Wapet = Wa +21).

(@ 3 Woi = Wz + Wor + 2W W= Wi+ W)

n
(&) X Wopp= 3(Wioop1 = Wogpp + Wi + W).
=0
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n
(f) kZ W_ps1 = 3(~Weop — Wogpo1 + Wa + WY).
=0

Proof.

(a) Use Theorem 1.1 (a) (i) with z =1.
(b) Use Theorem 1.1 (b) (i) with z =1.
(c) Use Theorem 1.1 (c) (i) with z =1.
(d) Use Theorem 1.1 (d) (i) with z =1.
(e) Use Theorem 1.1 (e) (i) with z=1.

(f) Use Theorem 1.1 (f) (i) with z =1.

From the last Theorem, we have the following Corollary which gives sum formulas of third-order Pell numbers (take
W, = P, with Py =0,P; = 1,P, = 2).

Corollary 2.7.
For n = 0, third-order Pell- numbers have the following properties.

n
@ % Pi= 3(Ppi2—Pui1+Pp—1).
=0
L 1
(b) kz Py = 3(P2p+1+ P2 — 1),
=0
- 1
(© kz P11 = 3(Pont2 + Pans1).
=0
L 1
()] kZ P_y=3(=P_pi2+P_p1+2P_p+1).
=0
- 1
(e) kz P_ox=3(=Pzp-1—P_zp2+1).
=0
L 1
(f) kZOszkH =3(=P_z2n—P_p-1+3).

Taking W, = Q,, with Qp = 3,Q; = 2, Q2 = 6 in the last Theorem, we have the following Corollary which gives sum
formulas of third-order Pell-Lucas numbers.

Corollary 2.8.
For n =0, third-order Pell-Lucas have the following properties:

(@) éo Qk =2(Qniz = Qi1+ Qp +2).

(b) éﬂ Q2 = 3(Q2p41 + Q2 +4).

(© éo Q2ic+1 = 3(Qzns2 + Qans1 —2).

@ 3 Q= §(-Quprz+ Qunsr +2Q-1+7).
(e) éo Q-2k=3(-Q-27-1-Q_2n2+5).

(f) éo Q_2k+1=3(-Q 20— Q2,1 +8).

Next, we give the ordinary generating function of special cases of the generalized third order Pell numbers {W;;;, 3.
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Corollary 2.9.

The ordinary generating functions of the sequences Wy, Wa,,, Woyi1, W_p, W_oy,, W_z,,41 are given as follows.

(@ (m=1,j=0,lzl < |a|™' =~0.392646).

i S Z2(Wy —2W, — W) + 2(W) —2Wp) + W
=" 1-2z-22-23 '

(b) m=2,j=0,|z| <|a|™®=0.154171)

iWZ Zn:(SWI_WO_WZ)ZZ+(W2—6W0)Z+WO
= 1-6z-3z2-23 ’

(© (m=2,j=1,|zl <|al™?=0.154171)

_ (Wo =2W7 — W) Z2 +(Wo-5Wi1 +2Wh) z+ W,

o0
Wopi12" =
Z’ an+l 1-6z—-3z2-23

(d (m=-1,j=0,|zl<|B| = |y| = 0.626615)

o a WiZ2+ (W —2Wp) z+ W
Y W,z = 3 )
=0 1+z+2z°-2z

() (m=-2,j=0,lz|<|B|* =|y|* = 0.392646)

o n W2Z2+(2W0+3W1—W2)Z+ Wo
Z W_g,,z = .
= 1+3z+62%—23

) (m=-2,j=1,1zI<|B|* = |y|* = 0.392646)

(e ]

(Wo+ Wy +2Wo) 22+ (W) = Wy + Wo) z+ W)

W_ops12" =
" 1+3z+622-23

n=0

Proof. Setr =2,s=1,f=1inLemma 1.1. [
Now, we consider special cases of the last corollary.

Corollary 2.10.

97

The ordinary generating functions of special cases of the generalized third order Pell numbers are given as follows:

(@ (m=1,j=0,|z| < |a|~' =~0.392646).

(o) n z
P,z" = ———,
,;0 " 1-2z-2z%-78
iQ o= 3-4z- 7
= 1-2z-22-2%"
(b) (m=2,j=0,|zl <|al™®=0.154171)
°Z°:P2 = 2z+2%
= 1-6z-322-2%"
iQ - 3-12z-32°
= ST 6z-322-28
(© (m=2,j=1,lzl <|al™?=0.154171)
OXO:P n 1-z
' = ———,
= e 1-6z—-322-23
X 2+5z— 22
2" —
2 Qen 1-6z-322-23
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(d (m=-1,j=0,|zl <|B| = |y| = 0.626615)
2

(e ) n Ve
Pzt = —
,ZZ::O " 1+z+22z%-28
x " 3+2z+22°
Y Q=
=0 1+z+2z°-2z
() (m=-2,j=0,lz|<|B|” =|y|* = 0.392646).
°Z°:P 2 = z+27°
= 1+3z+62z2-2%’
i 02" 3+6z+62°
_on< = -
o een 1+3z+622-23
) (m=-2,j=1,1zI<|B|* = |y|* = 0.392646)
S p " 1+3z+522
_ = ——,
el 1+3z+622-23
2+45z+172%

o0
Y Qopnz" =
n=0

1+3z+622-23"

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.11.
We have the following infinite sums .
(@ z=1.
ipn _ 16
Zan 27
ion 124
oan 277
(b) z= 3.
ipz,l 136
= 8" 103’
$ Q744
= 8" 103
(c) z= é.
i Popi1 448
= 8t 103
§Q2n+1 1336
8 103
d) z=3.
LT
n=0 2= '
i n
n=0 2n
(e) z= 3.
ip_z,l _ 80
= 81 751
iQ,Zn 1968
gn 751"
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_1
(f) zZ = 8"
§ Pona 744
= 8t 751
iQ—znﬂ _ 1480
= 8" 751

n n n n

2.3. Sum Formulas Z Wi, Y Way, Z Waorks1, Z W_r, > Wk, XY W_sr+1 and Generating Functions
k=0 k=0 k=0

oWh z" Dl 0W2nZ Zn 0W2n+1z Zn 0W nz", Zn oW- 202", 2o oW 2n+12" of Generalized Padovan Num-

bers

In this subsection, we consider the case r = 0, s = 1 and t = 1. A generalized Padovan sequence {W;},>o =
{W,,(Wp, W1, Wa)} =0 is defined by the third-order recurrence relations

Wy=W,_o+W,_3 (18)

with the initial values Wy = ¢y, Wi = ¢1, W» = ¢» not all being zero.
The sequence {W,},>¢ can be extended to negative subscripts by defining

W_p=-W_-1)+ W_(-3)

forn=1,2,3,.... Therefore, recurrence (5) holds for all integer n. For more details on the generalized Padovan numbers,
see for example Soykan [18].
Binet’s formula of generalized Padovan numbers can be given as

bla” + bzﬁn + bg)/n
(a=PBla-y) B-a)PB-7) F-ay-pB

Wy, =

where

bl =W2—(ﬁ+Y)W1+ﬁYW0, b2= Wg—(a+Y)W1+(I}/W0, b3=W2—(C¥+ﬁ)W1+(XﬁW0.

3

Here, a,  and y are the roots of the cubic equation x° — x — 1 = 0. Moreover

1/3 1/3
1 23 1 23
= (_4_ _) +(—— —) =1.32471795724

Q
|

2 108 2 108

1 3 1/3 1 3 1/3
B = ow|l-+r—]| +o?|z-y=
2 108 2 108

1/3 1/3
(1 [23 1 [23
o[+ —| +o|z-1/—
2 V108 2 V108

<
Il

where

-1+iv3
_T1HiV3 exp(2mi/3)
2
Now we define three special cases of the sequence {W},}. Padovan sequence {P,},=>¢ (OEIS: A000931, [3]), Perrin
(Padovan-Lucas) sequence {E;} =0 (OEIS: A001608, [? 1) and adjusted Padovan sequence {U,},>o (a variant of the
sequence {P,}) are defined, respectively, by the third-order recurrence relations

Ppyz = P+ Py, Po=1,P1=1,P,=1, (19)
EVL+3 = EVH—I +Env EO:?’)EI :OYEZ :2y (20)
Upss = Up1+U,, Up=0,U;=1,U, =0. 21)

The sequences {P,,} >0, {En}n=0 and {Uy,} =0 can be extended to negative subscripts by defining

P, = —P_ (41t P_n-3),
E_p, = —E_(n-1)+E-(n-3),
U-n = “U-(n-1n+U-(n-3),

for n=1,2,3,... respectively. Therefore, recurrences (19)-(21) hold for all integer n.
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For all integers n, Padovan, Perrin, Padovan-Perrin and modified Padovan numbers can be expressed using Binet’s
formulas as

att4 ﬁn+4 Yn+4
+ + ,
(a-Bla-y) PB-a)B-7) F-a)y-pB
E, = a"+p"+y",
an+1 ,3"+1 Yn+l

@ Py B-0f-7 G-aqg-p

p, =

U, =

respectively.
Next, we present sum formulas of generalized Padovan numbers

Theorem 2.3.
For n = 0, We have the following sum formulas for generalized Padovan numbers:

n

(@ kz Wi =Wyio + Wy + Wy — Wo — W
-0
n

(b) kZO Wy = Wapi1 + Way — WL
n

(c) kz—:0 Worr1 = Wapi2 + Wapy1 — Wa.
n

(d) kz W_p=-W_pi2—W_pi1 + Wo + W1 + W
-0
n

(e) kZO W_oop =—W_pp-1—W_2p-2+ W1 + W
n

® kgo Woops1=-Woop =Wy 1+ Wo+ Wi

Proof.
(a) Use Theorem 1.1 (a) (i) with z =1.
(b) Use Theorem 1.1 (b) (i) with z = 1.
(c) Use Theorem 1.1 (c) (i) with z = 1.
(d) Use Theorem 1.1 (d) (i) with z=1.
(e) Use Theorem 1.1 (e) (i) with z=1.
(f) Use Theorem 1.1 (f) (i) with z =1.
From the last Theorem, we have the following Corollary which gives sum formulas of Padovan numbers (take W,, =

P,with Ph=1,P; =1,P, =1).

Corollary 2.12.
For n = 0, Padovan numbers have the following properties.

n
(a) kZ Py =Ppio+Ppy1 +Py—2.
-0

n
(b) ¥ Pox=Pops1+Poy—1.
k=0
n
() kgo Psjy1=Pops2+ Popp1 — 1
n
(d) kZ P_p=-P_yi2—P_p4y1+3.
=0

n
(e) k): P_yr=-P yp1—Popot2.
-0
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n
(f) kz P_opy1=—P-pp—P_pp1+2.
=0

Taking W,, = E,, with Ey = 3,E; = 0, E» = 2 in the last Theorem, we have the following Corollary which gives sum
formulas of Perrin (Padovan-Lucas) numbers.

Corollary 2.13.
For n = 0, Perrin (Padovan-Lucas) numbers have the following properties:

n
(a) kZ Ex=Epio+Ep1 +Ep—2.
=0
n
(b) X Exx = Exp+1+ Ezp.
k=0
n
() kzo Esis1 = Eapr2 + Ezpy1 — 2.
n
d ¥ Ey=-E_py2—E_p41+5.
k=0
n
(€ X Eopr=-E 2p-1—E_2p2+3.
k=0
n
® kZ E ys1=—-E2p—E_2p-1+2.
=0

From the last Theorem, we have the following Corollary which gives sum formulas of adjusted Padovan numbers
(take W, = U, with Uy =0,U; = 1,U, = 0).

Corollary 2.14.
For n =0, adjusted Padovan numbers have the following properties.

n
(a) kZ Uc=Ups2+Ups1+ Uy — 1.
-0

n
(b) ¥ Uzk=Uzps+1+Uzp—1.
k=0
n
(0 kgo Uzk+1 = Uzn+2 + Uzn+1-
n
d XU xy=-U_pi2-U_psy1+1.
k=0
n
€ > Uor=-U-2p-1-U2p2+1
k=0
n
(f) kz U_zks1=—U2n—U-2p-1 + 1.
=0
Next, we give the ordinary generating function of special cases of the generalized Padovan numbers {W, 5, j}.

Corollary 2.15.
The ordinary generating functions of the sequences Wy, Wa,,, Woy11, W—_p, W_oy,, W_s,,41 are given as follows:

(@ (m=1,j=0,lzl < |a|~' =0.754877).

i —— (Wo — W) 2%+ Wiz + W
= 1-z2-28 '

(b) (m=2,j=0,|z| <|al™ = 0.569840)

(Wo + Wy —Wa) 22+ (Wh —2Wp) z+ W)

o0
Wz Zn=
,;0 " 1-2z+2z%-278
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(© (m=2,j=1,lz] <|al™? = 0.569840)

x n Wo—Wp) 22+ (Wo—-W)z+ Wy
1-2z+2%2-23 '

Wont12" =
n=0

(d (m=-1,j=0,lz| <|B| = |y} = 0.868836)

2

iW Zn_le +Woz+ W
p =

fovar 1+z-23

(@ (m=-2,j=0,lzI<|B|" = |y|* =0.754877)

o . WazZ+ (W - Wo)z+ W
W_znZ = 5 3 .
=0 1-z+2zc-2z

() (m=-2,j=1,1zl<|B* = |y|* = 0.754877)

o n (W0+W1)Z2+(W2—W1—W0)Z+W1
W_opi12" = .
1-z+22z2-23

n=0

Proof. Setr=0,s=1and t=1inLemma 1.1. (J
Now, we consider special cases of the last corollary.

Corollary 2.16.
The ordinary generating functions of special cases of the generalized Padovan numbers are given as follows:

(@ (m=1,j=0,lzl < |a|™' =0.754877).

OZ":P = z+1
= 1-2z2-23
‘iE = -z +3
= 1-2z2-23
(e
z
Upz" =
,;0 " 1-2z2-278
(b) (m=2,j=0,|z| <|al™ = 0.569840)
ipz = Z?-z+1
= 1-2z+22-2%
iE n Z?—4z+3
<z = )
o an 1-2z+2%-278
[eS) Z2
Usnz .
n;) an 1-2z+2>-2°

(© (m=2,j=1,|z] <|al™? = 0.569840)

& 1
P, +lz” = —F
n;, " 1-2z+22-23"
x " 3z-22
Y Bz = ————,
=0 1-2z+2zc-2z
iU n -z+1
i1 = .
= 1-2z+22-23

(d (m=-1,j=0,lz| <|B| = |y} = 0.868836)
Z2+z+1
1+z-23
2z+3
1+z-23'
Z2

1+z-23"

(0]

Y P_,z"
n=0

(o]

Z E_,z"
n=0

(.0}

Z U_,z"
n=0
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(e (m=-2,j=0,z<|B|* = |y|* = 0.754877)

ip n Z22+1
_0p2 = —— —
= 1-z+22z%-278
iE n 22%-2z+3
opz"t = — —
= 1-z+22z%-278

z

U_, 2t —
" 1-z+4+2z2-23

18

B
Il
[=)

) (m=-2,j=1,1zI<|B|* = |y|* = 0.754877)

x 222 —z+1

P_2n+1z” = ——————%
r;o 1-z+222-2%
S n —z+372?
E_opn1z2” = T o 5.0 .3
=0 1-z+2z°-2z
S 22—z+1
U_gp12" = —————.
= 1-2z+222-28

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.17.
We have the following infinite sums .

_3
(a) z= 2
o0 3 n
Z(Z) P, = 112,
n=0
(e 9] 3 n
Z(Z) E, = 156,
n=0
o0 3 n
Z(—) U, = 48.
n=0 4
_1
(b) z= 3
3 P g
n=0 2" ,
S E2n
e
oXo: U2n -2
— 27
n=0
(c) z=%
Pop+1 8
n=0 2" '
Exn+1
2 on = 10,
« Usns1 4
n=0 2n '
_3
(d) z= 1
i": (S)HP 148
- -n = o=
n—o\4 85
i (3)”E 288
- -n = o
o \4 85

18
—_——
= w
Bl
S
|
N
I}
|

85"

3
Il
(=]

103
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(€ z=3
i (3)”P 170
- -2n — T
=5 113
i (3)"E 315
= -2n = T
“=\5 "3
i (3)”U 75
= -2n = T35
=\5 113
) z=2
i(s)”P 140
- —-2n+l = 770
~=\5 " 113
i (3)”E 60
= -2n+l = T
=\5 113
i(?,)”u 95
= -2n+1 = T
=5 " 113

n
2.4. Sum Formulas ) Wi, Z Wor, Z Woks1, Z W_p, Z W_sk, Z W_sr+1 and Generating Functions
k=0 =0 k= k=0
oWz, Y02 Wapz", Y02 0W2n+1z ) ):n oW nz", ):n o W- gnZ y 2o o Woans12" of Generalized Pell-Padovan

Numbers

In this subsection, we consider the case r =0, s = 2 and ¢ = 1. A generalized Pell-Padovan sequence {W},},>¢ =
{W,,(Wy, W1, W)} >0 is defined by the third-order recurrence relations

W, =2W,_o+W,_3 (22)

with the initial values Wy = ¢y, Wi = ¢1, W» = ¢» not all being zero.
The sequence {W,} ;=0 can be extended to negative subscripts by defining

W_y = -2W_—1) + W_(n—3

for n = 1,2,3,.... Therefore, recurrence (5) holds for all integer n. For more details on the generalized Pell-Padovan

numbers, see Soykan [15].
Binet formula of generalized padovan numbers can be given as

bia” N by " N bzy"
(a=PB)la-y) B-a)PB-7) F-ay-pB

W, =
where
bl = W2 - (ﬁ+)’)W1 +ﬁYW(), bz = W2 - ((X +)’)Wl + (Z}/Wo, b3 = Wg - ((X+ﬁ)W1 + aﬁWo. (23)

Here, @, B and y are the roots of the cubic equation x* — 2x — 1 = 0. Moreover

_1+V5

= —

1-v5

B = 5
vy = -1

Now we define four special cases of the sequence {W,}. Adjusted Pell-Padovan sequence {M,},=o, third order
Lucas-Pell sequence {Bj},>0 (OEIS: A099925, [? ]), third order Fibonacci-Pell sequence {G,},>0 (OEIS: A008346, [?
1), Pell-Perrin sequence {C,} >0, Pell-Padovan sequence{R,} >0 (OEIS: A066983, [3]), are defined, respectively, by the
third-order recurrence relations

Muis = 2Mus1+M,, My=0,M;=1,M, =0, (24)
Bu+s = 2Bps1+ By, By=3,B1=0,B,=4 (25)
Gnss = 2Gns1+Gp, Go=1,G1=0,G, =2, (26)
Cpsz = 2Cps1+Chn, Co=3,C1=0,Cr =2, 27

Rui3 = 2Rp1 + Ry, Ry=1L,Ri=1,Ry=1. (28)
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The sequences {My} >0, {Bn}n=0, {Gn}n=0, {Cn}ln=0 and {R,},>0 can be extended to negative subscripts by defining

M_p = =2M_(n-1) + M-(n-3),
B_p = =2B_(n-1)+B-(n-3),
G-n = —2G_(n-1+G-n-3),
Con = —2C_(n-n+C-(n-3),
Ry = =2R (n-1)+R-(n-3),

for n=1,2,3,... respectively. Therefore, recurrences (24)-(28) hold for all integer n.
Note that for all integers n, adjusted Pell-Padovan, third order Lucas-Pell, third order Fibonacci-Pell, Pell-Perrin,

Pell-Padovan numbers can be expressed using Binet’s formulas as

1

1 n+1 1
r-ay-p’

@ pan" TB-aB-p
11 N D Y
= (E—E\/g)a +(§+E\/§)ﬁ Y,

B, = a"+p"+y",

Mn — ﬁn+1 + n+1

1 1
G - n+ n’
" \/Ba \/Eﬁ Y
3 3
C, = 2--)a"+Q2+—)8"—y",
1 ( \/g)a ( \/g)ﬁ Y
1 1
R, = 1-—2)a"+1+—=)8"—y",
" V5 \/Eﬁ Y

respectively, see Soykan [15] for more details.
B, is the sequence A099925 in [3] associated with the relation

Bp=Lp+(=1)"
where L, is Lucas sequence which is given as
L,=Ly1+L,owithlLg=2andL; =1.
G, is the sequence A008346 in [3] associated with the relation
Gp=F,+(=D"
where F;, is Fibonacci sequence which is given as
F,=F,1+F,—,with F=0and F; =1.

C, is not indexed in [3].
R, is the sequence A066983 in [? | associated with the relation

Rp+2 = Rys1 + Ry +(=1)", with Rj =R, =1.
Since
F,=(1)"1F,andL_, = (-1)"L,
we get
Gop=(D""Gy+1+(-1"=(-D"(1-Fy)
and
B_,=(-1D"B,=1+(-D"=(-D"(Lp+1).

Next, we present sum formulas of generalized Pell-Padovan numbers

Theorem 2.4.
For n =0, we have the following sum formulas for generalized Pell-Padovan numbers:

n
(a) kz Wi = %(W,H_g + Wy + W, — Wo — W) + W),
=0
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(b) kXZ:() Wor=n+3)Wopio —(n+2)Wopy1 — (n+3) W, —3Wo + 2W) +4W,.

© éo Wake1 = —(n+2)Wapsa + (+3) Wapsy + (1 +3) Way, +2Ws — 2W3 —3Wp.
@ éo Wep = Lo Woppn = W1 + Wy + Wa + W3 + Wp).

(© éo Wegt = (+ DWogp— (n+2)W_gp 1 — (n+ DWop_p + Wi,

) kéo W_ootr1=—m+2)W_opy+(n+1D)W_gpy_1+(n+ 1D)W_o,,_0 + Wo.

Proof.

(a) Use Theorem 1.1 (a) (i) with z =1.
(b) Use Theorem 1.1 (b) (ii) with z = 1.
(c) Use Theorem 1.1 (c) (ii) with z = 1.
(d) Use Theorem 1.1 (d) (i) with z=1.
(e) Use Theorem 1.1 (e) (ii) with z = 1.
(f) Use Theorem 1.1 (f) (ii) with z=1.

From the last Theorem, we have the following Corollary which gives sum formulas of adjusted Pell-Padovan num-
bers (take W,, = M,, with My =0, M; =1, M, =0).

Corollary 2.18.
For n = 0, adjusted Pell-Padovan numbers have the following properties.

(a) éOMk = LMo + Myay + My — 1),

) éOMZk = (1+3)Mapao — (0 +2)Mayy — (n+3) My + 2.

(© éoMzm = —(n+2)Mapsz + (1 +3) Mapsy + (n+3) My 2.
@ 3 M= §(-Mopio =Moo + Moy 1)

(© éOM_Zk = (n+ 1M gy - (+2)M 51— (n+ )M g, 5 +1.
® éOM_zkH = M+ DM_pp+ M+ DMy +(n+ DM s,

Taking W,, = B, with By = 3, B; = 0, B2 = 4 in the last Theorem, we have the following Corollary which gives sum
formulas of third order Lucas-Pell numbers.

Corollary 2.19.
For n = 0, third order Lucas-Pell numbers have the following properties:

n
@ X Bi= 3(Bns2+Bpi1 +By—1).
=0
n
®) ¥ Byic=(n+3)Banso = (n+2)Bansr = (n+3)Bon.
=0

n
() kZ Bojy1 =—(n+2)Boyio+ (n+3)Boys1 + (n+3)Byy, — 1.
-0
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n
@ Y Bi=3(-Bopso=Bone1 +Bon +).
=0
n
(e) kZ B_or=n+1)Bop—(n+2)Bsp1—(n+1)B_3,-3.
-0
n
® kz B_skr1=—(n+2)B_gp+ (n+1)B_gp_1 +(n+1)B_2,_2 +4.
=0

From the last Theorem, we have the following Corollary which gives sum formulas of third order Fibonacci-Pell
numbers (take W,, = G, with Go =1,G1 =0,Gy = 2).

Corollary 2.20.
For n = 0, third order Fibonacci-Pell numbers have the following properties.

(a) éock = L (Gusz + G + G = D).

) éOsz = (n+3)Gansa — (N +2)Gapar — (n+3)Gap —2.

(© éo Gate1 = —(1+2)Gansz + (1 +3)Gapsr + (N +3)Gap + 1.

@ 3 Go= 3Gz Gopn + Gy 3),

(e) éo Goor=m+1)G_2,—(n+2)G_2p-1 — (n+1)G_2,-2.

® éoc;_m = M+ 2)G g+ (N+1)Ggpy + (n+1)G gy 2 +2.

Taking W,, = C,, with Cy = 3,C; = 0,C, = 2 in the last Theorem, we have the following Corollary which gives sum
formulas of Pell-Perrin numbers.

Corollary 2.21.
For n = 0, Pell-Perrin numbers have the following properties:

n
@ X Ci= 3(Cps2+Cpy1+Cp +1).
-0
n
(b) kz Cor = (n+3)Cops2 — (n+2)Cops1 — (n+3)Cop +6.
=0
n
() kz Cok+1 =—(n+2)Copy2 + (n+3)Copy1 + (n+3)Crp —5.
-0
L 1
(d) kZ Cg=5Cpr2=Cpy1+C_py+5).
=0
n
(e) kz Coor=n+1C_2p—(n+2)C_py_1— (n+1)C_zp—2.
=0
n
) X Coorr1=—(n+2)Cop+(n+1)C_pp_1+(n+1)C_pp2+2.
k=0

From the last Theorem, we have the following Corollary which gives sum formulas of Pell-Padovan numbers (take
W,=R,withRy=1,R =1,R, = 1).

Corollary 2.22.
For n =0, Pell-Padovan numbers have the following properties.

n
@ X Ri= 3(Rpi2+ Rps1 + Ry — 1).
=0
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n
(b) kZ Rop = (n+3)Rop+2— (n+2)Ropt1 — (n+3)Ropy + 3.
=0
n
(© kZ Rogr1 = —(n+2)Rops2 + (n+3)Ropsy + (n+3) Ry — 3.
=0
& 1
(d) kz R g=35(-R_pt2—R_ps1+ R +3).
=0
n
(e) kz Ror=m+DR - (n+2)R3p-1—(n+ 1Rz +1.
=0
n
(f) kZ R o1 =—(+2)Rop+(n+1)R oy 1+ (n+1)R 3, 2 +1.
=0
Next, we give the ordinary generating function of special cases of the generalized Pell-Padovan numbers {Wy;, 1 j}.

Corollary 2.23.
The ordinary generating functions of the sequences Wy, Way,, Woyi1, W_p, W_op, W_s 11 are given as follows:

(@ (m=1,j=0,lzl < |al™! =~0.618033).

i —— (Wy —2Wp) 22 + Wiz + Wy
= 1-2z2-273 '

(b) (m=2,j=0,|z| <|al™? =0.381966).

iW Zn:(4W0+W1—2Wz)22+(W2—4W0)z+W0
1=0 an 1-4z+4z2-273 )

(€ (m=2,j=1,|z| <|al™®=0.381966).

o (Wy —2Wp) 2% + Wp —2Wh) z+ Wy

Wops12" =
= 1-4z+42%-23

(d (m=-1,j=0,|z| <|B| =0.618033).

W1Z2+ Woz+ W

(e o]
W_pz" =
,;0 " 1+2z-23

(e) (m=-2,j=0,lz| < |B|* ~0.381966).

o a Waz2+ (W) —2W,) z+ W
Z W—ZnZ = 5 3 .
=0 1-4z+4z°-z

(f) (m=-2,j=1,lzl<|B|* = 0.381966).

i W on Wot2W) 22 +(Wo —4W, —2Wp) 2+ W)
o 1-4z+422 - 273 '

Proof. Setr=0,s=2and t=1in Lemma 1.1. [J
Now, we consider special cases of the last corollary.

Corollary 2.24.
The ordinary generating functions of special cases of the generalized Pell-Padovan numbers are given as follows:
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(@ (m=1,j=0,|zl < |a|~' =0.618033).

(e8]
M Zn = )
n;o " 1-222-278

iB oo 272 +3
=TT 122223

Gz = ——,
,;) " 1-222-28
fc " -47°+3
z' = —,
= 1-222-28
‘iR n —Z2+z+1
V4 = .
= 1-222-28
(b) (m=2,j=0,lz| < |al™? =0.381966).
00 z2
My,z" = —4m8M ———,
,;0 an 1-4z+422-2°
472 -8z+3

(e8]
Bypz" = —————,
,;0 an 1-4z+42%-273

iG = —2z+1
=T T 1az+42 -2
ic n 82> —10z+3
2" = ——,
= 1-4z+4z2 - 23
iR " 322 -3z+1
2" = ———
= n 1-4z+4z% - 23
(© (m=2,j=1,]zl<|al™®=0.381966).
i":M -2z+1
2= ——,
= e 1-4z+42°-23
iB -2z2+3z
2= ——,
= e 1-4z+42°-23
& z
Gops12" = —————,
n;o 2nl 1-4z+422-23
& -47%+3z
Copt12" = ——————,
n;() anl 1-4z+422-23
iR n -z2—z+1
zZ' = —.
o e 1-4z+422-23
(d (m=-1,j=0,|z| <|B| ~0.618033).
(o] Z2
Y Moz = —
o 1+2z-23
& n 4z+3
Y B = a2
=0 1+2z-2z
s 2z+1
Y Gopz" = —
=0 1+2z-2z
S n 2z+3
Y Copg" = —2
=0 1+2z-2z
iR n Z2+z+1
2 = —.
" 1+2z-28

109
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(e) (m=-2,j=0,z| < |B|* ~0.381966).

[ee]

Y Mo = s,
=0 —4z+4z° -z
iB—ann _ 422 -8z+3
= 1-4z+4z2-23"
iG—ann _ 222 —4z+1
= 1-4z+4z2-2%
i C oy = 222 —4z+3
= 1-4z+4z%2-2%
i R_ann = i
= 1-4z+42%-78

) (m=-2,j=1,lzl < |B|" = 0.381966).

e 1-4z+4z%2- 2%’
S n 322 -2z
> Boopn2" = T a2 .3
=0 1-4z+4z° -z
(o] Z2
Gopn2" = —————,
,;) anel 1-4z+42z%-23
S n 322 -4z
> Coopnz’ = T a2 .3
=0 1-4z+4z° -z
S R it = 322 -5z+1
e 1-4z+4z2 - 23

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.25.
We have the following infinite sums .
(@ z= %
S My, 4
L T3
X By 20
Low = 3
X Gp 8
L2 T3
X Cp 16
Lo T3
X Ry 10
Lon = 3
(b) z=1.
X My, 4
S 1
% By, 16
n;O 4" 3
X Gop 32
S 1
X Con 64
nz::o 4" 15’
X R 28
L =15

3
Il
o
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n n n n

2.5. Sum Formulas ) Wy, > Wy, Z Woks1, 2 Wog, Z W_ok, Y W_yr+1 and Generating Functions
k=0 k=0 Je=0 k=0

Y Wiz, X0 Wopz", Y00 Wopi12", Zn oWonz", X0 oW 2nz y LoroWoons12" of Generalized Jacobsthal-

Padovan Numbers

In this subsection, we consider the case r = 0, s = 1 and ¢ = 2. A generalized Jacobsthal-Padovan sequence
{Witnso = {W,(Wy, Wh, Wh)} >0 is defined by the third-order recurrence relations

W, =W,_2+2W,_3 (29)

with the initial values Wy = ¢y, W1 = ¢1, W = ¢, not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining

1 1
W_p= _EW—(n—l) + EW—(n—?)]

for n =1,2,3,.... Therefore, recurrence (5) holds for all integer n. For more information on Jacobsthal-Padovan se-
quence, see Soykan [14].
Binet formula of generalized Jacobsthal-Padovan numbers can be given as

bia” . by p" N bzy"
-Bla-y) B-a)B-7) F-a)y-p)

n=

where
by = W —(B+y)Wi+ ByW,, (30)
by = Wo—(a+y)Wi+ayW, 31
b3 = Wg—(a+ﬁ)Wl+aﬁW0. (32)

Here, a, B and vy are the roots of the cubic equation

B-x-2=0.

Moreover
V78 V78
a = i/l + -5 + i/l e ~1.521379706804568
V78 V78
B = w1+~ +0?y 1-—,
9 9
2\3/ V78 \3/ V78
Yy = 0o°\[1+—+w|\/1-—,
9 9
where
-1+iv3
= T\/_ =exp(27ll/3)

Adjusted Jacobsthal-Padovan sequence {K},} ;>0 (OEIS: A159287, [3.8]), Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas)
sequence {L;},>0 (OEIS: A072328, [3]), Jacobsthal-Padovan sequence {Q;},>o (OEIS: A159284, [3]), and modified
Jacobsthal-Padovan sequence {M,,} ¢ are defined, respectively, by the third-order recurrence relations

Kniz = Ky +2K,, Ko=0,K1=1,K;=0, (33)
Lpys = Lyy1+2L,,  Lo=3,L1=0,L =2, (34)
Qn+z = Qu+1+2Q,, Q=1,01=1,Q2=1. (35)

The sequences {Q} =0, {Ln}n=0, and {K,;} ;=0 can be extended to negative subscripts by defining

1 1

K., = _EK—(n—l)"‘zK—(n—S))
1

L, = —EL—(n—1)+§L—(n—3),
1 1

Q—n = _EQ—(n—l)"'EQ—(n—S)y

for n=1,2,3,... respectively. Therefore, recurrences (33)-(35) hold for all integer n.
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Note that for all integers n, adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas), Jacobsthal-
Padovan, and modified Jacobsthal-Padovan numbers can be expressed using Binet’s formulas as

1 1 1
K, = ———— n+1+ n+1+ n+1’
" a-Pla-n” (ﬁ—a)(ﬁ—)f)ﬁ r-ag-p’
L, = a"+p"+y",
(a+1) ntl B+1) n+l (r+1 ntl
= —— + + ,
Qn a-Pa-n" (ﬁ—a)(ﬁ—y)ﬁ y-a)y—B)

respectively, see Soykan [14] for more details.
Next, we present sum formulas of generalized Jacobsthal-Padovan numbers

Theorem 2.5.
For n = 0, we have the following sum formulas for generalized Jacobsthal-Padovan numbers:

(a) éo W = L (Woeo + Wiy +2W,, — Wo — W),

b) éﬂ Wak = L (Waps1 +2Way, - W),

© éo Waies1 = 5 (Wapia +2Wapi1 — Wh).

@ 3 Wo= HWor = Wop + Wo t Wi +2W0)
(e éo Woog = 5(-W_pp 1 —2W_pp 2 + W) +2Wp).
O 5 Woakn = Wy ~2Wogor + Wa 2.

Proof.

(@) Use Theorem 1.1 (a) (i) with z = 1.
(b) Use Theorem 1.1 (b) (i) with z=1.
(c) Use Theorem 1.1 (c) (i) with z =1.
(d) Use Theorem 1.1 (d) (i) with z=1.
(e) Use Theorem 1.1 (e) (i) with z=1.

(f) Use Theorem 1.1 (f) (i) with z =1.

From the last Theorem, we have the following Corollary which gives sum formulas of adjusted Jacobsthal-Padovan
numbers (take W,, = K,, with Ky =0,K; =1, K, = 0).

Corollary 2.26.
For n = 0, adjusted Jacobsthal-Padovan numbers have the following properties.

n
@ X Ki= 5 (Ko + Kyi1 +2K, - 1).
=0
- 1
(b) kz Kok = 5 (Kan+1+2K2n — 1).
=0
- 1
(© kz Kog+1 = 5 (Kon+2 +2Kop+1).
=0
- 1
(d) kz K= j(_K—n+2 —Kop+1+1).
=0

n
(e) k): Kook = 3(~K_2p-1—2K 245 +1).
=0
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n
() ¥ Kozirr = 3(~Koon=2K2n-1+2).
=0

Taking W,, = L,, with Ly = 3,L; = 0,L, = 2 in the last Theorem, we have the following Corollary which gives sum
formulas of Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas) numbers.

Corollary 2.27.
For n = 0, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas) numbers have the following properties:

n
@ X Li= 3(Lpsa+ Lps1 +2L, - 2).
=0
- 1
(b) kZ Lok = 5 (Lan+1 +2L2p).
=0
- 1
(© kZOL2k+1 =5 (Lan+2 +2Lop+1 - 2).
L 1
d > L= 3(=L_p42—L_p11+8).
k=0
J 1
(e) kz Lok =35(-L-2p-1—2L_2p2+6).
=0
& 1
(f) kz Looks1=5(=L2n—2L_24-1+2).
=0

From the last Theorem, we have the following Corollary which gives sum formulas of Jacobsthal-Padovan numbers
(take W, = Q, with Qp=1,Q; =1,Q2 =1).

Corollary 2.28.
For n =0, Jacobsthal-Padovan numbers have the following properties.

(a) éo Qk = 1 (Qusz + Qui1 +2Qu—2).
(b) éo Q2 = $(Q2n+1 +2Q2n — 1).

(© éo Qok+1 = 3(Q2ns2 +2Qap41 — 1).
@ éﬂo_k = 1=Qunr2 = Quns1 +4).

(© éo Q ok = 1-Quan1-2Q 202 +3).
()] éo Q2k+1 = 3(-Q-2,—2Q-2n-1 +3).

Next, we give the ordinary generating function of special cases of the generalized Jacobsthal-Padovan numbers
{(Whnn+ j }.

Corollary 2.29.
The ordinary generating functions of the sequences Wy, Way,, Wayi1, W_p, W_oy,, W_s,,41 are given as follows:

(@ (m=1,j=0,lzl < |al™' =0.657298).

i —— (Wy — W) 2%+ Wiz + W
= 1-2z2-223

(b) (m=2,j=0,|z <|al™? =0.432040).

iW an(W0+2W1—Wz)z2+(W2—2W0)z+W0
= en 1-2z+2%-423 '
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(© (m=2,j=1,|zl <|al™? =0.432040).

x n =222 (Wo—Wa) —z(W) —2Wp) + Wi
W2n+1Z = 2 3 .
=0 1-2z+z°-4z

(d (m=-1,j=0,|z|<|B| = |y| = 1.146558)

o Wi 2%+ Wz +2W,
ZW—nZ"= 1 2 : 0'
=0 24+z-2z

() (m=-2,j=0,lz|<|B* = |y|" = 1.31459).

o Waz? + QW) — Wh) z+4W,

W_znZn =
= 4—z+2z2-78

) (m=-2,j=1,lzl<|B|" = |y|" = 1.31459).

- W 7 = 2Wo + VVI)Z2 +(2Wo — W) =2Wp) z+4W;
n=0 e 4—z+272-73 )

Proof. Setr=0,s=1and t=2in Lemma 1.1. [J
Now, we consider special cases of the last corollary.

Corollary 2.30.
The ordinary generating functions of special cases of the generalized Jacobsthal-Padovan numbers are given as follows:

(@ (m=1,j=0,lzl < |a|™' =0.657298).
o0
v
K,z" = ——,
OZO"L zZ" = ﬂ
n=0 " 1—Z2_2Z3’

= z+1
' = ———.
,Z;Q” 1-22-2278

(b) (m=2,j=0,|z| <|al™? =0.432040).
222
T 1-2z+2z2-47%

™3
s
3
N
3
|

3
Il
(=}

_ z2—4z+3
T 1-2z+27%2-427%’

18
h
®
N

S

S
Il
o

_ 2z —z+1
T 1-2z+422-4273"

18
QD
3
N

3
Il
o

(€) (m=2,j=1,lz| < |al™? = 0.432040).
_ —-z+1
T 1-2z+42z2-47%

18
s
S

x
N

S
Il
(=]

_ —2Z*+62z

C 1-2z+22-42%
_ z+1

© 1-2z+22-423"

il pgt
~
)
S
s
N

8 i

gl
)
s
+
N

S
Il

(d (m=-1,j=0,|zl <|B| = |y| = 1.146558)

e
r
=
N

=
1l

3
o
S
N
=
N
N
+
o

3
1l
(=}

018
©
3
N

3
Il

3
I
(=]
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(€ (m=-2,j=0,lzl<|B|* = |y|* =~ 1.314596).

s 2z
,;OK_ZHZ T 4-z+222-28
iL—ZnZ” _ 228-2z+12 '
=0 4-z+22°-23
°° Z2+z+4
2 Q" = o

) m=-2,j=1,lzI<|B|" = |y|* = 1.31459).

S no_ Z?—z+4
,;OICZHHZ © 4-z+272-73
S no_ 62% -2z
,;OLJ'HIZ  4-z+272-73
S no_ 3z —z+4
,LX::OQ_Z”HZ C 4—z+2z2-7%

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.31.
We have the following infinite sums .
(@ z= %
() Kn
Yow =1
n=0
i L, 11
n=0 2" - 2 ,
v Qn
Y on =3
n=0
(b) z=7.
X Kon 1
n=0 4" - 4’
S Lap 33
n=0 4" - 8 '
Z QZn - z
n=0 4" 4’
(c) z= i.
i Konv1 _ 3
n=0 4" 2'
i Lynyy _ 11
n=0 4" 4’
i Qens1 _ 5
n=0 4" 2
(d z=1.
> K =
-n =
n=0 2

18
h

i
Il
-~

N
I
=}

P18
°
N
I
[\S}

3
Il
o
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(e) z=1.
> Kon = -
-2n =
n=0 " 2
o0
ZL—ZH = 3’
n=0
oo
3
Quon = =
n;o " 2
) z=1.

oo
Y Kony =1,
n=0

o0
Y Lopna =1,
n=0

N w

o0
Z Q-2n+1 =
n=0

n n n n n n

2.6. Sum Formulas Y Wi, Y Wy, Y Whrer, X Wop, Y Woor, Y W_yry; and Generating Functions
k=0 k=0 k=0 k=0 k=0 k=0

o Wiz, X0 Wz, X0 (Wapn12", Y07 W2, X0 Woon 2", X597  Wo2,112" of Generalized Narayana Num-

bers

In this subsection, we consider the case r = 1, s = 0 and ¢ = 1. A generalized Narayana sequence {W;};>0 =
{W,,(Wy, W1, W)} >0 is defined by the third-order recurrence relations

Wy =Wp_1+ W3 (36)

with the initial values Wy = ¢y, W} = ¢1, W = ¢, not all being zero.
The sequence {W,},>0 can be extended to negative subscripts by defining

Wop==W_(n-2)+ W_(-3)

for n = 1,2,3,.... Therefore, recurrence (5) holds for all integer n. For more information on Narayana sequence, see

Soykan [3.8].
Binet formula of generalized Narayana numbers can be given as
b n n n
Wn _ 1 + bzﬁ + b3Y
(a=Pla-y) B-a)B-7) F-a)y-H)
where
bl = W2 - (ﬁ+Y)Wl +IBYW(), b2 = W2 —(a +Y)W1 + a’}/Wo, b3 = Wz - ((X+ﬁ)Wl + (XﬁW(). (37)
Here, @, f and vy are the roots of the cubic equation x* — x? —1 = 0.
Moreover
1/3 1/3
1 29 31 29 31
= —+|—+1/— +|—-1/—
3 (54 108) (54 108)
1/3 1/3
1 29 31 ,[29 31
B = -+to|l—+\/— +0 | — -\ —
3 54 108 5 108
1/3 1/3
1 2 (29 31 29 31
Y = -+ | =+ — +w|— -\ —
3 54 108 54 108
where
-1+iv3
w= —l\/_ =exp(2ni/3).

Narayana sequence{N,},>o (OEIS: A000930, [3]]) and Narayana-Lucas sequence {U,};>0 (OEIS: A001609, [3]) are
defined, respectively, by the third-order recurrence relations

Npy3 = Npio+ Ny, No=0,N1=1,N, =1, (38)
Upniz = Ups2t+tUy, Up=3,U1=1,U,=1 (39
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The sequences {N,} =0 and {U,},>0 can be extended to negative subscripts by defining

N_,
U-n = —-U_-(n-2) +U-(n-3),

—N_(n-2) + N-(n-3),

for n=1,2,3,... respectively. Therefore, recurrences (38)- (39) hold for all integer 7. For more information on general-
ized Narayana numbers, see Soykan [13].
Binet’s formulas of Narayana and Narayana-Lucas numbers, respectively, are

n+1 ﬁn+1 n+1

+ + Y ,
(a-Bla-y) PB-a)PB-7) F-a)y-pB
U, = a"+p"+y".

a

N, =

Next, we present sum formulas of generalized Narayana numbers

Theorem 2.6.
For n = 0, We have the following sum formulas for generalized Narayana numbers:

n
(a) kZ Wi =Wyt + Wy, — W
=0
n
(b) 3 Wo= 3 (Wapio + Wap gy +2Wa, — Wo — Wi + W).
=0
n
(© kz Wos1 = 2@Wansz +2Wapp1 + Way, —2Wa + Wy — W).
=0
n
(d) kz W_j=-W_pi2+Wo+ W
=0
n
(e) kz W_pi = %(_W—Zn —W_ap1 —2W_ap2 + Wa + W) +2Wp).
=0
n
® kz Wegks1 = 5(=2W_pp —2W_pp_1 — W_gpp_p + 2W5 + 2W + Wp).
=0

Proof.
(a) Use Theorem 1.1 (a) (i) with z=1.
(b) Use Theorem 1.1 (b) (i) with z=1.
(c) Use Theorem 1.1 (c) (i) with z = 1.
(d) Use Theorem 1.1 (d) (i) with z=1.
(e) Use Theorem 1.1 (e) (i) with z=1.
(f) Use Theorem 1.1 (f) (i) with z=1.
From the last Theorem, we have the following Corollary which gives sum formulas of Narayana numbers (take

Wy, = N, with Ny =0, N; =1, N, = 1).

Corollary 2.32.
For n = 0, Narayana numbers have the following properties.

n
(@ X Ng=Npi2+Np—1L
k=0
n
(b) kz Noi = 3(Naps2 + Nops1 +2Nap - 2).
=0

n
() kz Noks1 = 2@Naps2 +2Nops1 + Nop = 1).
=0

n
(d) kz N_g=—N_ps2+N>.
=0
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n
(&) % Nz =3(-Nozn = Nozno1 = 2N-2n-2 +2).
=0
n
) kz N_pi+1=3(=2N_2p —2N_zp-1 — N_zp_2 +4).
=0

Taking W,, = U,, with Uy = 3,U; =1, U, =1 in the last Theorem, we have the following Corollary which gives sum
formulas of Narayana-Lucas numbers.

Corollary 2.33.
For n = 0, Narayana-Lucas numbers have the following properties:

n
@ Y Upg=Ups2+U,—1.
k=0
n
(b) kZ Uz = 3 Uzns2 + Uzps1 +2Uz, + 1).
=0
& 1
(© kz Uzk+1 = 3RU2p+2 +2U2p11 + Uz — 4).
=0
n
d) X U_x=-U_p2+Ur+3.
k=0
L 1
(e) kZ U2k =35(=U_2n—U_2pn-1—-2U_2p-2 +8).
=0
n
f) kgo U_zjs1 = $(=2U_pp —2U_pp—1 = U_pp-2+7).

Next, we give the ordinary generating function of special cases of the generalized Narayana numbers {W,,+ j}.

Corollary 2.34.
The ordinary generating functions of the sequences Wy, Way,, Woyi1, W_p, W_op, W_p,11 are given as follows:

(@ (m=1,j=0,]zl < |a|~' ~0.682327).

i W 2" = (Wg—W1)22+(W1—W())Z+W0
= 1-z-2° '

(b) m=2,j=0,|z| <|al™? =0.465571).

(W =Wy 22+ (W — W) 2+ Wy
B 1-2z-222-78 '

oo
Z WgnZn
n=0

(© m=2,j=1,lz| <|al™?=0.465571).

o n (Wa—W) 22+ (Wo— Wy + Wh) 2+ Wy
1-z-222-28 ’

Wop+12" =
n=0

(d (m=-1,j=0,|zl <|B| = |y| = 0.826031)

i W g = Wi Z%+ (Wo — Wh) 2+ W
= 1+22-23 '

(@ (m=-2,j=0,zl<|B|" = |y|" = 0.682327).

oo n WgZZ+(W0+W1)Z+ Wy
Z W_znZ = 5 3 .
=0 1+2z+2z°-2z

) (m=-2,j=1,1zI<|B|* = |y|* = 0.682327).

™ (W + Wo) 2%+ Wy + W) z+ W,

Woon12" =
o 1+2z+2%-23
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Proof. Setr=1,s=0and t=1in Lemma 1.1. (J
Now, we consider special cases of the last corollary.

Corollary 2.35.
The ordinary generating functions of special cases of the generalized Narayana numbers are given as follows:

(@ (m=1,j=0,lzl < |a|~' =0.682327).

X z
Y Npz" = ——,
=0 1-z-z
iUz” . —2z+3
PR A
(b) m=2,j=0,|zl <|al™? =0.465571)
§N2 " = L
P 1-z-222-2%
iU o —22°—-22+3
e R PPy

(© m=2,j=1,|zl <|a|™®=0.465571)

o0 n 1

nZ=,0N2n+lz Ry
§U2n+lzn = L_
r 1-2z-22-28

(d (m=-1,j=0,|zl <|B| = |y| = 0.826031)

o) " ZZ
N_yz" = ——
ng’o " 1+22-23
iU zn = ﬂ
= 1+2%2-23"
(@ (m=-2,j=0,zl<|B|" = |y|" = 0.682327).
iNz . Z+z
= 1+2z+22-28
iU n Z2+4z+3
opgt = ———
= v 1+2z+22-28

(f) (m=-2,j=1,1lzl<|B|" = |y|* = 0.682327).

® n  Z+2z+1
,;)N_znﬂz C 1+42z+22-23
= n o 472 +2z+1
= U-znn12” = 1+2z+2z%2-2%"

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.36.
We have the following infinite sums .

(@ z= %

S
J\:
w5

18

18

NISIRNES
Il

wﬂl»-l;

3
Il
o
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(b) z=1.
i Noy 20
= an 39’
i Upp 152
Z4an 397
(c) z= %.
i N2n+l _ %
b S 39’
i Uzp+1 112
= oam 39
d) z=3.
iN_n 2
n=0 2" - 9,
i U, _ 26
n=0 2" - 9’
(e) z=13.
ozo: N—Zn _ E
P
i Uz 42
oon T
f) z= %
‘i N-zn+1 _ 18
L on 17’
i U—2n+1 _ %
= 2" 17

n n n n n n

2.7. Sum Formulas Y Wy, Y Wy, Y Wheer, X W_g, X W_yr, Y W_siy; and Generating Func-
k=0 k=0 k=0 k=0 k=0 k=0

tions Y07 W,z", Y07 Wapz", Y02 Wapi12", Y51 W-nz", YX5LoW-2n2", X5L0W-2n+12" of Generalized

Third Order Jacobsthal Numbers

In this subsection, we consider the case r = 1, s = 1 and ¢ = 2. A generalized third order Jacobsthal sequence
{Witnzo = {W,(Wy, Wh, Wh)} >0 is defined by the third-order recurrence relations

Wy=Wy_1+W,_2+2W,_3 (40)

with the initial values Wy = ¢y, W) = ¢1, W» = ¢, not all being zero.
The sequence {W,},>¢ can be extended to negative subscripts by defining
1 1 1
W_, = _EW—(n—l) - EW—(n—Z) + EW—(n—S)
for n = 1,2,3,.... Therefore, recurrence (5) holds for all integer n. For more information on generalized third order
Jacobsthal sequence, see Soykan [17].
Binet formula of generalized third order Jacobsthal numbers can be given as

_ bla” " bzﬁn + bg)/n
T(@-Pla-y) B-a)B-y) F-a)ly-p

n

where

bl = Wg—(ﬁ+Y)W1 +ﬁYW(), b2 = Wg—(a+y)W1 +CZ)/W0, bg = Wg—(a-l-ﬁ)Wl +05,5W0. 41
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Here, a, $ and yare the roots of the cubic equation x* — x?> — x — 2 = 0. Moreover
a = 2,
_ -1+iv3
p=—
_ -1-iV3
Y ="

Third-order Jacobsthal sequence {/,,},>0 (OEIS: A077947, [3]), modified third-order Jacobsthal sequence {K;};=0
(OEIS: A186575, [3]) and third-order Jacobsthal-Lucas sequence {j,},=0 (OEIS: A226308, [3]) are defined, respectively,
by the third-order recurrence relations

Jnss = Jpe2+Ju1+2Jn, Jo=0,1=1,/2=1, (42)
Kn+z = Kpt2o+Kp1+2Ky, Ko=3,K1=1,K; =3. (43)
Jn+3 = Jur2tjnr1t2jn jo=2,j1=1,j2=5, (44)

The sequences {/,;} >0 and {j,},=0 are defined in [2] and {K};} ;>0 is given in [1]. For more details on the generalized
third-order Jacobsthal numbers and its special cases, see [17].
The sequences {/;} =0, {Kn}n=0 and {j,},=0 can be extended to negative subscripts by defining

1 1
— = ——J-m-)—=J-n-20+ =J-n- ’
J-n 2] (n-1) 2] (n-2) 2] (n-3)
1 1
K., = _EK—(n—l)_EK—(n—2)+EK—(n—3),
] 1, 1, 1,
J-n = —51—(n—1)—51—(n—21 +§J—(n—3)»

for n=1,2,3,... respectively. Therefore, recurrences (42)-(44) hold for all integer n.
Note that for all integers n, third-order Jacobsthal, modified third-order Jacobsthal and third-order Jacobsthal-
Lucas numbers can be expressed using Binet’s formulas as

an+l ﬁn+l ,yn+1
= + + y 45
In (@a-Pla-y) B-apB-7) F-a)y-p) )
K, = a"+p"+y", (46)
2 2 _ 2 n 2 2 _ 2 n 2 2 _ 2 n
ju = GE-at2al C@h-pr2PT 2y oy +2)y (47)

@-pa-7  B-aP-1r  G-aq-p

respectively.
Next, we present sum formulas of generalized third order Jacobsthal numbers

Theorem 2.7.
For n =0, We have the following sum formulas for generalized third order Jacobsthal numbers:

(a) éowﬁ L (Wi +2Wyy = Wa + W),

b) éﬂ Wat = L (Waps1 +2Wa — Wi + Wp).

© éo Waker = L (Wansz +2Wanst — W + WA).

(@ 3 Wop = § Wz + Wo s W+ 210,

(&) éo Wogk = L= Wegnt = 2Wospg + Wi +2W0p).
() éo Woker = A= Wiop = 2W_p 1 + Wa +2W1).

Proof.

(a) Use Theorem 1.1 (a) (i) with z = 1.
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(b) Use Theorem 1.1 (b) (i) with z=1.
(c) Use Theorem 1.1 (c) (i) with z = 1.
(d) Use Theorem 1.1 (d) (i) with z=1.
(e) Use Theorem 1.1 (e) (i) with z=1.

(f) Use Theorem 1.1 (f) (i) with z =1.

From the last Theorem, we have the following Corollary which gives sum formulas of third-order Jacobsthal num-
bers (take W), = J,, with Jo=0,/1 =1, ], =1).

Corollary 2.37.
For n =0, third-order Jacobsthal numbers have the following properties.

n
@ X Ji= 3Uns2+2J,—1).
=0
n
b) 3 Joi = 3oni1+2J2n - 1).
=0
2 1
© k§0]2k+1 = 32n+2+2)20+1).
2 1
(d) kZ J-k= §(_]—n+2 +J_p+1).
=0
n
© ¥ o= 3T 2n1-2] 2p-2+1).
=0
n
® X J-zen = 3(=J2n=2)-2n-1+3).

Taking W,, = K, with Ky = 3,K; = 1, K, = 3 in the last Theorem, we have the following Corollary which gives sum
formulas of modified third-order Jacobsthal numbers.

Corollary 2.38.
For n = 0, modified third-order Jacobsthal numbers have the following properties:

n
@ X Ki= 5 (Kns2 +2Kp).
=0
& 1
(b) kZ Kok = 3(Kan+1 +2Kzp +2).
=0
& 1
(© kz Kog+1 = 3(Kons2 +2Kop+1 —2).
=0
.- 1
(d) kz K = 3 (—K_p42+ K- +9).
=0
& 1
(e) kz Kook =5(=K_2p-1-2K_2p-2+7).
=0
- 1
(f) kZ Kook+1=3(=K_2p—2K_2-1 +5).
=0

From the last Theorem, we have the following Corollary which gives sum formulas of third-order Jacobsthal-Lucas
numbers (take W), = j, with jo =2, j; =1, j» =5).

Corollary 2.39.
For n =0, third-order Jacobsthal-Lucas numbers have the following properties.

n
(a) kgojk = %(jn+2 +2jn—3).
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no, 1, .
(b) kZ Jok = 3 (J2n+1 +2j2n + 1),
=0
L 1, .
(c) k20]2k+1 = 3(J2n+2+2j2n+1 —4).
n . 1 . .
@ Y jk=350j-ne2+j-n+9.
k=0
n . 1 . .
(e) kZ J-2k=3(=j-2n-1—2j-2n-2+5).
=0
n . 1 . .
(f) k20]—2k+1 =3(Jj-2n—2j-20n-1+7).

Next, we give the ordinary generating function of special cases of the generalized third-order Jacobsthal numbers
{Whn+ J 1.

Corollary 2.40.
The ordinary generating functions of the sequences Wy, Wy, Way11, W—_p, W_oy,, W_s,,41 are given as follows:

@ (m=1,j=0,lzl<lal™' =3).

_ (Wo— Wy — W) 2% + (W — Wp) 2+ W

(e}
W,z"
L W 1-z-22-223

n=0
(b) (m=2,j=0,lzl<|al™?= 7).

BWy — Wy — W) 22 + (W —3Wp) z+ W
1-3z-32z2-4273 '

00
Z WgnZn =
n=0

© (m=2,j=1,lzI<lal?=1).

x n 2(Wa =Wy —Wp) 22 + (Wp —2W) +2Wp) z+ W,
Z W2n+lz = 2 3 .
=0 1-3z-3z° -4z

d (m=-1,j=0,lzl<|f| = |y|=1).

_ W122+ Wo —Wh) z+2W),

[e®)
W_,z"
L Wen 2+z+22-278

n=0

@ (m=-2,j=0,lzl<|p]*=|y]"=1)

Waz? + 2Wy+3W; — W) z +4W,

(e
W_p,2" =
n;o 2n 4+3z+322-23

() (m=-2,j=1lzI<|p* = |y[*=D.

CWo+ W) + Wa) 22 + (W —2Wy +2W,) z + AW,
4+3z+322—23 ’

o0
Y Wopne2" =

n=0

Proof. Setr=1,s=1and t=2in Lemma 1.1. [J
Now, we consider special cases of the last corollary.

Corollary 2.41.
The ordinary generating functions of special cases of the generalized third-order Jacobsthal numbers are given as follows:
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@ (m=1,j=0,lzl<lal"'=3).

=
i g
~
S
N
=
Il

18
e
N
S
|

3
Il
o

18
~.
S
N
S
I

3
Il
o

(b) (m=2,j=0,lzl<|al™®= 7).

Jon2" =

gk

18
2
S
N

S
|

=
Il
o

n _
2n% =

P18

3
Il
(=}

© (m=2,j=1,lzl<lal=}).

o
n

Z Jon12" =

n=0

o0
n
Kop12” =
n=0

o0

: n
Z J2n+12° =
n=0

) (m=-1,j=0,lzI<|B|=|y|=D.

() (m=-2,j=0,lz| < |,6|2 = |y|2 =1).

®) m=-2,j=1,lz21<|p]>=|y[ =D.

o0

n
Y Joonnd" =
n=0

n=0

o0
Y Kopnz" =

1-z—2z2-22%

—z2-2z+3

C 1-z-z2-27%

222 —z+2
1-z-2z%2-22%"

2z2+ 2
1-3z-322-423’

—3z2-6z+3

T 1-3z-322-428

—4z%—z+2
1-3z-322-4273"

-z+1
1-3z-322-42%’
222 +7z+1
1-3z-322-42%’
422 +7z+1
1-3z-322-42%"

Z2

2+z+22-27%

22 +2z+6
2+z+22-27%

22 +4z+4
2+z+22-28"

_ Z2+2z
4+3z+322-23"
322 +6z+12
4+3z+322-23"

_ 5z°+2z+8

© 4+43z+3z2-273

222 +3z+4
4+3z+322-23"
1022+ z+4
4+3z+322-23"
1022 +7z+4

(o]

3 n

—2n+l18 = ——F/————— -
n;O] 44+3z+3z2-73

From the last corollary, we obtain the following results for special cases of z.

125
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Corollary 2.42.
We have the following infinite sums .
(@) z= %.
S _ 8
n=0 4" ,
> o -
n=0 4" - 7 ,
i Jn 20
n=0 4" - 7
(b) z=3
3 Jen 20
= 8" 73’
i Kop 282
= 8n 73
i jon 232
—gn 737
(€ z=13.
i Jont1 112
= 8" 73’
i Kop+1 236
= 8t 73’
i Jons1 _ 248
= 8" 73"
d) z=3.
s Lln_ 2
= 2n 21’
i K, 58
=oon 21
i J-n _ 50
Zyon 21
() z=1.
i ]—2n _ E
= 2n 49’
i Ko, 18
n=0 2" - 7’
OXo: J-2n %
= on 49’
) z=1.
i Jont1 _ 48
= 2 49’
i Kons1 _ 8
n=0 2n 7,
i J-2n+1 _ 80
n 49

S
Il
o
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n n n n n n

2.8. Sum Formulas Y Wi, Y Wy, Y Worer, X W_g, Y Woor, Y W_yry and Generating Functions
k=0 k=0 k=0 k=0 k=0 k=0

Y o Wiz, X2 Wayz", X0 Wopi12", Y00 W2, X0 Wopn 2", X500  Wozn412" of Generalized Graham Num-

bers

In this subsection, we consider the case r = 2, s = 3 and ¢ = 5. A generalized Graham sequence {W,},>o =
{W,,(Wy, W1, Wa)} =0 is defined by the third-order recurrence relation

W, =2W,_1+3W,,_o +5W,,_3 (48)

with the initial values Wy = ¢y, W1 = ¢1, W> = ¢, not all being zero.
The sequence {W,},>0 can be extended to negative subscripts by defining
3 2 1
W_, = _gW—(n—l) ~3 W_(n—2)+ EW—(n—S)
forn=1,2,3,.... Therefore, recurrence (48) holds for all integer n. For more information on generalized Graham num-
bers, see Soykan [20].
Binet formula of generalized Graham numbers can be given as

bldn bzﬁn bg}/n
W = =+ +
"Ta-Pla-y) B-aB-7) F-a)y-p
where
by =Wo = (B+7)W1 + ByWo, bo = W — (a+ Y)W + ayWy, b3 = Wa — (a+ B) W1 + afWy. (49)

Here, a, § and yare the roots of the cubic equation x> — 2x? —3x — 5 = 0. Moreover

1/3 1/3
2 (205 1231) (205 1231)

a =
3 108 54 108
1/3 1/3
2 205 1231 2| 205 1231
B = -to|l—+\—| +o|—-1/—
3 54 108 54 108
1/3 1/3
2 5[ 205 1231 205 1231
Y = -+ | —+\/— +w|— -/ ——
3 54 108 54 108
where
-1+iv3
= T\/_ =exp(2ni/3)

Now we define two special cases of the sequence {W,}. Graham sequence {G};>0 and Graham-Lucas sequence
{H,} =0 are defined, respectively, by the third-order recurrence relations

2Gn+2 +3Gn+1 + 5Gnr GO = 0) Gl =1, GZ = 2) (50)
2H,.»+3H,.1+5H,, Hy=3,H; =2,H, =10, (1)

Gn+3
Hn+3

The sequences {G,} ;>0 and {H,} >0 can be extended to negative subscripts by defining

G = 3G 2G +1G

-n - 5 —(n-1) 5 —(n-2) 5 —(n-3)»
3 2 1

H_, = _EH—(n—l)_gH—(n—Z) +gH—(n—3)

for n=1,2,3,... respectively. Therefore, recurrences (50) and (51) hold for all integer n.For all integers n, Graham and
Graham-Lucas numbers can be expressed using Binet’s formulas as

an+1 ﬁn+1 Yn+1
G, = + + ,
(a—PB)la-y) B-a)PB-7) F-ay-p
H, = a"+p"+y",

respectively.
Next, we present sum formulas of generalized Graham numbers
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Theorem 2.8.
For n = 0, We have the following sum formulas for generalized Graham numbers:

(a) éo Wi = § (Wiso = Wiy +5Wp — Wa + Wy + 4 W),

(b) éo Wok = 75 (=2Wapso + 11Wayiq +35Way, +2W5 — 11W) + 10Wj).

(© éo Wais1 = 35 (TWansz +29Wape1 — 10Way, — TWo + 16 W1 + 10Wp).

(@ 3 Wop = § (- Wosz  Wor + AW+ Wa = W+ 51,

(e) éo W_ok = 5 @W_pp — 11W_ppp_1 — 35W_p_p — 2W5 + L1W; +35Wj).

(f) éo Wegks1 = 25 (=TW_pp = 29W_p,_1 + 10W_p,,_p + TWp + 29W; — 10Wp).

Proof.

(a) Use Theorem 1.1 (a) (i) with z=1.
(b) Use Theorem 1.1 (b) (i) with z=1.
(c) Use Theorem 1.1 (c) (i) with z =1.
(d) Use Theorem 1.1 (d) (i) with z=1.
(e) Use Theorem 1.1 (e) (i) with z=1.

(f) Use Theorem 1.1 (f) (i) with z=1.

From the last Theorem, we have the following Corollary which gives sum formulas of Graham numbers (take W,, =
G, with Gy =0,G; =1,G, =2).

Corollary 2.43.
For n =0, Graham numbers have the following properties.

@ 3 Gi=}(Gnez~ Grer +5G, 1),

b) éﬂ Gak = £ (—2Gans2 + 11Gaps1 +35Go, = 7).

(© éo Gots1 = 2= (7Gans2 +29Gans1 — 10Ga, +2).

@ 3 Go=§(-Gonsz # Goper +4Gy 1)

© ¥ Gooe= 526 20~ 116 201 ~35G-202 +7).

O 3 Goakn = 35(-7G 20 ~29G 201 +10G-2 +43).

Taking W), = H, with Hy = 3, H = 2, H, = 10 in the last Theorem, we have the following Corollary which gives sum
formulas of Graham-Lucas numbers.

Corollary 2.44.
For n =0, Graham-Lucas numbers have the following properties:

n
@ % He= §(Hpso — Hyyy +5H, +4).
=0
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®) 3 Hyt = d5(-2Hosz + 11 Hyger +35Hy +28)
(0 éo Hops1 = 35 (THonyo +29Hzps1 — 10Hyy, — 8).
@ 3 Hop=§(-Hopsa+ Hopo +4H +29).
(e) éo H_p = 75 (2H_2, = 11H_p;_1 = 35H_pp—2 +107).
© 5 Hoptor = g5(-7H 20~ 29301 +10H 2,2 +99).
Next, we give the ordinary generating function of special cases of the generalized Graham numbers {Wj;p,+ j}.

Corollary 2.45.
The ordinary generating functions of the sequences Wy, Way,, Woyi1, W_p, W_op, W_o,11 are given as follows:

(@ (m=1,j=0,lzl < |al~! =0.299027).

i W, Zn= (W2—2W1—3W0)Z2+(W1—2W0)Z+ WQ
= 1-2z-322-5283 '

(b) (m=2,j=0,|zl <|al™2=0.089417).

x Wy 2 (11W; — Wy — 3Wh) 22 + (Wy — 10Wp) z + Wy
" 1-10z—1122—25278 :

n=0

(€ (m=2,j=1,lz| <|al™? =0.089417).

5(Wo —2W, —3Wp) 2% + QW —7TWy +5W) z+ W

oo
Wops12" =
,;0 el 1-10z— 1122 — 2523

(d (m=-1,j=0,|z| <|B| = |y| = 1.222758).

OXO: W o= W122+(W2—2W1)Z+5W0
= 5+3z+22%— 28 '

(€ (m=-2,j=0,lzl<|B|" = |y|* ~ 1.495138).

i W 2= Waz? + (10Wy + 11W; —3Ws) z +25W,
= e 25+11z+1022 — 2° ’

) (m=-2,j=1,1zI<|B|* = |y|° =~ 1.495138).

s (5W0 +3W1+2W2)Zz+(W1—15W0+5W2)Z+25W1

w_ "=
an+l 25+11z+1022— 23

n=0

Proof. Setr =2, s=3and t=5in Lemma 1.1. [J
Now, we consider special cases of the last corollary.

Corollary 2.46.
The ordinary generating functions of special cases of the generalized Graham numbers are given as follows:

(@ (m=1,j=0,lzl < |a|~" =0.299027).

S z
ZG”Zn 2 3’
=0 1-2z—-3z°-5z
§H n -3z —4z+3

z —_——-
= 1-2z-322-523
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(b) (m=2,j=0,|z| <|al™?=0.089417).

(e
Z GZnZn =
n=0
(o]
Z HZnZ
n=0
(© (m=2,j=1,lzl <|al™?=0.089417).
(o]
Y Gonsr2" =
n=0
(o]
Y Hypiz" =

n=0

(@) (m=-1,j=0,lzl < |p| = |y| = 1.222758).
()
Z G_,z"
n=0
o0
Z H_,z"
n=0
(€ (m=-2,j=0,lzl<|B|" = |y|* ~ 1.495138).
()
Z G_gnz"
n=0

[eS)
Z H_gnz"
n=0

) (m=-2,j=1,1z1<|B|* = |y|* = 1.495138).

[e o]

n
G_onr12° =

n=0
(0]

n _
H_ppn1z" =

n=0

Sums and Generating Functions of Special Cases of Generalized Tribonacci Polynomials

522 +22
1-10z—112%2-252%’
-11z2-20z+3
1-10z—1122-2523"

-3z+1
1-10z—11z2-252%’
—152%+21z+2
1-10z—-1122-2523"

Z2

5+3z+22%2—23
222 +6z+15
54+3z+2z2-23"

2z%+5z
25+11z+1022 - 23’
10z%+222+75
25+11z+10z% - 23"

7z%+11z+25
25+11z+1022 - 23’

412% +72+50
25+11z+1022 - 23~

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.47.
We have the following infinite sums .
(@ z= }I'
‘i G, 16
=an 15
i H, 116
Zan 157
(b) z= 5.
i Gan 592
=167 1335’
f Hoy 6992
16" 1335
(© z= 1—16.
Gon+1 _ 3328
4~ 16" 1335’
Honi1 13328
16" 1335 °
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d z=1.
Oz": 1
G—n = -
n=0 9
i g2
-n —_ .
n=0 9
(e) z=1.
o0
7
Z G—Zn = E;
n=0
°z°: H 107
-2n = Y
n=0 45
) z=1.
43
Y Goonil = —,
n=0 45
i i 98
= -2n+l1 — 45'

3. The Sum Formulas Z Wy, Z Woe, Z Woki1, Z W_p, Z W_o, Z W_,k+1 and Generating
k=0 k=0 k=0
Functions of Special Cases of Generallzed F1bonacc1 Polynomlals/ Numbers. Second Group

In this section, we present special cases of sum formulas Y.}/ Wy,x+; and generating functions Y57 Wi+ j2"
for special cases of generalized Tribonacci polynomials, namely, generalized Leonardo numbers, generalized Ernst
numbers, generalized Edouard numbers, generalized John numbers, generalized Pisano numbers, generalized Bigollo
numbers, generalized Guglielmo numbers, generalized Woodall numbers. Moreover, we evaluate the infinite sums of
special cases of generalized Tribonacci numbers.

3.1. Sum Formulas Z Wy, Z War, Z Works1, Z W_p, Z W_ok, Z W_5r+1 and Generating Functions
k=0

o Waz", X5 Wapz" ,Z” 0W2n+1z ,Zn oW nZ ,Zn oW- gnZ Yo 0 W-2n+12" of Generalized Leonardo Num-
bers

In this subsection, we consider the case r = 2,s = 0, = —1. A generalized Leonardo sequence {W,};>0 =
{W,,(Wp, W1, Wa)} =0 is defined by the third-order recurrence relations

Wp=2Wy_1—-Wy_3 (52)

with the initial values Wy = ¢y, Wi = ¢1, W» = ¢, not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining

Won =2W_(n-2) = W-(n-3)

for n = 1,2,3,.... Therefore, recurrence (52) holds for all integer n. For more information on generalized Leonardo

numbers, see Soykan [4].
Binet formula of generalized Leonardo numbers can be given as

zla” Zzﬁn Zg)/n
w, = 53
" @-Bla-y B-aB-y) F-ay-B) 53)
n+l _ n+1
_ ae —mpt
(a=pB)
where
21 = Wo-Q2-a)Wi+(1-a)W, (54)
= Wo-2-BW1+1-PBW,, (55)

z3 = W2 - W1 - W(). (56)
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Here, a, f and y are the roots of the cubic equation

¥ =2x*+1=(¥*-x-1)(x-1)=0.

Moreover
1++v5
a = ,
2
po 2V
= TR
= 1.
Note that
a+p+y = 2,
af+ay+pPy = 0,
afy = -1,
or

a+pf=1,af=-1

Now we define three special cases of the sequence {W,}. Modified Leonardo sequence {G,},>0, Leonardo-Lucas
sequence {H,},>0 and Leonardo sequence {/,,},>¢ are defined, respectively, by the third-order recurrence relations

Gp = 2G4 1-Gp3, Gp=0,G1=1,G2 =2, (57)
H, = 2Hy 1—-Hp-3, Hy=3,H1=2,Hy=4, (58)
ln = Zln—l - ln—3r lO = 17 ll = 1) lZ = 3y (59)

The sequences {G,} =0, {Hn}n=0 and {I,;},>0 can be extended to negative subscripts by defining

G-n = 26-(n-2—G-n-3
H_p, = 2H_(n-2)— H-(n-3)
= 2l (-2~ l-n-3

i
3
|

for n=1,2,3,... respectively. Therefore, recurrences (57)-(59) hold for all integer n.

Gn, H, and [, are the sequences A000071, A001612, A001595 in [3], respectively.

For all integers n, modified Leonardo, Leonardo-Lucas and Leonardo numbers can be expressed using Binet’s for-
mulas as

an+1 ﬁn+1 Yn+1 an+2 _ ﬁn+2
G, = + + = -1
(a-Bla-y) PB-a)B-7) F-a)y-pB a-p
Hp = a"+p"+y"=a"+p"+1
n+l _ pgn+l
l}’l = Z(a—ﬁ)_l

a-p
respectively. Here, G, := G, and H,, := Hj,.

Next, we present sum formulas of generalized Leonardo numbers

Theorem 3.1.
For n = 0, we have the following sum formulas for generalized Leonardo numbers:

n
@ Y Wi=—-n+2)Wyp+n+3) Wi+ (n+3)W, +2W, —3W; —2W,.
k=0
n
(b) kz Wop ==+ 1) Wapio + (n+2)Waper + (n+ 1) Woy, + Wo — 2W7.
=0
n
() kz Woks1 = —nWopio+ (n+ D) Wappy + (n+ 1) Wy, — W.
=0

n
d > Wp=—m+D)W_po+nW_ i +(n+1)W_,, + Wo.
k=0
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n

(e) Z W_2k=—(n+3)W_2n+(n+2)W_2n_1+(n+3)W_2n_2+2W2—W1—2W0.
k=0
n

® kz Woops1=—-(n+HWoy+(n+3)W_py 1+ (n+3)W_py_p +3Wp —2W; —2W,.
=0

Proof.

(a) Use Theorem 1.1 (a) (ii) with z = 1.
(b) Use Theorem 1.1 (b) (ii) with z = 1.
(c) Use Theorem 1.1 (c) (ii) with z = 1.
(d) Use Theorem 1.1 (d) (ii) with z = 1.
(e) Use Theorem 1.1 (e) (ii) with z = 1.
(f) Use Theorem 1.1 (f) (ii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of modified Leonardo numbers
(take W, = G, with Gy =0,G1 =1,G, = 2).

Corollary 3.1.
For n =0, We have the following sum formulas for generalized Leonardo numbers:

(a) éOGk =—-n+2)Gpi2+(n+3)Gp1 +(n+3)G,, + 1.

b) éOsz = (N + D Gansz + (N+2)Gons1 + (+1)Gop.

© éo Gats1 = ~Gonsz + (4 1)Gapar + (1 +1)Gon.

(d) éOG_k =—n+1)G_ps2+nG_p1+(n+1)G_,, +2.

@) éo Goop = —(n+3)Gosp+ (N+2)Gopy + (11 +3)G—2p2 +3.
® éoc_zm = —(N+8)G g+ (+3)G_gp1 + (N+3)G_pn_p +4.

Taking G, = H, with Hy = 3, H = 2, H, = 4 in the last Theorem, we have the following Corollary which gives sum
formulas of Leonardo-Lucas numbers.

Corollary 3.2.
For n = 0, Leonardo-Lucas numbers have the following properties:

(a) éo Hiy=—-(n+2)Hy 2 +(n+3)Hy1 +(n+3)H, — 4.
) éOHZk = (4 1) Hopyz + (+2) Hopy1 + (n+ 1) Hyp.
(© kZZZO Hypy1=—nHapyo+(n+1)Hopy1 + (n+1)Hpp — 3.
(d) éOH,k =—m+1)H_j2+nH_,1+n+1)H_,+4.
(© éOH_Zk = —(n+3)H oy + (n+2)H g1+ (n+3) H g 2.

n
® kz H o1 =—m+4)H o+ (n+3)H 21 +(n+3)H 3,2 +2.
-0
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From the last Theorem, we have the following Corollary which gives sum formulas of Leonardo numbers (take
H,=1,withlp=1,l1 =1,1, =3).

Corollary 3.3.
For n =0, Leonardo numbers have the following properties.

(a) f li=—-n+2) 2+ (n+3) 1 +(n+3)1,+1.
k=0

n
(b) kZO bhr=—m+Dbhp2+n+2) by +(n+1Dbh,+1.

n
(c) kz b1 =—nlp2+(n+ Dby +(n+ )by, - 1.
)

n
d X lLi=—mn+)Il_po+nl_p+n+1)1_,+3.
k=0

n
€ Y lop=—m+3)on+n+2)l 251+ n+3)]_2,-2+3.

n
® kz lopr1=—m+Dl 2y +(n+3)_2p1+(n+3)_2,2+5.
-0

Next, we give the ordinary generating function of special cases of the generalized Leonardo numbers {W ., j}.

Corollary 3.4.
The ordinary generating functions of the sequences Wy, Way,, Woy11, W—_p, W_oy,, W_s,,41 are given as follows:

(@ (m=1,j=0,|z|l < |a|~' =~0.618033).

io“ W, 2" = (WZ_ZWI)Z2+(W1—2W0)Z+ Wy
" 1-2z+23 :

n=0

(b) (m=2,j=0,lz| < |al™? =0.381966).

i Wy o = EWo= Wh) 22 + (Wa —4Wp) 2+ Wo
n=0 " 1-4z+4z2-23 ’
(€©) (m=2,j=1,lz| <|al™? =0.381966).

—(Wh —2W)) 22+ CWs — AW, — W)z + W)
1—4z+42z2-273 '

oo
Y Wopn2'=

n=0
(d (m=-1,j=0,|z| <|B| ~0.618033).

® Wi 22— (Wh —2W)) 2+ W,
Y W2 = 1 ( 22 31) 0
=0 1-2z°+z

(e) (m=-2,j=0,lz|<|B|" = 0.381966).

_ V\/'gz2 +(=2Wo—-Wy)z+ Wy

oo
W_o, 2"
,;0 2n 1-4z44z2-23

) (m=-2,j=1,lzl < |B|" = 0.381966).

i W n CWo—Wp)z? — (Wa +2W)) z+ Wy
— Z = .
o e 1-4z+42°2-23

Proof. Setr=2,s=0,t=-1inLemma 1.1. [J
Now, we consider special cases of the last corollary.



Corollary 3.5.

The ordinary generating functions of special cases of the generalized Leonardo numbers are given as follows:
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(@ (m=1,j=0,|zl < |al™! =~0.618033).

(b) (m=2,j=0,lzl <|al™2=0.381966).

(€ (m=2,j=1,lzl <|al™® =0.381966).

(d (m=-1,j=0,|z| <|B| = 0.618033).

X z
Y GpZ"' = ———,
=0 1-2z+z
iH n —4z+3
! = —
= 1-2z+23
‘il n Z2—z+1
Z = —.
= 1-2z+23
S G 2" 2z—2°
s —
= 1-4z+4z2 - 23
iH n 47 —-8z+3
" = —,
= 1-4z+4z2 - 23
i": L2 = Z2—z+1
=" 1-4z+4z2— 273"
(e}
1
G Zn = —V
,;0 anl 1-4z+42%-78
°Z°:H n -3z+2
2" = —,
= el 1-4z+4z2 - 23
°Z°:lz " = -z +z+1
= 1-4z+4z2— 273"
[} _ZZ
G_pz"' = ——,
n;o " 1-222+ 23
iH n —272%+3
_pe" = ——,
= 1-222+ 23
°X°:l n -z2—z+1
—nk = -
= 1-222+ 23
(€) (m=-2,j=0,z| < |B|* ~0.381966).
iG 2 = 27° -z
= 1-4z+4z%2-2%
iH - 4z -8z+3
R T 4z 4422 - 28
322 -3z+1

o0
2
n=0

() (m=-2,j=1,lzl<|B|* =0.381966).

P18

0

=
1l

P18

3

e L

n
G_z2p+12" =

n
H_ opnz” =

l_znZn =

4z%2—4z+1
522 -8z +2

522 —5z+1

l» +1Zn = —.
" 1-4z+42z2-273

1-4z+42z2 73"

1-4z+4z2-23’

1-4z+4z2-23’

135
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From the last corollary, we obtain the following results for special cases of z.

Corollary 3.6.
We have the following infinite sums .
@ z=3.
S G
> on -4
n=0 2
X n
Y on =8
n=0 2
oy
> 5=
n
n=0
(b) z=1.
i Gon 28
= an 15’
i Hyy 16
n=0 4" - 3 ,
i Ly, 52
n=0 no 15
(©) z= %.
i Gony1 _ 64
= oan 15’
i Hopnr _ 16
n=0 4" 3’
i lany1 76
= an 15
d) z=3.
i G 2
=
[e.0)
H_
Z n" = 4’
n=0 2
i ln 2
n=0 no 5
(e) z= %.
i Goon _ 8
P R -
i Hfzn _ 1_6
n=0 4" - 3'
i lop, 28
=oan 15
) z=1.
i Gony1 _ 16
P S L 15’
i Hoopn _ 4
n=0 4" 3,
i Lonni _ 4
4n 15°
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n n n n n n

3.2. Sum Formulas Y Wi, Y Wy, Y Worer, X Wog, Y Woor, Y W_yry and Generating Functions
k=0 k=0 k=0 k=0 k=0 k=0

X Wiz, X W2, Y07  Waps12™, X0 g W2, X500 g W2, Y00 Wo2p412" of Generalized Ernst Numbers

In this subsection, we consider the case r = 2,s = 1,t = —2. A generalized Ernst sequence {Wj};=0 =
{W,,(Wy, W1, W)} >0 is defined by the third-order recurrence relation
W, =2W,_1+W,,_» —2W,_3 (60)

with the initial values Wy = ¢, W) = ¢1, W» = ¢, not all being zero.
The sequence {W,},>¢ can be extended to negative subscripts by defining

1 1
W_n = EW_(n_l) + W_(n—Z) - EW—(n—3)

for n =1,2,3,.... Therefore, recurrence (60) holds for all integer n. For more information on generalized Ernst numbers,
see Soykan [5].
The Binet formula of generalized Ernst numbers can be given as

n n n
W, = “ad 2P + 7 61)
(a—PB)la-y) B-a)PB-7) F-ay-pB
I P
3 6 2
where
zZ1 = Wz—(,B+Y)W1+ﬁYWO=W2—WO
Zp = Wg—(a+y)W1+ayW0=W2—3W1+2W0
zZ3 = Wz—(a+ﬁ)Wl+aﬁW0=W2—W1—2W0
ie.,
Wy — Wy n Wy —3W; +2W, n Wo — W) =2W)
W, = p" - .

3 6 2
Here, a, § and y are the roots of the cubic equation

B2 —x+2=0%-x-2(x-1)=(x-2) (x+ 1) (x—-1)=0.

Moreover

Note that
a+f+y = 2,
af+ay+pPy = -1,

afy = -2,
a-p = 3.

Now we define two special cases of the sequence {W},}. Ernst sequence {E,} >0 and Ernst-Lucas sequence {Hp} >0
are defined, respectively, by the third-order recurrence relations

E, = 2Ey, 1+Ep2—-2Ep-3, Eg=0,E1 =1, E3=2, (62)
Hy, = 2Hp_1+Hy_s—2Hp,_3, Hy=3,H; =2, Hy=6. (63)

The sequences {E;;} ;>0 and {H,},>0 can be extended to negative subscripts by defining

1 1
E_n = EE_(n_D + E_(n—2) - EE—(I’L—3)

1
Hop = SH-g-n+H-np = 5 H-(n-3)

2
for n=1,2,3,... respectively. Therefore, recurrences (62)-(63) hold for all integer n.
For all integers n, Ernst and Ernst-Lucas numbers can be expressed using Binet’s formulas as

2 1 1
E, = =a"-=p"-Z=
" 3 6’6 2

H, = a"+p"+1

respectively. Here, G,, = E,, and H,, := H,.
Next, we present sum formulas of generalized Ernst numbers
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Theorem 3.2.
For n =0, We have the following sum formulas for generalized Ernst numbers:

(a) kéo Wi = %(—(n+2)Wn+2 +(n+3Wy +2(n+3) W, +2W, —3W; —4W).

b) éowzk = L+ 1) Wapss +4(n+2) Way, + Wy — 5W).

(© éo Wakr = L2014 1) Wapso + 31+ 7) Wapsr +2(1+ 1) Way +2Wa — 4 W5 —2W).

(d) kXZ:OW_k = %(—(n+ DW_ o+ nW_ 1 +2(n+1)W_,, + Wo).

© 3 Woop= {00+ DWoy 400+ DWogyy + W)

f) éo Wogks1 = L (=200 + )W+ (Bn+2) Wy +2(n+2) W_pp_p +2Ws + Wy —2Wp).

Proof.

(a) Use Theorem 1.1 (a) (ii) with z = 1.
(b) Use Theorem 1.1 (b) (iii) with z = 1.
(c) Use Theorem 1.1 (c) (iii) with z = 1.
(d) Use Theorem 1.1 (d) (ii) with z = 1.
(e) Use Theorem 1.1 (e) (iii) with z = 1.
(f) Use Theorem 1.1 (f) (iii) with z=1.

From the last Theorem, we have the following Corollary which gives sum formulas of Ernst numbers (take W,, = E,,
with Eg =0,E; =1, E3 =2).

Corollary 3.7.
For n = 0, Ernst numbers have the following properties.

(a) kgoEk = %(—(n +2)Epo+(n+3)Ep1 +2(n+3)E, +1).

) éoEzk = L0+ D Eapsa +4(n+2) Egp + 2).

© éOEzkH = 3(=2(n+1)Espi2+ Bn+7)Ezpy1 +2(n+ 1) Ezp).

(d) kzz:OE_k = %(—(n +1)E_ji2+nE_p 1 +2(n+1)E_, +2).

(e) éOE,gk =1 (-(n+2)E_2p +4(n+1)E_2—2 +2).

O 3 Eopper =} (2004 DE 3+ Gn+ DE g1 +2n+ DE 22 +5).

Taking W), = H,, with Hy = 3, H) =2, Hy = 6 in the last Theorem, we have the following Corollary which gives sum
formulas of Ernst-Lucas numbers.

Corollary 3.8.
For n = 0, Ernst-Lucas numbers have the following properties:

n
(a) kz Hy = %(—(n+2)Hn+2 +(n+3)H,+1+2(n+3)H,, —6).
=0
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(b) éﬂ Ho = 1 (=(n+ 1) Hyppy + 4(n+2) Ha = 9).
© kZZ‘,O Hags1 = 3(=2(n+1)Hopsz + (3n+7)Hapay +2(n+ 1) Hopy — 2).
(d) éOH_k =4~ +DH_pi2+ nH_p +2(n+ 1D H_, +6).
© ¥ Hogr=}(-(0+2) Hopn +4(n+ D Hoz 2 +6).
(f) éo H gk+1 = %(—Z(n +2)H 2p+Bn+2)H 2p-1 +2(n+2)H_2,-2+8).
Next, we give the ordinary generating function of special cases of the generalized Ernst numbers {Wj;p,4 ;1.

Corollary 3.9.
The ordinary generating functions of the sequences Wy, Way,, Way11, W—_p, W_oy,, W_s,,41 are given as follows:

@ (m=1,j=0,lzl<lal"'=13).

iWZnZ (WZ_ZWI_WO)ZZ+(W1—2W0)Z+WO
7=0 " 1-2z—-2%2+4+223 )
(b) (m=2,j=0,lzl<lal™?=1).

_ (5Wo— Wh) 22 + (Wa — 6 W) 2+ Wy
N 1-6z+9z% - 427 '

00
Z Wa, z"
n=0

© (m=2,j=1,lzl<lal®= 7).

& o 2(Wo+2W) — Wh) 22 — Wy +5W) —2Wa) 2+ Wy
1-6z+922-4273 '

Wop12” =
n=0

@) (m=-1,j=0,lzl<|p]=|y|=D.

e n —lez—(W2—2W1)2+2W0
Z W_,z" = 53 .
=0 2-z-2z°+2z

(@ (m=-2,j=0,z<|B)* = |y[* = D.

o WZZZ—(WZ +4Wy) z+4W,

W_ann =
= 4-9z+622-23

) m=-2,j=1,lzI< |ﬁ|2 = |y|2 =1).

o (Wy —2Wy +2Wh) 22 + Wy — 5W) —2W)) z+ AW,

W_2 1Zn =
n 4-9z+62z%2-23

n=0

Proof. Setr=2,s=1,t=-2inLemma 1.1. J
Now, we consider special cases of the last corollary.

Corollary 3.10.
The ordinary generating functions of special cases of the generalized Ernst numbers are given as follows:

@ (m=1,j=0,lzl<lal™' =3).

[ n z
E,z" = ——————,
,;0 " 1-2z-2z%+223
iH n -z -4z+3
"= —— .
" 1-2z-2z%+223

B
I
(=]
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(b) (m=2,j=0,lzl<lal=}).
—2722+2z

o0
Eppz" = ———M——
,;0 an 1-62+922 423
iH n 9z2-12z+3
"= =77
=0 an 1-6z+9z%2-4273
o i 21
(€ (m=2,j=1,lzl<|al™= 7).
iE n —-z+1
A R —
= 1-62+922 — 423
iHZ 1Zn = M
=0 " 1-6z+92z%2-473
d (m=-1,j=0,lzl<|B| =|y|=D.
oo _zz
E_,Zz"
,;0 " 2-z-222+2°
iH " —2722-22+6
_p2t =
7=0 " 2—2-22%2+23
(e) (m=—2,j=0,|z|<|ﬁ|2=|y|2=1),
iE 2 Zn = 2ZZ__2Z
= 4-9z+622-2%
s " 62> —18z+12
L Hond" = ;=g
n=0 4-9z+6z-—2z
. 2 2
) (m=-2,j=1,lzI<|B|"=|y|"=D.
iE 2 lzn = M
= i 4-9z+62z2—-2%
iH o 822 -16z+8
=0 —entl © 4-9z+622-273"

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.11.
We have the following infinite sums .

(@ z= i.

4 15
H, 62
4n 15°

(b) z=13.

(c) z= 5
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d) z=1.
iE_n 2
n=0 2" - 9,
< H_
Yo =4
n=0 2

(e) z=1.
iE_Zn 4
n=0 2" - 7’
iH_gn _ 36
n=0 2" - 7

) z=3.

6

7’
i Hopp1 _ 16

—

n

n n n n n

3.3. Sum Formulas ) W, Wor, X Worsr, X Wog, X Wook, Y W_yry and Generating Functions
k=0 k=0 k=0 k=0 k=0 =

Yo o Wiz, X0  Wanz", X0 ( Wapg12", X5,  Wopnz", X5 Woanz", X5 W_2p412" of Generalized Edouard Num-

bers

In this subsection, we consider the case r = 7,s = —7,¢ = 1. A generalized Edouard sequence {W;},;>p =
{W,,(Wy, W1, W)} >0 is defined by the third-order recurrence relations

Wy =TWp_1—=TWp_2+ Wy_3 (64)

with the initial values Wy = ¢y, W) = ¢1, W = ¢, not all being zero. The sequence {W},},>¢ can be extended to negative
subscripts by defining

Won =TW_(n-1) = TW-(n-2) + W_(n-3)

for n=1,2,3,.... Therefore, recurrence (64) holds for all integer n. For more information on generalized Edouard num-

bers, see Soykan [6].
Binet’s formula of generalized Edouard numbers can be given as

Wn _ zla” + Zzﬁn + Zg)fn
(a=P)a-y) PB-a)Bf-7) F-a)y-p
za” zp" 23

+ p—
(a-P)a-y) PB-a)B-y) 4

where
zZ1 = Wg—(ﬁ+1)Wl+ﬁW0,
Zy = Wg—(a+1)Wl+aW0,
z3 = Wo—-6W;+W,.
ie.,
W. = (Wz—(ﬂ+1)W1 +,BWO)(X” (Wg—(d+1)Wl +aWO),B” (W2—6W1+W0)
n= - .

+
(@a-Pla-1 B-a)(p-1) 4
Here, a,  and y are the roots of the cubic equation

X =7x*+7x-1=(x*-6x+1)(x—1)=0.
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Moreover
a = 3+2V2,
B = 3-2V2,
Yy =1
Note that
a+p+y = 7,
af+ay+py = 7,
afy = 1,
or

a+pf=6, af=1.

Now we define two special cases of the sequence {W,}. Edouard sequence {E;,},>0 and Edouard-Lucas sequence
{Ky,}n=0 are defined, respectively, by the third-order recurrence relations

E, = TEp1—7Ep2+Ep-3, Ey=0,E1=1E =7, (65)
K 7Ky-1—-7K,—2+K;,—3, Kop=3,K1=7,Ky,=35. (66)

The sequences {E,} ;=0 and {K,;},=0 can be extended to negative subscripts by defining

E_n = TE_(n-1) = 7TE_(n-2) + E-(n-3),
Kop = 7TK-(n-1) = 7K-(n-2) + K-(n-3),
for n=1,2,3,... respectively. Therefore, recurrences (65)-(66) hold for all integer n.

E, and K, are the sequences A053142, A081555 in [3], respectively.
For all integers n, Edouard and Edouard-Lucas numbers can be expressed using Binet’s formulas as

an+1 ﬁn+1 1
E, = + -,
(@a-p)a-1) PB-a)(-1) 4

K, = a"+p"+1

respectively. Here, G, = E,, and H;, = K,.
Next, we present sum formulas of generalized Edouard numbers

Theorem 3.3.
For n =0, We have the following sum formulas for generalized Edouard numbers:

(a) éo Wi = 1(=(n+2) Wi + 61+ 13) Wyps1 — (n+3) W, +2W, — 13W; +TWp).

(b) éﬂ Wak = 25 (— (81 + 15) Wayip +48(1 +2) Waps1 — (81+ 17) Way, + 15 W5 — 96 W +49Wp).

(© éo Waki1 = 25 (=(81+9) Wapip +8(61 + 11) Waps1 — (871 + 15) Way, + 9W, — 56 Wy + 15Wp).

d éﬂ W_g = =+ DW_pip+ 61+ 5)Wopiy + (@4 = m)W_y + Wa = 5W)).

(e) éo Woop = 25 (= (8n+ 17)W_py, +48(n +2) W_pp_1 — (87 + 15) W_py_p + 9IW, — 48W; + TWp).

f) éo Wogpi1 = 55 (=(8n+23)W_py, +8(61 + 13) W_pp_1 — (87 + 17)W_pp_p + 15Wo — 56 Wi +9Wp).

Proof.
(@) Use Theorem 1.1 (a) (ii) with z = 1.

(b) Use Theorem 1.1 (b) (ii) with z = 1.
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(c) Use Theorem 1.1 (c) (ii) with z = 1.
(d) Use Theorem 1.1 (d) (ii) with z = 1.
(e) Use Theorem 1.1 (e) (ii) with z = 1.
(f) Use Theorem 1.1 (f) (ii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of Edouard numbers (take W,, =
E,with Eg=0,E; =1,E, =7).

Corollary 3.12.
For n =0, Edouard numbers have the following properties.

(a) kgoEk = %(—(l’l +2)Eqi2+ 61+ 13)E i1 —(n+3)E, +1).

(b) kXZ:OEgk = é(—(8n +15)E> 40 +48(n+2)Erp1 — Bn+17)Er, +9).

© X Faor = d5(-6n+9)Expss + 860+ 1) Exyer ~ 81+ 18)Eng +7).

(d) ké()E_k = i(—(n +1)E_ji2+(6R+5)E_p1+(@—n)E_, +2).

@ éOE_zk = L (~Bn+17)E 2, +48(n+2)E_3,_1 — 81+ 15)E_3,_5 +15).

f) éOE_ng = L (—(8n+23)E 2, +8(6n+13)E_p,1 — 81+ 17)E_g,_s +49).

Taking W), = K, with Ky = 3, K =7, K, = 35 in the last Theorem, we have the following Corollary which gives sum
formulas of Edouard-Lucas numbers.

Corollary 3.13.
For n =0, Edouard-Lucas numbers have the following properties:

@ 3 K= }00+2) Kz + 6n+13)Ky0 = (13K,

(b) kéoKZk = 3%(—(811 +15)Kop42 +48(n+2)Kopi1 — 81+ 17)Kyy).

© ¥ Koter = g5 (-8 +9)Kzyaz +8(6n + 1DKyye1 = (81+15)Kz ~32).

@ 3 Kop= {00+ DK iz + 6n+ 5K + = K.

© éOK,Zk = L(—Bn+17)K 9, +48(n+2)K 21 — Bn+15)K_3,_2).

(f) kzZ:oK_Zk+l = % (—8n+23)K_p, +8(06n+13)K_2,-1 —(B8n+17)K_2,-2 +160).

Next, we give the ordinary generating function of special cases of the generalized Edouard numbers {W, . j}.

Corollary 3.14.
The ordinary generating functions of the sequences Wy, Wa,,, Way11, W_p, W_oy,, W_s,,41 are given as follows:

(@ (m=1,j=0,lzl < |a|™' =0.171572).

io: W.z" = (TWo —TW7 + Wa) 2% + (W) —TWp) z+ W
" 1-7z+722-23 '
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(b) (m=2,j=0,|z| <|al™? =0.029437).

> W2 = (42Wp — 48 W1 +7Wp) 2% + (W2 —35Wp) 2+ W
" 1-35z+3522— 23 :

n=0

(© (m=2,j=1,lzl <|al™? =0.029437).

& (TWo —TW; + Wa) 2% + (Wp — 42W, + TWa) 2+ W)

Wopi12" =
an+l 1-35z+3522— 23

n=0

(d (m=-1,j=0,lz| <|B| =0.171572).

W= Wi 22+ (Wp —7TWy) z+ Wy
o 1-72+72%-28

018

N
1l

(€ (m=-2,j=0,lz < |B|" = 0.029437).

Woz? + (TWy — 48W) + 7TWa) z + Wy
1-35z+3522—23 ’

o]
Z W,gnz” =
n=0

) (m=-2,j=1,lzl < |B|" = 0.029437).

o (Wo —TW) +TWao) 22 + (TWo — 42W1 + W) z+ W

w_ "=
2n+l 1-35z+35z%2 - 2Z3

n=0

Proof. Setr=7,s=-7,t=1inLemma 1.1. J
Now, we consider special cases of the last corollary.

Corollary 3.15.
The ordinary generating functions of special cases of the generalized Edouard numbers are given as follows:

(@ (m=1,j=0,lzl < |a|~' =0.171572).

S z

Y End" = s

=0 1-7z+7z° -z

iK n 77%—14z+3
7" = .

= 1-72+72° - 2%

(b) (m=2,j=0,|z| <|al™? =0.029437).

°Z°: By oh 22+7z
z = ’
= man 1-35z+352%— 28

x " 35z -70z+3
Z Kgnz = > 3"
=0 1-35z+35z° -z

(€© (m=2,j=1,lzl <|al™? =0.029437).

i":E n 7z+1
Z = ’
o antl 1-35z+352% — 23
L 722 - 46z +7
z = .
= T2l 1-35z+3522 — 23
d (m=-1,j=0,|z| <|B| =0.171572).
o) ZZ
2 Enz" = sy,
=0 1-7z+7z°-z

x " 77* - 14z+3
Y Kopa" = s
=0 1-7z+7z°-z
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(€) (m=-2,j=0,lz| < |B|* ~0.029437).

i B n 72+ 2
—2n< = )
= sen 1-35z+3522 — 23

3522 —-70z+3
1-35z+3522 - 23"

00
Z K_gnz" =
n=0

(f) (m=-2,j=1,lzl<|B|* = 0.029437).

i Eppd” = 427 -35z+1

= 1-35z+35z2 23’
& Kospar2" = 19922 —238z+7 ‘
forr 1-35z+3522 - 23

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.16.
We have the following infinite sums .
(@ z= %.
S Ey _ 64
=, 8n 119’
i K, _ 696
=8 119
(b) z= ;.
iEgn 1950
Z50m 4361
i Kon 67250
= 50m  13083°
(c) z= %.
i Espe1 47500
= 50m 13083
i Kope1 253450
4= 50" 13083
d) z=13.
yEn 8
= 8 119
iK_n 696
= 8n 119
(e) z= 4.
iE_gn 950
= 50" 13083’
iK_M 67250
40 50m 13083
) z= .
X E_ppe1 4400
= 50m 4361
i Koons1 96650
50" 13083

n=0

145
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n n n
3.4. Sum Formulas Z Wy, Z Wor, Z Woki1, Z W_r, Y W_ok, Y W_yirs1 and Generating Functions
k=0 k= k=0 k=0
2o Wiz, X500  Wop 2" Zn o Wani12", Zn oW nz", Zn o Wo2nz", X590 s W_3,,412" of Generalized John Numbers

In this subsection, we consider the case r = 3,s = —1,# = —1. A generalized John sequence {W,};>0 =
{W,,(Wy, W1, W)} >0 is defined by the third-order recurrence relations

Wy =3Wp1—Wy2—Wy3 (67)

with the initial values Wy = ¢, W} = ¢1, W = ¢, not all being zero.
The sequence {W,} >0 can be extended to negative subscripts by defining

W_y=-W_n-1) +3W_n—2) — W_(-3)

forn=1,2,3,.... Therefore, recurrence (67) holds for all integer n. For more information on generalized John numbers,
see Soykan [7].
Binet formula of generalized John numbers can be given as

zia” zo " N z3y"
(a—ﬁ)(a—y) B-)B-1) F-a)y-p

z1a" + 2" z3

w, = (68)

4 2
_ zla”+zz,6”—ZZ3
B 4
where
zl = WZ—(ﬁ+7)Wl+ﬁyW0=W2—(ﬁ+1)W1+ﬁWO,
Z2 = Wg—(a+Y)W1+af')/W0=Wz—(a+1)W1+C(W0,
zZ3 = Wg—((l+ﬁ)Wl+aﬁW0=W2—2W1—W0,
ie.,
W — (Wo = (B+ 1)W1 + W) a” + (Wa — (@ + 1) W + aWp) B" — 2(W, —2W; — W)
n= .

4

Here, a, B and vy are the roots of the cubic equation

B3 +x+1=(%-2x-Dx-1)=

Moreover
a = 1+V?2,
B =1-v2,
y =1
Note that
a+p+y = 3,
af+ay+pPy = 1,
afy = -1,
ie
a+pf=2,af=-1,a-p=2V2
and
-P)a-y) = 4,
B-a)(B-y) = 4,
y-a)y-p) = -2

Now we define two special cases of the sequence {W,,}. John sequence {/,},>0 and John-Lucas sequence {H,} >0
are defined, respectively, by the third-order recurrence relations

Jn = 3Jn-1—Jn-2—Jn-3, Jo=0,1=1,]2=3, (69)
H, = 3Hy,-1—Hp2—Hp3, Hy=3,H=3,H,=7. (70)
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The sequences {J,} >0 and {H,},>0 can be extended to negative subscripts by defining

Jon —J—tn-1*+3J-(n-2) = J-(n-3)
H_, = _H—(n—l) + 3H_(n—2) - H—(n—3)

for n=1,2,3,... respectively. Therefore, recurrences (69)-(70) hold for all integer 7.
For all integers 7, John and John-Lucas numbers can be expressed using Binet’s formulas as

an+1 + ﬁn+1 -2

]n —!

4
H, a+p"+1,

respectively. Here, G,, = J, and H,, := Hy,.
Next, we present sum formulas of generalized John numbers

Theorem 3.4.
For n = 0, We have the following sum formulas for generalized John numbers:

(a) k§0Wk = %(—(n+2)Wn+2 +2n+5)Wy + (n+3)W, +2Wo —5W) — Wp).

(b) kXZ:() Wy = i(—(2n+3)Wgn+2 +4(n+2)Wopi1 + 2n+3)Wo,, +3W, —8W; + Wp).

(©) éo Wojy1 = i(— Cn+1) Wi +2@2n+3) Wapyq + 2n+3) Way, + Wo — 2W1 —3W).

(d) kéow,k = %(—(n+ DW_, o+ Crn+D)W_ i+ (n+2)W_,, + W — Wh).

(e) kzz,o W_or = %(—(271 +5)W_oy+4n+2)W_s,_1+ 2n+5W_s,_2+3W, —4W; —3W).

) éo Wogks1 = 2 (~@n+T)Wopp +22n+5)Wgp_1 + (21 +5) Wy + 5Ws — 6W) —3Wp).

Proof.
(a) Use Theorem 1.1 (a) (ii) with z = 1.
(b) Use Theorem 1.1 (b) (ii) with z = 1.
(c) Use Theorem 1.1 (c) (ii) with z = 1.
(d) Use Theorem 1.1 (d) (ii) with z = 1.
(e) Use Theorem 1.1 (e) (ii) with z=1.

(f) Use Theorem 1.1 (f) (ii) with z = 1.

147

From the last Theorem, we have the following Corollary which gives sum formulas of John numbers (take W}, = J,

with ]0 = 0»]1 = 1)]2 = 3)

Corollary 3.17.
For n =0, John numbers have the following properties.

n
@ % Ji= 2=+ 2)Jns2 + @n+5)Jp1 + (n+3) ] +1).
=0
n
®) ¥ o= 1(-@n+3)Jans2 +4(M+2) Japs1 + 21 +3) T2 +1).
=0
n
© X o = 1(=@n+1) Japs2+2@2n+3) Japsy + 2n+3) Jon +1).
=0

@ kf Jok= 2 D pea+ @n+ 1D e+ (042 +2).
=0
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n
(e) kZ Jook=1(=@n+5] 2p+4(n+2)J_2p-1+ (2n+5)]2n-2 +5).
=0
n
() kz Jozke1= 3 (=Rn+7] 2p+22n+5)] 251+ 2n+5)] 272 +9).
=0

Taking W), = H,, with Hy = Hy = 3, H) = 3, H, = 7 in the last Theorem, we have the following Corollary which gives
sum formulas of John-Lucas numbers.

Corollary 3.18.
For n = 0, John-Lucas numbers have the following properties:

(a) kéon = %(—(n+2)Hn+2 +@2n+5H,1+(n+3)H, —4).

) éo Ho = L (—(@n+3) Hapyo +4(n+2) Hypsy + (21 +3) Hyp).

© éOHZkH = 1= @n+1) Hopso +2(2n+3) Hopy1 + 21+ 3) Hop — 8).

(d) kéoH_k = %(—(n +1)H_ 2+ 2n+1)H_p1+(n+2)H_,, +4).

© 3 Hogi=}(-@n+5)H o0 +400+2) Hoono1 + Q05 Hoop ),

f) éoH_Z,H1 = J(—@n+ ) H g, +22n+5)H g1 + (2n+5)H 2,2 +8).

Next, we give the ordinary generating function of special cases of the generalized John numbers {W;;,+ j}.

Corollary 3.19.
The ordinary generating functions of the sequences Wy, Wa,,, Way11, W_p, W_o,, W_5,,41 are given as follows:

(@ (m=1,j=0,lzl < |a|™' =0.414213).

i W.z" = (Wo —3Wi + Wa) 22 + (Wy —3Wp) 2+ Wy
=" 1-3z+2z%2+23 )

(b) m=2,j=0,lzl <|al™?=0.171572).

o a AW — AW + W)) 22 + (W — TW) z + Wy
Z Wapz" = .
n=0

1-7z+72%2-23

(© (m=2,j=1,lzl<|al™?=0.171572).

oo (3W]—W()—Wz)Zz+(3W2—8W1—Wo)Z+W1

Wg 1Z”=
" 1-7z+7z2-23

n=0
(d (m=-1,j=0,|z| <|B| = 0.414213).

i W g = —W122 — (Wo —3W1) 2+ W)
= 1+z-322+23 '

(€ (m=-2,j=0,lz <|B|* =0.171572).

x n WgZz+(W2—4W1—3WO)Z+ W()
Z W_znZ = > 3 .
=0 1-7z+7z°¢-z

) (m=-2,j=1,lzl<|B|* =0.171572).

x n BWa—Wi—Wp)z% — (Wp +4W; + Wa) z+ W)
1-7z+72%-73 '

W_op412” =
n=0
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Proof. Setr=3,s=-1,t=-1inLemma 1.1. O
Now, we consider special cases of the last corollary.

Corollary 3.20.
The ordinary generating functions of special cases of the generalized John numbers are given as follows:

(@ (m=1,j=0,lzl < |a|~' =~0.414213).

[e.e] n z
Z = ’
,;0]" 1-3z+22+23
i 2 z>—6z+3
zZ" = .
= 1-3z+2z%2+23
(b) (m=2,j=0,|zl < |a|™?=0.171572).
i]z Zn = &
= 1-7z+722-2%
S 1 o 722 -14z+3
2" = ——
o sen 1-7z+722-28
(© (m=2,j=1,lz| <|a|™*=0.171572).
= ] n z+1
2" = —
= antl 1-7z+722-273
= Hypoy 2" = ~-z>—6z+3
e 1-72+72°- 23
(d (m=-1,j=0,|z| < |B| ~0.414213).
o] _ZZ
Z]—nzn = T a3
=0 1+z-3z+z
iH o -3z%+2z+3
T T 14 2-322 4287
(€ (m=-2,j=0,lz| < |p|° =0.171572).
3z22-z

(o)
opt = —/—/——
2’0] 2n 1-7z+7z2-23
72> —14z+3

n
o0
H ppz" = ———.
,ZZ’O 2 1-72+72% - 23

) (m=-2,j=1,lzl< || =0.171572).
il o 822 —7z+1
P AR P Py - B
i oo 1522 —22z+3
et T 72472228

n=0

From the last corollary, we obtain the following results for special cases of z

Corollary 3.21.
We have the following infinite sums .

@ z=1.
16

21
100
21°

NS
IS
[

&

08 1

3
Il
o
>
=
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(b) z=73.
$ L _ 184
= 8n 119’
in,, 696
= 8n 119
(© z= %.
oihnﬂ _ 576
= 8" 119’
ngnH 1144
— o8n 1197
d z=1.
yln 4
n=0 " 69’
i H., 212
=4 69
(e) z= %.
$len 40
= 8" 119’
f H_p, _ 696
~o8n 119
) z=3.
§1—2n+1 _ 128
= 8" 119’

i H_3p+1 248
8" 119

n n n
3.5. Sum Formulas Z Wy, Z Wor, ): Woks1, Z W_g, X W_ok, X W_yi+1 and Generating Functions
k=0 k= k=0 k=0

Yoo Wnz", X0 Way 2" Zn o Waps12" ,Zn 0W nz" Zn o W-2,2", X5 W_2p+12" of Generalized Pisano Numbers

In this subsection, we consider the case r = 2,s = —%,t = Z' A generalized Pisano sequence {W,};=0 =

{W,,(Wy, W1, Wa)} >0 is defined by the third-order recurrence relation

5 1
Wy =2Wy_1 - ZWn72 + ZWn—IS (71)

with the initial values Wy = cp, W) = ¢1, W = ¢, not all being zero. The sequence {W},},>¢ can be extended to negative

subscripts by defining
Won =5W_(n-1) = 8W_(n-2) +4W_(—3)

for n=1,2,3,.... Therefore, recurrence (71) holds for all integers n. For more information on generalized Pisano num-

bers, see [8].
Characteristic equation of the third-order recurrence sequence W, is the cubic equation

5 2. 5 1 2
X" =2x"+-x—-= x—— (x-1=
4 4

whose roots are

EN =N -
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Note that
a+pf+y = 2
5
ap+ay+py = o,
1
afy = 7
or

1
a+ﬁ=1, aﬁzz.

Binet formula of generalized Pisano numbers can be given as

Wy, = (A1 + Aan) x a”* + Asy"

where
—Wo +2aWq —yR2a —y)W,
A1 2 ! Y(Z Y) 0=—4W2+4W1,
(a-7)
Wr —(a+y)W1 +ayW
Ay 2 (@t y)Wh +ay O = _4W, +6W; —2W,,
a(a-y)
Wy —2aW; + a® Wy
As > =4W, —4W7 + W,
(a-7)
ie.,

1 n
Wy, = ((—4Wo +4W7) + (—4W, + 6W7 — 2Wp) n) % (5) + (AW — AW, + W).

Now, we define two special cases of the sequence {W,}. Pisano sequence {P,},>o and Pisano-Lucas sequence
{Rn}n=0 are defined, respectively, by the third-order recurrence relations

5 1

P, = 2Py 11— ZPnfz + ZPn%’ Py=0,P1=1,P,=2, (72)
5 1 3

R, = 2R;-1— ZRH_Z + ZRn_g, Ry=3,Ri=2,R, = E (73)

The sequences {P,},>0 and {R,},=0 can be extended to negative subscripts by defining

P_p = 5P_(n-1) —8P_(n-2) +4P_(n-3),
R_; = 5R_(3n-1)—8R-(n-2) +4R_(n-3),

for n=1,2,3,... respectively. Therefore, recurrences (72)-(73) hold for all integer n.
For all integers n, Pisano and Pisano-Lucas numbers can be expressed using Binet’s formulas as

P, = —(n+2)x27"1 44
R, = 27141

respectively. Here, G, = P,, and H;, = R;,.
Next, we present sum formulas of generalized Pisano numbers

Theorem 3.5.
For n =0, We have the following sum formulas for generalized Pisano numbers:

n
@ Y Wp=4n+2)Wyo+ (n+3)Wy, —4(n+3) Wy — 8W, + 12W; —2Wj,.

k=0

n
(b) 3 Wy =491+ 14)Wapi2 —36(n+2) Waps + (90 +19) Way, — 56 W3 + 72W; — 10Wp).

k=0

n
(© T Wogsr = 5490 +10)Wapso — 3121+ 17) Waps1 + (90 + 14) Way, — 40Wa + 60W; — 14Wp).

k=0

n
d) X W_,=4n+1DW_, 4o —4nW_, 1+ (n+ 1)W_,, —4Ws.
k=0
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n
() Y W_yi= %(4(9n +22)W_5, =36(n+2)W_2,1+ On+17)W_p,,_2 —52W, + 36 Wj — 8W)).
k=0
n
) X W_oks1 = %(4(91’1 +26)W_2,—-3(12n+31)W_o,,-1 +(On+22)W_s,,_2 —68W5 + 57W; — 13W).
k=0

Proof.

(a) Use Theorem 1.1 (a) (ii) with z = 1.
(b) Use Theorem 1.1 (b) (ii) with z = 1.
(c) Use Theorem 1.1 (c) (ii) with z = 1.
(d) Use Theorem 1.1 (d) (ii) with z = 1.
(e) Use Theorem 1.1 (e) (ii) with z = 1.
(f) Use Theorem 1.1 (f) (ii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of Pisano numbers (take W, = P,
with Py =0,P; =1,P, =2).

Corollary 3.22.
For n =0, Pisano numbers have the following properties.

(a) éopk =4(n+2)Ppsp+ (N+3)Pp—4(n+3)Ppy1 — 4.
(b) éOPZk = 14091 +14)Papp = 36(1+2) Pyyiy + (97 + 19) Py, — 40).

© éopz,ﬁl = 1(49n +10)P2psz —3(121n+ 17) Pyyyy + (97 + 14) oy, — 20).
d éop_k =4(n+1)P_p42—4nP_p +(n+1)P_, —8.

n
(€ 3 Poop=a(4(9n+22)P_p,~36(n+2)P_gy 1 +©On+17)P_s,_ —68).
k=0

n
) X Pogs1= é(4(9n+26)P_2n =-3(12n+31)P_2,—1 + On+22)P_3,,_2—79).
k=0

Taking W,, = R, with Ry =3,R; =2,R» = % in the last Theorem, we have the following Corollary which gives sum
formulas of Pisano-Lucas numbers.

Corollary 3.23.
For n =0, Pisano-Lucas numbers have the following properties:

(@ éORk =4(n+2)Rys2+ (n+3)Ry—4(n+3)Rys1 +6.

(b) éORzk = 1(4(9n+14)Rop42 = 36(n +2)Rops1 + (91 + 19) Rayy + 30).

© éORzkH = 1497+ 10)Raps2 —3(127+ 17) Rops1 + (91 + 14) Royy +18).
) éOR_k =4(n+1)R_ps2—4nR_p1 + (n+1)R_, — 6.

(e) éOR,zk = 1(49n+22)R_p, —36(n+2)R_2p_1 + (97 + 17)R_zy_» — 30).

n
) X Rooks1= %(4(911 +26)R_2,—3(12n+31)R_2;-1+(On+22)R_»,_» —27).
k=0
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Next, we give the ordinary generating function of special cases of the generalized Pisano numbers {W,,+ j}.

Corollary 3.24.
The ordinary generating functions of the sequences Wy, Wa,,, Way, 11, W_p,, W_o,, W_5,,41 are given as follows:

@ (m=1,j=01lzl<|y| " =

S Wz (AW, — 8W +5Wp) 2% +4(W) — 2Wo)z +4Wo.
' " 4-8z+5z2-23

) (m=2,j=0,lzI<|y|*=

20Wo +17Wy — 36W1)Z +8(2W, —3Wy)z + 16W0

oo
Wh,2" =
Z 2n 16-24z+9z%2 - 23

n=0

© (m=2,j=1,lzl<|y| %=

AW, —8W, + SWQ)Z +4@8Wo —11W7 + W)z + 16W1
16 —24z+9z%2 - z3

oo
Z Wop12" =

n=0

(@ (m=-1,j=0,lzl<lal=|B|=3).

A2 Wy +4(Wo —2Wh) 2+ W
1-5z+8z2—-423

[e.°]
Y Wo,zt=

(e (m=-2,j=0,lz|<|al*= |ﬁ| =1.

1622W, + 4(5Wo — 9W; + 2Wp) z + Wy

oo
W_9,2" =
2 Wezn 1-9z+2422 — 1623

) m=-2,j=1lzI<lal =B = 1.

x n_ 4(8W2—5W1+W0)Z +@4W, —17W; +5W0)Z+W1

Z W_2p12" = 2 3

=0 1-9z+24z°-16z
Proof.Setr=2,3=— t—41nLemma11 |

Now, we consider speaal cases of the last corollary.

Corollary 3.25.
The ordinary generating functions of special cases of the generalized Pisano numbers are given as follows:
@ (m=1,j=01lzl<|y| " =

n 4z
2 Pue" = 2_ 53’
frr 4-8z+5z°—z

S n -5z+6
Y Rz = —
! 2—-3z+z

b) (m=2,j=0,lzI<|y|*=

" 4722 +32z
Z pZnZ = 2 3’
=0 16-24z+9z° -z

i":R n -9z+12
2" = —
— Tan 4-5z+z72

© (m=2,j=1,lzI<|y| %=

S prae = 20z+16

= 16 —24z+9z%2 - 23’

§R2n+lzn — ﬂ
4-5z+27%

n=0
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d (m=-1,j=0,lzl<lal=|g| = 3).
i 472
=0 1-5z+8z2-42%’
< . —4z+3
ZR_,,z = —.
n=0 1-3z+2z

P_nz" =

(e (m=-2,j=0,zI<laP=|p*=D.

= n 3272 +4z
§ P_opz” = 5 T
n=0 1-9z+24z-16z

Z"" " —6z+3
R—an = —2
n=0 1-5z+4z

) (m=-2,j=1lzI<lal=|p[ = 1D.

i P—2n+1Zn = 44Z2 —9z+1

=0 1-9z+24z2 1623’
i Roopn2" = ﬂ

n=0 1 —5Z+4Z2

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.26.
We have the following infinite sums .

1

(@ z=3.
S P 16
n=0 2n 9 '
SR 14
n=0 2n 3
(b) z=13.
£ P _ 136
a=o 2" 49’
QR _ 30
n=0 2" 7
(© z=13.
i Popyr 208
n=o 2" 49’
°Z°: Ronv1 _ Q
n=0 2n 7
d z=1.
SR
n=0 47 3’
sraon
n=0 4" 3
(e) z=3.
P—Zn 32

18
o]
S
I
|

3
I
=}

&
N
S
w
(=2}

18
(0]
S
I
~|

3
Il
(=}
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_1
(f) zZ = 8"
i Pons1 _ 18
n=0 8n '
i Rons1 _ 22
n=0 8" 7

n n n n n n
3.6. Sum Formulas Y Wi, Y Wy, X Whryr, X Wk, Y Woor, X W_sr:1 and Generating Functions
k= k=0 k=0 k=0 k=0

k=0 0 = =
o o Wiz, X0 Wap 2™, Y00 (Wapg12", X5, g W 2™, X0 W, 2", X0 s W41 2" of Generalized Bigollo Numbers
In this subsection, we consider the case r = 4,s = —5,f = 2. A generalized Bigollo sequence {W,};>0 =

{W,, (W, W1, Wa)} =0 is defined by the third-order recurrence relations
W, =4W,_; — 5Wn_2 + 2Wn_3 (74)

with the initial values Wy = ¢y, W) = 1, W» = ¢ not all being zero. The sequence {W,},>¢ can be extended to negative
subscripts by defining

5 1
W_p= > W_n-1) =2W_(n-2) + > W_(n-3)
for n=1,2,3,.... Therefore, recurrence (74) holds for all integer . For more information on generalized Bigollo num-
bers, see [9].

Binet formula of generalized Bigollo numbers (two distinct roots case: a # § = y) can be given as

an(A1+A2n)x,B”+A3xa”=(A1+A2n)+A3x2”

where
Wy +2BWy — a2 — @) W,
Al = 2 +2fWh (x(zﬁ a) 0=—W2+2W1,
(B-a)
Wy — (B+ ) Wi + BaW;
ay = WemBraWitfaWo _ ) apy oy,
B(B-a)
W, —28W; + B2 W,
Ay = —=% p 12[3 O~ Wy —2W; + W,
(B-a)
i.e.

Wy = (—Wa +2Wp) + (- Wa + 3W) —2Wo)n) + (Wa — 2W) + W) x 2"
Here, a, B and vy are the roots of the cubic equation

B-ax®+5x-2=(x*-3x+2) (x-1)=(x-2)(x—1)(x—1) =0.

Moreover
a = 2,
B =1
Yy =1
Note that
a+p+y = 4,
af+ay+pPy = 5,
afy = 2.

Now we define two special cases of the sequence {W,}. Bigollo sequence {B,},>¢ and Bigollo-Lucas sequence
{Cn}n=0 are defined, respectively, by the third-order recurrence relations

B, = 4By-1-5By-2+2By-3, Bp=0,B1=1,B; =4, (75)
C, = 4C,_1-5C,2+2C,_3, Cy=3,C1=4,Cr=6. (76)
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The sequences {B,},>0 and {C,},=0 can be extended to negative subscripts by defining

B_p gB—(n—l) —2B_(n-2+ %B—(n—S);
5 1
Con = 5C0-1=2Cm-2+5C-m9)
for n=1,2,3,... respectively. Therefore, recurrences (75)-(76) hold for all integer n.
B, and C,, are the sequences A000295 (Eulerian numbers), A052548 in [? ], respectively.
For all integers n, Bigollo and Bigollo-Lucas numbers can be expressed using Binet’s formulas as

B, = 2"l _p-2,
C, = 2"+2,

respectively. Here, G,, = B, and H,, = C;,.
Next, we present sum formulas of generalized Bigollo numbers

Theorem 3.6.
For n =0, We have the following sum formulas for generalized Bigollo numbers:

(a) éo Wi = 2(n+2)(n+ 1) Wysz — Bn+8)(n+ D)Wyt +2(n+3)(n+2) Wy, — 2Wa + 8W; — 10Wp).

(b) éowz,c = 1(@Bn+5)(n+ 1) Wapsz =91 +2)(n+ 1) Waps1 +2(31+5) (11 +2) Wap, — 5Wa + 18W; — 17Wp).

© éo Waks1 = 3(Bn+2)(n+1)Wapsr — 3n+5)Bn+ 1) Wans1 +2@31+5)(1n+1) Way —2Ws +8W; — 10Wp).

C) éow,k = L-n(+ DWe o+ (n+ DBR-2)W_ iy —2(n% — n—D)W_,, +2W).

(e) éo Woop = L(—@n+4)(n+2)Wepy +9(n+2)(n+ DW_ppo1 =231 +4) (n+ 1) Wepp_p + Wa).

() éo Wopke1 = 3 (~Bn+7)(n+2)Wepy + (3n+8)Bn+ 4 W_pp 1 — 231 +4) (n+2) Wepyp +4Wo — 5W +2Wp).

Proof.
(@) Use Theorem 1.1 (a) (iii) with z = 1.
(b) Use Theorem 1.1 (b) (iii) with z = 1.
(c) Use Theorem 1.1 (c) (iii) with z = 1.
(d) Use Theorem 1.1 (d) (iii) with z = 1.
(e) Use Theorem 1.1 (e) (iii) with z = 1.
(f) Use Theorem 1.1 (f) (iii) with z = 1.
From the last Theorem, we have the following Corollary which gives sum formulas of Bigollo numbers (take W,, =

B, with By =0,B; =1,B, =4).

Corollary 3.27.
For n =0, Bigollo numbers have the following properties.

(a) f By = %((n+2)(n+ 1)Bpy2—Bn+8)(n+1)B;i1 +2(n+3)(n+2)By).
k=0

(b) f Byy = %((3;1 +5)(n+1)Bops2—9(n+2)(n+1)Byys1 +2(Bn+5)(n+2)Byy, —2).
k=0

n
(0 kZ Bois1 = 3(Bn+2)(n+1)Bapiz — (3n+5)(3n+1)Baps1 +2(3n+5)(1n+1)Bay).
=0
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n
d Y Bx= %(—n(n+ DB_pio+(n+1)(3n—2)B_p41 —2(n>—n—-1)B_, +2).
k=0
n
(e) Y B_ox= %(—(3?1 +4)(n+2)B_, +9(n+2)(n+1)B_3,-1 —2@Bn+4)(n+1)B_3,_2 +4).
k=0

) f B_sk41 = %(—(3n+7)(n+2)B_2n +Bn+8)Bn+4)B_2,-1-2@8n+4)(n+2)B_z,-» +11).
k=0

Taking W,, = C,, with Cy = 3,C; = 4,C> = 6 in the last Theorem, we have the following Corollary which gives sum
formulas of Bigollo-Lucas numbers.

Corollary 3.28.
For n = 0, Bigollo-Lucas numbers have the following properties:

(a) éockz L(n+2)(n+1)Cpsz — Bn+8)(1n+1)Cpa1 +2(1n+3)(n+2)Cp — 10).

(b) éOCZk = 1(Bn+5)(n+1)Consz — 9 +2)(n+ 1) Capy1 +2(3n+5)(1n+2)Cap —9).

(©) éo Cok1 = 2(3n+2)(n+ 1) Copyz — 31 +5) 30+ 1) Consy +2(3n+5)(n+1)Cpy — 10).

d) éﬂc_k = 1nm+1)Coprz+ (+1)B—2)Copy —2(n% —n—1)C_p, +8).

(e) éo Cogk = 2 (~Bn+4)(M+2)Cozpy +9(n+2)(n+1)C_ppo1 —2@n+4)(n+1)C_zp_p +6).

(f) éoc_zk+1 = L@+ +2)Cozp+3n+8)Bn+4)Czpot —2Bn+4)(n+2)C_pps + 10.

Next, we give the ordinary generating function of special cases of the generalized Bigollo numbers {Wj; 4 j}.

Corollary 3.29.
The ordinary generating functions of the sequences Wy, Way,, Way11, W—_p, W_oy,, W_s,,41 are given as follows:

@ (m=1,j=0,lzl<lal"' =3).

i ——— (Wo —4W; +5W) 22 + (Wy —4W,) z+ Wy
= 1-4z+522 223 '

(b) (m=2,j=0,lzl<l|al™®= 7).

i W gt = BW2 = 18W1 +17W)) z2 + (Wo —6Wp) 2+ Wy
= rren 1-6z+922-42% '

(© (m=2,j=1lzI<lal?=1.

X n 2(5Wy—4W; + Ws) z2+ Wy —11W1 +4W,) z+ W,
1-6z+922-428 ’

Waont12" =
n=0

d (m=-1,j=0,lzI<|B|=|y|=D.

io: W = W1Z2+(W2—4W1)Z+2W0
= 2-5z+422-23

() (m=-2,j=0,lz| < |,6|2 = |y|2 =1).

i W 2 = Woz2% + (8Wp — 18W; +5Wh) z+4 W)
= R 4-9z+622-23 '




158 Sums and Generating Functions of Special Cases of Generalized Tribonacci Polynomials

®) (m=-2,j=1,lzl<|p]>=|y[ =D.

s} n (2W0—5W1+4W2) Zz+(10W0—17W1+2W2)Z+4W1
4-9z+622-273 ’

W_zp12" =
n=0

Proof. Setr =4,s=-5,f=2in Lemma 1.1. U
Now, we consider special cases of the last corollary.

Corollary 3.30.
The ordinary generating functions of special cases of the generalized Bigollo numbers are given as follows:

@ (m=1,j=0,lzl<lal™' =3).

S z

> Buz" = 2 3’

=0 1-4z+5z°-2z

ic n 52> —8z+3
2= ——— .

= 1-4z+5z2—2273

(b) (m=2,j=0,lzl<|al™?= ).

i By 2" 222 +4z
z = —,
o ~en 1-62+92% — 423

® 9z2-12z+3
Z CZnZn = T i oo a3
=0 1-6z+9z° -4z

(© (m=2,j=1,lzI<lal?=1).

iB o = 5z+1

= TR T ) 62+922— 428

* 1022 - 14z +4
Con2" = ————— .

,;0 antl 1-62+92% — 423

(d) om=-1,j=0,lz<|B]=|y[=D.

ZZ

T 2-5z+4472-73’
472 -10z+6
2-5z+4z2- 273"

018
P°
3
N

3
|

3
Il
o

018
o
3
N

3

3
1]
(=]

(€ (m=-2,j=0,lzl < |ﬁ|2 = |y|2 =1).

iB o 4z%+2z
=TT T 92+ 622 - 28

X 622 —18z+12
> Coand" = 1-0,4622_ 3"
=0 4-9z+6z°—z

() (m=-2,j=1,lzl<|p|*=|y[>= 1.

S n 1122 -9z +4
_ z5N = —
o T2 4-9z+622-23
x " 102% - 26z +16
Coonn1z” =

= 4-9z+622-2%"

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.31.
We have the following infinite sums .
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(@ z= g
$Bu _ 8
n=0 4" 9,
RC_ 1
n=0 4" 3 '
_1
(b) z= R
020" BZn — @
= 8" 49’
i C2n — @
— 87 7
n=0
(€ z=13.
o Bani1 208
= 8" 49’
o Conv1 _ 44
n=0 8" - 7
_1
(d) z= 3-
o2
n=0 2" 3'
°z°: Cn 16
n=o 2" 3
_1
(e) z= 3
i B—Zn - E
n=0 2n '
io: C—Zn - 22
n=0 2" 7
_1
(f) Z = PR
5 B_2n+1 _ 18
n=0 2n
Z C—2n+1 =
n=0 2n 7

n n n n n n
3.7. Sum Formulas ) Wy, Y Wy, X Whry, X Wk, Y Woor, X W_pr:1 and Generating Functions
k=0 k=0 k=0 k=0 k=0 k=0

o Wiz, X Wan 2™, Y00 Wops12, X0 W2, X507 W2, 57 s Woz,412" of Generalized Guglielmo Num-
bers

In this subsection, we consider the case r = 3,s = —3,¢ = 1. A generalized Guglielmo sequence {W,};>¢ =
{W,,(Wy, W1, W)} >0 is defined by the third-order recurrence relations

Wy =3Wp_1—3Wy_2+ Wj_3 (77)

with the initial values Wy = ¢y, Wi = ¢1, W» = ¢» not all being zero.
The sequence {W,} ;=0 can be extended to negative subscripts by defining

W_pn=3W_(n-1) =3W_(n-2) + W-(n-3)

for n =1,2,3,.... Therefore, recurrence (77) holds for all integer zn. For more information on generalized Guglielmo
numbers, see Soykan [10].
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Binet formula of generalized Guglielmo numbers can be given as

W, = Ay + Asn+ Asn?

where
A = W,
1
Ay = 5(—W2+4W1—3W0),
1
Ag = §(W2—2W1+Wo),
ie.,
1 1 )
Wn=W0+§(—W2+4W1—3W0)I’l+ E(W2—2W1+W0)n . (78)

Here, we use the roots «, ,y of the cubic equation
-3 +3x-1=(x-1)°=0

wherea=p=y=1.

Now we define four special cases of the sequence {W},}. Triangular sequence {T}},=¢,triangular-Lucas sequence
{Hy,}n=0, oblong sequence {O,},>0 and pentagonal sequence {p,},=o are defined, respectively, by the third-order re-
currence relations

T, = 3Tp,-1—3Tp—2+Ty—3, T9=0T1=1,T,=3, (79)
Hy, = 3H,_1—3Hy_p+Hps, Ho=3H =3 H,=3, (80)
O, = 30,-1-30,4-2+0;-3, 0p=0,0,=2,0,=6, 81)
Pn = 3Ppn-1—-3pn-2+pPn-3, PpPo=0,p1=1,p2=5. (82)

The sequences {T,,} =0, {Hnln=0, {Onln=0 and {p,},=0 can be extended to negative subscripts by defining

Tpn = 3T (n-1)=3T-(n-2) + T-(n-3),
H_, = 3H_(n-1) —=3H-(n-2) + H-(n-3),
O-n = 30-(n-1) =30-(n-2) + O—(n-3),
P-n = 3P-mn-1) ~3P-m-2) t P-(n-3),

for n=1,2,3,... respectively. Therefore, recurrences (79)-(82) hold for all integer n.

Hj, is the constant sequence (the all 3’s sequence) A010701 in [3].

For all integers n, triangular, triangular-Lucas, oblong and pentagonal numbers can be expressed using Binet’s
formulas as

nn+1)
Ty = ——,
H, = 3,
O, = nn+1),

1
Pn = En(3n—1),

Here, G, = T, and H,, := H,,.
Next, we present sum formulas of generalized Guglielmo numbers

Theorem 3.7.
For n = 0, We have the following sum formulas for generalized Guglielmo numbers:

(a) f Wk=%(n+1)(n(n+2)Wn+2—n(2n+7)Wn+1+(n+3)(n+2)Wn).
k=0
n

(b) kz Wo = %(n+l)(n(4n+5)W2n+2—8n(n+2)W2n+1+(4n+3)(n+2)W2n).
=0

n
© X Waprr =50+ D(ndn—1)Wanez = 240" +20=3) Wane1 + n4n+5Wan).
=0
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(d) f W_g=3(n+D)(n(n— DW= n2R =5 Wi + (n* —4n+6)W_y).
k=0

(e) f W_or = é(n+1)((n+2)(4n+3)W_2n—8n(n+2)W_2n_1+n(4n+5)W_2n_2).
k=0

(f) f Wooks1 = g (n+1)((An+9)(n+2)W_p, —2(4n* + 14n+ 9 W_p,_1 + (n+2)(4n+3)W_p,5).
k=0

Proof.

(a) Use Theorem 1.1 (a) (iv) with z = 1.
(b) Use Theorem 1.1 (b) (iv) with z = 1.
(c) Use Theorem 1.1 (c) (iv) with z = 1.
(d) Use Theorem 1.1 (d) (iv) with z = 1.
(e) Use Theorem 1.1 (e) (iv) with z =1.

(f) Use Theorem 1.1 (f) (iv) with z=1.

From the last Theorem, we have the following Corollary which gives sum formulas of triangular numbers (take
Wy =T, with Ty=0,T, =1, T, = 3).

Corollary 3.32.
For n = 0, triangular numbers have the following properties.

(a) éo Ty = é(n+ Dnn+2)Tho—n@2n+7) Ty +n+3)(n+2)T,).

(b) Iéo To = %(n +1)(n(An+5)Tou42 —8nn+2)Top1 +(An+3)(n+2)1Tay).

(c) kio Togs1 = é(n+ D(n@n—1)Topio —24n?+2n—3)Topy1 + n(4n+5)Toy).

(d) éo T = é(n+ D(nn-DT-p2—n2n-57T_01 + 2 —4n+6)T_,).

(e) kZZ‘,O T ok = é(n +1)((n+2)4n+3)T_2,—8n(n+2)T_p,—1+ndn+5)T_2,-2).

6 éo T oks1 = %(n +1)((An+9(n+2) T2, —2(4n* +14n+9)T-pp—1 + (N +2)(4n+3) T-2p_2).

Taking W,, = H,, with Hy = 3, H; = 3, H> = 3 in the last Theorem, we have the following Corollary which gives sum
formulas of triangular-Lucas numbers.

Corollary 3.33.
For n =0, triangular-Lucas numbers have the following properties:

(a) éo Hi = %(n +1)(n(n+2)Hyp—n2n+7)Hy1 + (n+3)(n+2)Hy).

(b) éOHZk = (n+1)(n(4n+5)Hapsz — 8n(n+2) Hypy1 + (4n+3)(n +2) Hyp).
(© 3 Hyker = 1+ 1)(n4n—1) Hypoo = 2041° +20=3) o1 + 14 +5) Hoy.
(d) éOH_k =3+ (n(n—-1H_pi2 —n2n-5H_p41 +(n* —4n+6)H_p).

(e) f H_ 5 = é(n +1)((n+2)4n+3)H_ 2, —8n(n+2)H_ 5,1 +n(dn+5)H_5,_5).
k=0
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f) f H 1= %(n +1)(An+9)(n+2)H_p, —2(4n° + 14n+9)H_3,_1 + (n+2)(4n+3) H_p, ).
k=0

From the last Theorem, we have the following Corollary which gives sum formulas of oblong numbers (take W,, =
O, with Oy =0,0; = 2,0, =6).

Corollary 3.34.
For n = 0, oblong numbers have the following properties.

(a) éo Oy = %(n+ D(n(n+2)0,42—n2n+7)0p11+ (m+3)(n+2)0y).

(b) éOng = é(n+ 1)(n(4n+5)0zp12—8n(n+2)02,41 + (4n+3)(n+2)0zy).

(© éo Ozk11 = é(” +1)(n(4n—1)O2n12 — 2(4n* + 21— 3) O2p41 + N(41+5) Oay).

(d) éoojk = (l—s(n +1)(n(n—1DO0_,02—n(2n—5)0_,41 + (2 —4n+6)0_,).

(e) éo O_sr = é(n +1)(n+2)4n+3)0_2, —8n(n+2)0O_2;,-1 +n(4n+5)0_s,_2).

(f) éoo_%“ =3+ 1)(An+9)(n+2)0_z, —2(4n* +14n+9)O_zy_1 + (N +2)(4n +3)O_z_2).

Taking W,, = p,, with pg =0, p; = 1, p2 = 5 in the last Theorem, we have the following Corollary which gives sum
formulas of pentagonal numbers.

Corollary 3.35.
For n = 0, pentagonal numbers have the following properties:

() éo Pk = é(n+ D(n(n+2)ppi2—n@2n+7)ppe1+ (n+3)(n+2)py).

b) éopzk = L0+ 1) (AR +5) pansa — 81(n+2) Pansr + (A1 +3) (1 +2) Pay).

(© éo Paks1 = L+ 1)(@R—1)panss — 2412 + 20— 3) pansy + NAN+5) pay).

@ éo Pk =L+ D= Dp_psa—n@n-5)p_pe1 + (0> —4n+6)p_p).

(e) éo P2k =5 (n+1)((n+2)4n+3)p_zp—8n(n+2)p_on-1 + ndn+5)p_op_2).

) éop_zkﬂ = é(n+ D(4n+9)(n+2)p_on—24n* +14n+9)p_sp_1 + (n+2)4n+3)p_zn—2).

Next, we give the ordinary generating function of special cases of the generalized Guglielmo numbers {W;;,+ j}.

Corollary 3.36.
The ordinary generating functions of the sequences Wy, Way,, Way11, W_p, W_oy,, W_s,,41 are given as follows:

(@ (m=1,j=0,lzl<|a|™' = |ﬁ|_1 = M‘l =1).

io: W.z" = (BWo —3Wy + Wa) 2% + (W] —3Wp) z+ W,
n=0 " 1-3z+3z2-23 )
() (m=2,j=0,lz<lal = |p|* =|y] > =1,

(6Wy —8W,; +3Wh) 2% + (W —3Wp) z+ Wy
1-3z+32z2-283 )

00
Z WZnZn =
n=0
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(© m=2,j=1,lzl<|al?= |ﬁ|_2 = |y|_2 =1).

- 2 BWo—3W; + Wa) 22+ (Wo— 6W; +3Wa) 2+ Wy
1-3z+3z2-23 )

Wop12" =
n=0

d (m=-1,j=0,lzl<|al=|B| =|y|=D.

o a WiZ2+ (W —3W)) z+ W
Y W_pz"= .
n=0 1-3z+3zc—-z

(@ (m=-2,j=0,lzl<la?=|* = |y[* = 1.
S Woz? + (3Wy — 8W) +3Wh) z+ W

W_, "=
e 1-32+32%2-78

() m=-2,j =11zl <lal?= > = |y|’ =D,

o (Wo—3W; +3W,) 22 + BWy —6W, + W) z+ W)

W—2n+lzn=
2_ .3
=0 1-3z+3z°-z

n=

Proof. Setr =3,s=-3,t=1inLemma 1.1. O
Now, we consider special cases of the last corollary.

Corollary 3.37.

The ordinary generating functions of special cases of the generalized Guglielmo numbers are given as follows:

(@ (m=1,j=0le<lal™ =|p| " =y[" =D

00 " z
,;OTnZ T 1-3z+4322-28
S Hyet = 322 -6z+3 ,
=0 1-3z+322-23
S 2z
> pu = gt
=0 1-3z+3zc—-z
(b) (m=2,j=0,lzI<lal=|B]*=|y|*=D.
I L
=0 1-3z+322-28
innZ,, _ 322 -6z+3 '
=0 1-3z+322-23
iOZnZ" _ 27% +62 ’
=0 1-3z+322-28
i no_ 7722 +52
nzopznz © 1-3z+3z22-23"

© (m=2,j =1zl <lal2 =[] " = [y * = D.

iT n 3z+1
L S —
n=0 anel 1-3z+322-23
in - 322 -6z+3
n=0 " 1-3z+322-2%
= 6z+2
O Z = —
,;) anl 1-3z+322-23
‘i n 222 +9z+1
P e E—
Pan+1 1-3z+3z2-23

3
Il
(=}

163
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) (m=-1,j=0,lzl<lal=|p| = |y| = 1.
2

o0 n z
T_pz2" = ——————7,
,;) " 1-3z+32%>-23
iH n 32 -6z+3
et —
= 1-3z+32z%>-23
2
iO_ 2" = 2
=" 1-3z+322-2%'
s Z?+2z
Y ppzt = ————.
= 1-3z+32z%-23

(@) (m=-2,j=0,lzl<lal?=|p]*=[y|" = D.

S gt = —3EFE
= 1-3z+32z2-2%’
inznz” _ _32°-62+3
= 1-3z+3z2-2%’
iofznzn _ 62%+2z
= 1-3z+3z2-2%’
S no_ 52%+7z
,;OP*Z”Z © 1-3z+3z22-23"

) (m=-2,j=1lzl<laP=|p|" = [y[* = D.

iTz - 6z2-3z+1
e 1-3z+322-2%"
in . 322 -6z+3
e 1-3z+322-2%
& 1222 —62+2

O- 2t —
,;0 2nl 1-3z+32%2-2°
i " 1222 —z+1

— V4 = 3.
nzop anl 1-3z+32%2-2°

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.38.

We have the following infinite sums .

(@ z=13.
> T,
Low =4
n=0
X H,
> on -6
n=0 2
S0
> on - s
n=0 2
(e )
> p—,’Z = 8.
n=0 2

(b) z= 3.

= 14,

S
1l
(=]

18
SN
S S

P18
[V}
=
I
o

n=0

S OZn

> o = 28
n=0

3 P gy

\®]
N

3
I
(=]
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(c) z= 5
Ton+1
o = 20,
n=0
Hypi
o = O
n=0
S 02541
o 40,
n=0
P2n+1
o = 48.
n=0
d) z=3.
oo
T_
Z nn = 2’
n=0 2
X H-
Z nn = 6’
n=0 2
X 0-
Z nn = 4’
n=0 2
o0
Y p‘n” = 10
n=0 2
(e z=3.
X T
Y =2 =,
n=0 2
o0
H_
LT
n=0 2
X 0O_
Y =2 =,
n=0 2
[o¢]
y B2n o g8
n=0 2
f) z=1.
< T-2p+1
Z on = 8’
n=0
S H oop11
Z on = 6’
n=0
S O-2p+1
Y o = 16,
n=0
(e @)
P-2n+1  _
> i = 16
n=0

n n n n n n

3.8. Sum Formulas Y Wy, Y Wy, Y Worer, X Wog, X Woor, Y W_yrs1 and Generating Functions
k=0 k=0 k=0 k=0 k=0 k=0

Y o Wiz, X0 Wanz", 00 Wap12", X02 o Won 2", X5  Woonz", Y5 W_p412" of Generalized Woodall Num-

bers

In this subsection, we consider the case r = 5,5 = —8,¢ = 4. A generalized Woodall sequence {W;},>o =
{W,,(Wp, W1, Wa)} =0 is defined by the third-order recurrence relations

W, =5W,_1-8W,_» +4W,,_3 (83)

with the initial values Wy = ¢y, W1 = ¢1, W = ¢, not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining

5 1
Won=2Woinn = g Wen-2) + ; Wotn)
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forn=1,2,3,.... Therefore, recurrence (83) holds for all integer n. For more information on generalized Woodall num-
bers, see [11].

Binet formula of generalized Woodall numbers can be given as

(two distinct roots case: a = § # y)

Wy, = (A1 + Ayn) x a +A3)’n

where
A -Wo+2aW; -yQa—-y)Wy
1 2 M
(a-v)
A Wg—(a+y)W1+ayW0
2 = M
ala-y)
Wy —2aW; + a2W0
Az = 5 .
(a-v)
Here, a,  and y are the roots of the cubic equation
X -5x2+8x—4= (x—2)2(x—1) =0.
Moreover
= ﬁ = 2,
y =1
So,
Wy, =(A1+ Azn) x 2" + A3
where
A = —Wh+4W; -3W,,
Wo —3W) +2W)
Ap = ——m——,
2
Az = Whr—4W; +4W,,
ie.,
Wy —3W +2W, n
W, =((-W> +4W1—3W0)+fn) x 2" + (Wh — AW, + 4W). (84)

Now, we define four special cases of the sequence {W,}. Modified Woodall sequence {G;,},>0 , modified Cullen
sequence {H,},>0, Woodall sequence {R,} and Cullen sequence {C,,} are defined, respectively, by the third-order re-
currence relations

Gy = 5Gu-1-8Gu2+4Gu_3, Gp=0,G;=1,G2 =5, (85)
H, = 5H;1-8Hy,—2+4H;,-3, Hy=3,H1=5H=9, (86)
R, = 5R;-1-8R;2+4R;3, Roy=-1,Ri=1,Ry=7, (87)
C, = 5Cy-1-8Cy_2+4Cy—3, Cp=1,C1=3,C, =9. (88)

The sequences {G,} n>0, {Hn}n=0, {Rn}n=0 and {Cp},>0 can be extended to negative subscripts by defining

5 1
Gn = 261~ ;GG
5 1
H_n, = 2H (n-1)—~H-(n-2+ - H-(n-3),
4 4
R = 2R SR + lR
-n = —(n-1) 4 —(n-2) 4 —(n-3)»
5 1
Con = 2Cm-n=7Cwma+;Cmy

for n=1,2,3,... respectively. Therefore, recurrences (85)-(88) hold for all integer n.
Gn, Hy, R, and Cy, are the sequences A000337, A000051 (and A048578), A003261 and A002064 in [3], respectively.
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Note that { H,} satisfies the following second order linear recurrence:
H,=3H,-1-2H,—», Hy=3,H1 =5
and satisfies the following first order non-linear recurrence:
H,=2H, -1, Hy=3.

For all integers n, modified Woodall, modified Cullen, Woodall and Cullen numbers can be expressed using Binet’s
formulas as

G, = (m-1D2"+1
H, = 2"1+1
R, = nx2"-1
C, = nx2"+1

respectively. Here, G, := G, and H,, := Hj,.
Next, we present sum formulas of generalized Woodall numbers

Theorem 3.8.
For n = 0, We have the following sum formulas for generalized Woodall numbers:

(a) éo Wi = (n+2)Wyio — (An+9) Wyi1 +4(n+3) Wy, — 2Ws + 9W; — 11,

(b) éﬂ War = (91 +17) Wapsz = 36(1+2) Waps1 +4(90 +22) Way, — 17W, + T2Wy = 79Wp).

© éo Waks1 = $(9n+13) Wapso — 1230+ 4) Wapi1 +4(9n + 17) Way, — 13Ws + 57Wi — 68 Wp).

) éo Wk =+ DWepyo— (@n+3)We 1 + @n+ DW_, — W +3W).

(e) éo Wook = $(On+19)W_p, —36(n+2) Wepp_1 +4(9n+ 14) W_,,_p — 10W; + 36W; — 20 Wp).

f) éo Wogpi1 = 5 (91 +23)Wopy — 1230 +8) Wepy_1 +4(91 +19) W_p_p — 14 W, + 60W; — 40Wp).

Proof.
(a) Use [12],Theorem 62 (a) (ii) with z = 1.
(b) Use [12],Theorem 62 (b) (ii) with z = 1.
(c) Use [12],Theorem 62 (c) (ii) with z = 1.
(d) Use [12],Theorem 62 (d) (ii) with z = 1.
(e) Use [12],Theorem 62 (e) (ii) with z = 1.
(f) Use [12],Theorem 62 (f) (ii) with z = 1.
From the last Theorem, we have the following Corollary which gives sum formulas of modified Woodall numbers

(take W,, = G, with Gy =0,G; = 1,G, = 5).

Corollary 3.39.
For n = 0, modified Woodall numbers have the following properties.

n
(@ X Gr=n+2)Gpe2—4n+9)Gpa +4(n+3)G, - 1.
k=0

n
() Y Gop = L(On+17)Gonsz —36(1+2)Gns1 + 490 +22)Gay —13).
k=0
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(© éo Gos1 = 5((9n+13)Gonsz — 1230 +4) Gops1 +4(9n +17)Gopy — 8).

) éOG_k =(n+1)G-ps2—@n+3)G_ps1 +@n+1)G_, — 2.

(e) éo G_ok = (97 +19)G_2y —36(+2)G_pp_1 + 491+ 14)G_p,_2 — 14).

) éo G_ks1 = 5 (9N +23)G_py — 12(3n+8)G_pp—1 +4(91 +19)G_25_» — 10).

Taking W,, = H,, with Hy = 3, H} =5, H> =9 in the last Theorem, we have the following Corollary which gives sum
formulas of modified Cullen numbers.

Corollary 3.40.
For n = 0, modified Cullen numbers have the following properties:

(a) éOHk = (n+2)Hysz — (An+9)Hys1 +4(n+3)Hy, —6.

(b) éOHgk = $(On+17) Hapyo —36(n +2) Hops1 +4(90 +22) Hapy — 30).

© éOsz+1 = $(On+13)Hypip — 12(3n+4) Hopi1 +4(9n+17) Hppy — 36).

d éOH_k =(n+1H_ps2—@n+3)H_pe1 + @n+1)H_, — H, + 15.

(e) éo H_p = 3((9n+19)H 5, —36(n+2) H_p—1 +4(9n+ 14) H_5,,_ +30).

(f) éo H_pje1 = $(9n+23)H_p, — 1231 +8) H_py_1 +4(9n + 19) H_p_» +54).

From the last Theorem, we have the following Corollary which gives sum formulas of Woodall numbers (take W,, =
R, with Ry=—-1,R; =1,Ry =7).

Corollary 3.41.
For n =0, Woodall numbers have the following properties.

(@ éORk =(n+2)Rps2— (An+9)Rps1 +4(n+3)R, +6.

(b) éORzk = 1(9n+17)Rops2 —36(1+2)Rops1 +4(97 +22) Ry +32).

© éongH = 1(On+13)Ronsz — 1231+ 4) Rops1 + 491 +17)Ray + 34).
) éOR_k =(n+1)R_ps+2— An+3)R_ps1 +@n+1)R_, — 4.

(e) éoﬂ,zk = 1(9n+19)R_p, —36(n+2)R_pp_1 + 491+ 14)R_z,_» — 14).

n
) X Rooks1= %((Qn +23)R_2,—128Bn+8)R_2,-1 +4(On+19)R_2; 2 +2).
k=0

Taking W,, = C,, with Cy = 1,C; = 3,C» =9 in the last Theorem, we have the following Corollary which gives sum
formulas of Cullen numbers.

Corollary 3.42.
For n =0, Cullen numbers have the following properties:
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(a) kZZ‘,OCk =n+2)Cpi2—-@4n+9)Cu1+4n+3)C,, —2.

(b) éoczk = 3(9n+17)Copy2 — 36(n+2)Capy1 +4(9n +22)Copy — 16).

(©) éo Cors1 = 5 ((9n+13)Copsz — 1230 +4)Cops +4(9n+17)Cp — 14).

(d éoc_k =n+1)C_,;2—-@4n+3)C_,;1+(@n+1)C_,,.

(e) éo C_ok = 5(9n+19)C_2y —36(n+2)C_pp_1 +4(9n+14)C_zp—5 - 2).

(f) éo C_ok+1=5((On+23)C_pp, — 12(3n+8)C_py—1 +4(9n+19)C_p,_p + 14).

Next, we give the ordinary generating function of special cases of the generalized Woodall numbers {Wj; 4 j}.

Corollary 3.43.
The ordinary generating functions of the sequences Wy, Way,, Way11, W—_p, W_oy,, W_s,,41 are given as follows:

(@ (m=1,j=0,lzI<lal™ = |p] " = 1.

i W g = BWo=5Wi+ Wo) 22+ (W3 —5Wo) 2+ Wo
frr 1-423+822-5z '

(b) (m=2,j=0,|zl<|al™?= |ﬁ| =1.

(44Wy —36W; +8W>) Z +(Wo —9Wy) z + W()
1-162z% +2422 -9z

o)
Z Wgnz" =
n=0

(€ (m=2,j=1,lzI<|a|™?= |ﬁ| =1

o o ABWo—5Wi +Wh) 2% + AWy — 17W; +5Wh) z+ W,
Z Wop12” = 3 5 .
=0 1-162z°+24z°-9z

d (m=-1,j=0,lzl<|y|=D.

o 0 WiZ2+ (W —5W)) z+4W,
Y Wo,zt= 3 .
=0 4-8z+5z°—z

(€ (m=-2,j=0,lzI<|y]*=D.

Z W 2" = WgZ +(20Wy —36W7 +8Ws) z+ 16W0
= = 16 —24z+9z% - 73

) (m=-2,j=1,]zl< |y|2 =1).

i w Zn (4W0—8W1 +5W2)Z +(32W0—44W1+4W2)Z+ 16W1
= rrantl 16—24z+92% — 23

Proof. Setr =5,s=-8,f=4in Lemma 1.1. UJ
Now, we consider special cases of the last corollary.

Corollary 3.44.
The ordinary generating functions of special cases of the generalized Woodall numbers are given as follows:
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(@ (m=1,j=0,lz<lal" = || = 1).

= Z
2 Gn2" = T
n=0 1-4z°+8z—-5z
2 . 822 -10z+3
2 Hnd" = T
n=0 1-4z°+8z—-5z
iR o -6z +6z-1
n=0 " T 1-4z3+48z2-5z7’
- C Zn _ 222—2Z+1
n=0 " T 1-42z3+48z2-5z°
; - -2
(b) (m=2,j=0,lzI<lal?=|p| "= 1.
iGz " = 42° +52
n=0 8 1-1623+242z2-9z7’
i Hyo 2" 2472 -18z+3
Z = ,
= en 1-1623 +2422 -9z
S n —247% +16z—1
ZRZnZ = 3 5 ,
n=0 1-16z°+24z- -9z
icz = 8z2+1
n=0 " 1-1623+2422-9z°
; - -2
(© (m=2,j=1lzl<lal?=]p]""= .
= 8z+1
G Zn = ,
n;o 2nl 1-1623 +2422 -9z
iH = 32722 -28z+5
o Pent T 623 42422 -9z
i R . —247% +14z+1
< = ,
o T 1-1623 +2422 -9z
i c 8z2-2z+3
Z .
= 2l 1-162° + 2422 — 92
@ (m=-1,j=0,lzl<|y|=1.
2 G2 = s
n=0 4—-8z+5zc—z
= . 522 —16z+12
2 Hond" = ;m s
n=0 4-8z+5z°—z
fR = Z2+2z-4
=TT T 4 Bz4522 -2
i Cogn 3z2—6z+4
—_nl = —
n=0 " 4-8z+5z2—-23
. 2
(€ (m=-2,j=0,lzI<[y["=1.
i G " 5z%+4z
— Z = ,
= n 16—242+92% — 23
i H 922 - 48z +48
— Z = ,
= 16—242+922 — 23
il’? 2 = 7z2-16
= 16—24z+922 — 73’
i c 9z2-16z+16
— Z = .
an 16—242+922 — 23

3
I
(=]
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®) (m=-2,j=1lzI< |y =1D.

18

S
Il
[=)

n
H_2p+12

ngf

=
Il
(=]

n
R_jp+12

18

B

e &

Co2n+12

S
Il
(=}

1722 -24z+16

n
G_z2p+12" =

16 —24z+9z2 - 23’
1722 — 88z + 80

16 —24z+9z2 — 23’
2322 -48z+16

16 —24z+9z2 — 23’
2522 — 64z +48

16 —24z+9z2 - 23"

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.45.
We have the following infinite sums .

@ z= i.

(b) z=1.

(C) Z= 8"

d) z= %
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SIS RS
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Mg e 108 §
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s I8 102

S
Il
o

S

(=]

o

[=)

D
~

N

o
oe}

&

3

=}
@

=}

no
S

=

o
oe}

S

3

=}
<

N

&

=]
e}
ES

(o]
=

S

S

(o2}

D

N

S

N

oo

=

(SN
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\S]

_4
= 3
16
= 3
_2
=3
10
= 5
n:g
.3
20
==
.3
-
Gony1 _ 64
n+1:%
7’
2n+1 _ 76
n+1:%
7

_2
=5
14
= 5
no_ _22
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14
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(e) z= 5
i G_on _ 26
oo 49’
i Ho, _ 30
=N
i R, 114
o 49
i Con _ 82
=o2n49”

) z=1.
‘i G-2n+1 _ 66
L 2n 49’
i H—2n+1 _ E
= 2 7’
i Rons1 _ 18
L o2n 49’
ozo: C—2n+1 _ _E
= on 49°
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