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Abstract: In this paper, we present special cases of sum formulas
∑n

k=0 zkWmk+ j and generating functions
∑∞

n=0 Wmn+ j zn for
special cases of generalized Tribonacci polynomials, namely, generalized Tribonacci numbers, generalized third-order
Pell numbers, generalized Padovan numbers, generalized Pell-Padovan numbers, generalized Jacobsthal-Padovan
numbers, generalized Narayana numbers, generalized third order Jacobsthal numbers, generalized Leonardo num-
bers, generalized Ernst numbers, generalized Edouard numbers, generalized John numbers, generalized Pisano num-
bers, generalized Bigollo numbers, generalized Guglielmo numbers and generalized Woodall numbers. Moreover, we
evaluate the infinite sums of special cases of generalized Tribonacci polynomials.
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1. Introduction and Preliminaries

The generalized Tribonacci polynomials (or generalized (r (x), s(x), t (x))−Tribonacci polynomials or x-Tribonacci
numbers or generalized (r (x), s(x), t (x))-polynomials or 3-step Fibonacci polynomials)

{Wn(W0(x),W1(x),W2(x);r (x), s(x), t (x))}n≥0

(or {Wn(x)}n≥0 or shortly {Wn}n≥0) is defined as follows:

Wn(x) = r (x)Wn−1(x)+ s(x)Wn−2(x)+ t (x)Wn−3(x), W0(x) = a(x),W1(x) = b(x),W2(x) = c(x), n ≥ 3 (1)

where W0(x),W1(x),W2(x) are arbitrary complex (or real) polynomials with real coefficients and r (x), s(x) and t (x) are
polynomials with real coefficients and t (x) 6= 0.

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n(x) =− s(x)

t (x)
W−(n−1)(x)− r (x)

t (x)
W−(n−2)(x)+ 1

t (x)
W−(n−3)(x)
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for n = 1,2,3, ... when t (x) 6= 0. Therefore, recurrence (1) holds for all integers n. Note that for n ≥ 1, W−n(x) need not
to be a polynomial in the ordinary sense. For more information on generalized Tribonacci polynomials, see Soykan
[12].

Binet’s formula of generalized Tribonacci polynomials, as {Wn} is a third-order recurrence sequence (difference
equation), can be calculated using its characteristic equation (the cubic equation, auxiliary equation, polynomial)
which is given as

z3 − r (x)z2 − s(x)z − t (x) = 0. (2)

The roots of characteristic equation of {Wn} will be denoted as α(x) =α(x,r, s, t ),β(x) =β(x,r, s, t ),γ(x) = γ(x,r, s, t ).

Remark 1.1.
For the sake of simplicity throughout the rest of the paper, we use

Wn ,r, s, t ,W0,W1,W2,α,β,γ,

instead of

Wn(x),r (x), s(x), t (x),W0(x),W1(x),W2(x),α(x),β(x),γ(x),

respectively, unless otherwise stated. For example, we write

Wn = r Wn−1 + sWn−2 + tWn−3, W0 = a,W1 = b,W2 = c, n ≥ 3

for the equation (1). Also we write Un ,U0,U1,U2 instead of Un(x) with initial conditions U0(x),U1(x),U2(x) for any
subsequence {Un(x)} of {Wn}.

(r, s, t )-Tribonacci (sequences of) polynomials {Gn}n≥0 and (r, s, t )-Tribonacci-Lucas (sequences of) polynomials
{Hn}n≥0 are defined, respectively, by the third-order recurrence relations

Gn+3 = rGn+2 + sGn+1 + tGn , G0 = 0,G1 = 1,G2 = r, (3)

Hn+3 = r Hn+2 + sHn+1 + t Hn , H0 = 3, H1 = r, H2 = 2s + r 2. (4)

The sequences {Gn}n≥0 and {Hn}n≥0 can be extended to negative subscripts by defining

G−n = − s

t
G−(n−1) − r

t
G−(n−2) + 1

t
G−(n−3),

H−n = − s

t
H−(n−1) − r

t
H−(n−2) + 1

t
H−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (3) and (4) hold for all integers n.
Now, we present sum formulas of generalized Tribonacci polynomials.

Theorem 1.1 ([12], Theorem 62).
We have the following sum formulas.

(a) (m = 1, j = 0).

(i) If z3(−t )+ z2(−1)s + z(−1)r +1 6= 0 then

n∑
k=0

zkWk = Ω1

z3(−t )+ z2(−1)s + z(−1)r +1

where

Ω1 = zn+3(−1)tWn + zn+2(r Wn+1 −Wn+2)+ zn+1(−1)Wn+1 + z2(W2 − r W1 − sW0)+ z(W1 − r W0)+W0.

(ii) If z3(−t )+ z2(−1)s + z(−1)r +1 = u(z −a)(z −b)(z −c) = 0 for some u, a,b,c ∈Cwith u 6= 0 and a 6= b 6= c, i.e.,
z = a or z = b or z = c then

n∑
k=0

zkWk = Ω2

3z2(−t )+2z(−1)s + (−1)r

where

Ω2 = (n+3)zn+2(−1)tWn+(n+2)zn+1(r Wn+1−Wn+2)+(n+1)zn(−1)Wn+1+2z(W2−r W1−sW0)+(W1−r W0).
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(iii) If z3(−t )+ z2(−1)s + z(−1)r +1 = u(z −a)2(z −b) = 0 for some u, a,b ∈ C with u 6= 0 and a 6= b, i.e., z = a or
z = b then for z = a we get

n∑
k=0

zkWk = Ω3

6z(−t )+2(−1)s

where

Ω3 = (n+3)(n+2)zn+1(−1)tWn+(n+2)(n+1)zn(r Wn+1−Wn+2)+(n+1)nzn−1(−1)Wn+1+2(W2−r W1−sW0)

and for z = b we get

n∑
k=0

zkWk = Ω4

3z2(−t )+2z(−1)s + (−1)r

where

Ω4 = (n+3)zn+2(−1)tWn+(n+2)zn+1(r Wn+1−Wn+2)+(n+1)zn(−1)Wn+1+2z(W2−r W1−sW0)+(W1−r W0).

(iv) If z3(−t )+ z2(−1)s + z(−1)r +1 = u(z −a)3 = 0 for some u, a ∈Cwith u 6= 0, i.e., z = a, then

n∑
k=0

zkWk = Ω5

6(−t )

where

Ω5 = (n +3)(n +2)(n +1)zn(−1)tWn + (n +2)(n +1)nzn−1(r Wn+1 −Wn+2)+ (n +1)n(n −1)zn−2(−1)Wn+1.

(b) (m = 2, j = 0).

(i) If z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1 6= 0 then

n∑
k=0

zkW2k = Ω1

z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1

where

Ω1 = zn+3(−1)t 2W2n+zn+2(sW2n+2−(r s+t )W2n+1−r tW2n)+zn+1(−1)W2n+2+z2(−sW2+(t+r s)W1+(s2−
r t )W0)+ z(W2 − (r 2 +2s)W0)+W0.

(ii) If z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1 = u(z −a)(z −b)(z − c) = 0 for some u, a,b,c ∈C with u 6= 0 and
a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW2k = Ω2

3z2(−t 2)+2z(−2r t + s2)+ (−1)(2s + r 2)

where

Ω2 = (n+3)zn+2(−1)t 2W2n+(n+2)zn+1(sW2n+2−(r s+t )W2n+1−r tW2n)+(n+1)zn(−1)W2n+2+2z(−sW2+
(t + r s)W1 + (s2 − r t )W0)+ (W2 − (r 2 +2s)W0).

(iii) If z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1 = u(z −a)2(z −b) = 0 for some u, a,b ∈C with u 6= 0 and a 6= b,
i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW2k = Ω3

6z(−t 2)+2(−2r t + s2)

where

Ω3 = (n+3)(n+2)zn+1(−1)t 2W2n+(n+2)(n+1)zn(sW2n+2−(r s+t )W2n+1−r tW2n)+(n+1)nzn−1(−1)W2n+2+
2(−sW2 + (t + r s)W1 + (s2 − r t )W0)

and for z = b we get

n∑
k=0

zkW2k = Ω4

3z2(−t 2)+2z(−2r t + s2)+ (−1)(2s + r 2)

where

Ω4 = (n+3)zn+2(−1)t 2W2n+(n+2)zn+1(sW2n+2−(r s+t )W2n+1−r tW2n)+(n+1)zn(−1)W2n+2+2z(−sW2+
(t + r s)W1 + (s2 − r t )W0)+ (W2 − (r 2 +2s)W0).
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(iv) If z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1 = u(z −a)3 = 0 for some u, a ∈Cwith u 6= 0, i.e., z = a, then

n∑
k=0

zkW2k = Ω5

6(−t 2)

where

Ω5 = (n+3)(n+2)(n+1)zn(−1)t 2W2n + (n+2)(n+1)nzn−1(sW2n+2 − (r s+ t )W2n+1 −r tW2n)+ (n+1)n(n−
1)zn−2(−1)W2n+2.

(c) (m = 2, j = 1).

(i) If z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1 6= 0 then

n∑
k=0

zkW2k+1 =
Ω1

z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1

where

Ω1 = zn+3(−t 2W2n+1) + zn+2(−tW2n+2 + (s2 − r t )W2n+1 + stW2n) + zn+1(−1)(r W2n+2 + sW2n+1 + tW2n) +
z2t (W2 − r W1 − sW0)+ z(r W2 − (r 2 + s)W1 + tW0)+W1.

(ii) If z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1 = u(z −a)(z −b)(z − c) = 0 for some u, a,b,c ∈C with u 6= 0 and
a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW2k+1 =
Ω2

3z2(−t 2)+2z(−2r t + s2)+ (−1)(2s + r 2)

where

Ω2 = (n + 3)zn+2(−t 2W2n+1) + (n + 2)zn+1(−tW2n+2 + (s2 − r t )W2n+1 + stW2n) + (n + 1)zn(−1)(r W2n+2 +
sW2n+1 + tW2n)+2zt (W2 − r W1 − sW0)+ (r W2 − (r 2 + s)W1 + tW0).

(iii) If z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1 = u(z −a)2(z −b) = 0 for some u, a,b ∈C with u 6= 0 and a 6= b,
i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW2k+1 =
Ω3

6z(−t 2)+2(−2r t + s2)

where

Ω3 = (n + 3)(n + 2)zn+1(−t 2W2n+1) + (n + 2)(n + 1)zn(−tW2n+2 + (s2 − r t )W2n+1 + stW2n) + (n +
1)nzn−1(−1)(r W2n+2 + sW2n+1 + tW2n)+2t (W2 − r W1 − sW0)

and for z = b we get

n∑
k=0

zkW2k+1 =
Ω4

3z2(−t 2)+2z(−2r t + s2)+ (−1)(2s + r 2)

where

Ω4 = (n + 3)zn+2(−t 2W2n+1) + (n + 2)zn+1(−tW2n+2 + (s2 − r t )W2n+1 + stW2n) + (n + 1)zn(−1)(r W2n+2 +
sW2n+1 + tW2n)+2zt (W2 − r W1 − sW0)+ (r W2 − (r 2 + s)W1 + tW0).

(iv) If z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1 = u(z −a)3 = 0 for some u, a ∈Cwith u 6= 0, i.e., z = a, then

n∑
k=0

zkW2k+1 =
Ω5

6(−t 2)

where

Ω5 = (n+3)(n+2)(n+1)zn(−t 2W2n+1)+(n+2)(n+1)nzn−1(−tW2n+2+(s2−r t )W2n+1+stW2n)+(n+1)n(n−
1)zn−2(−1)(r W2n+2 + sW2n+1 + tW2n).

(d) (m =−1, j = 0).

(i) If z3(−1)+ z2r + zs + t 6= 0 then

n∑
k=0

zkW−k = Ω1

z3(−1)+ z2r + zs + t

where

Ω1 = zn+3(−1)W−n+zn+2(r W−n−W−n+1)+zn+1(−1)(W−n+2−r W−n+1−sW−n)+z2W1+z(W2−r W1)+tW0.
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(ii) If z3(−1)+ z2r + zs + t = u(z −a)(z −b)(z − c) = 0 for some u, a,b,c ∈C with u 6= 0 and a 6= b 6= c, i.e., z = a or
z = b or z = c then

n∑
k=0

zkW−k = Ω2

3z2(−1)+2zr + s

where

Ω2 = (n +3)zn+2(−1)W−n + (n +2)zn+1(r W−n −W−n+1)+ (n +1)zn(−1)(W−n+2 − r W−n+1 − sW−n)+2zW1 +
(W2 − r W1).

(iii) If z3(−1)+ z2r + zs + t = u(z −a)2(z −b) = 0 for some u, a,b ∈Cwith u 6= 0 and a 6= b, i.e., z = a or z = b then
for z = a we get

n∑
k=0

zkW−k = Ω3

6z(−1)+2r

where

Ω3 = (n + 3)(n + 2)zn+1(−1)W−n + (n + 2)(n + 1)zn(r W−n −W−n+1)+ (n + 1)nzn−1(−1)(W−n+2 − r W−n+1 −
sW−n)+2W1

and for z = b we get

n∑
k=0

zkW−k = Ω4

3z2(−1)+2zr + s

where

Ω4 = (n +3)zn+2(−1)W−n + (n +2)zn+1(r W−n −W−n+1)+ (n +1)zn(−1)(W−n+2 − r W−n+1 − sW−n)+2zW1 +
(W2 − r W1).

(iv) If z3(−1)+ z2r + zs + t = u(z −a)3 = 0 for some u, a ∈Cwith u 6= 0, i.e., z = a, then

n∑
k=0

zkW−k = Ω5

6(−1)

where

Ω5 = (n+3)(n+2)(n+1)zn(−1)W−n +(n+2)(n+1)nzn−1(r W−n −W−n+1)+(n+1)n(n−1)zn−2(−1)(W−n+2−
r W−n+1 − sW−n).

(e) (m =−2, j = 0).

(i) If z3(−1)+ z2(r 2 +2s)+ z(2r t − s2)+ t 2 6= 0 then

n∑
k=0

zkW−2k = Ω1

z3(−1)+ z2(r 2 +2s)+ z(2r t − s2)+ t 2

where

Ω1 = zn+3(−1)W−2n+zn+2(−1)(−sW−2n+(t+r s)W−2n−1+r tW−2n−2)+zn+1(−1)t 2W−2n−2+z2W2+z(−sW2+
(t + r s)W1 + r tW0)+ t 2W0.

(ii) If z3(−1)+z2(r 2+2s)+z(2r t−s2)+t 2= u(z−a)(z−b)(z−c) = 0 for some u, a,b,c ∈Cwith u 6= 0 and a 6= b 6= c,

i.e., z = a or z = b or z = c then

n∑
k=0

zkW−2k = Ω2

3z2(−1)+2z(r 2 +2s)+ (2r t − s2)

where

Ω2 = (n+3)zn+2(−1)W−2n+(n+2)zn+1(−1)(−sW−2n+(t+r s)W−2n−1+r tW−2n−2)+(n+1)zn(−1)t 2W−2n−2+
2zW2 + (−sW2 + (t + r s)W1 + r tW0).

(iii) If z3(−1)+ z2(r 2 +2s)+ z(2r t − s2)+ t 2= u(z − a)2(z −b) = 0 for some u, a,b ∈ C with u 6= 0 and a 6= b, i.e.,

z = a or z = b then for z = a we get

n∑
k=0

zkW−2k = Ω3

6z(−1)+2(r 2 +2s)

where
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Ω3 = (n + 3)(n + 2)zn+1(−1)W−2n + (n + 2)(n + 1)zn(−1)(−sW−2n + (t + r s)W−2n−1 + r tW−2n−2) + (n +
1)nzn−1(−1)t 2W−2n−2 +2W2

and for z = b we get

n∑
k=0

zkW−2k = Ω4

3z2(−1)+2z(r 2 +2s)+ (2r t − s2)

where

Ω4 = (n+3)zn+2(−1)W−2n+(n+2)zn+1(−1)(−sW−2n+(t+r s)W−2n−1+r tW−2n−2)+(n+1)zn(−1)t 2W−2n−2+
2zW2 + (−sW2 + (t + r s)W1 + r tW0).

(iv) If z3(−1)+ z2(r 2 +2s)+ z(2r t − s2)+ t 2= u(z −a)3 = 0 for some u, a ∈Cwith u 6= 0, i.e., z = a, then

n∑
k=0

zkW−2k = Ω5

6(−1)

where

Ω5 = (n+3)(n+2)(n+1)zn(−1)W−2n +(n+2)(n+1)nzn−1(−1)(−sW−2n +(t +r s)W−2n−1+r tW−2n−2)+(n+
1)n(n −1)zn−2(−1)t 2W−2n−2.

(f ) (m =−2, j = 1).

(i) If z3(−1)+ z2(r 2 +2s)+ z(2r t − s2)+ t 2 6= 0 then

n∑
k=0

zkW−2k+1 =
Ω1

z3(−1)+ z2(r 2 +2s)+ z(2r t − s2)+ t 2

where

Ω1 = zn+3(−1)(sW−2n−1 + tW−2n−2 + r W−2n) + zn+2(−tW−2n + (s2 − r t )W−2n−1 + stW−2n−2) +
zn+1(−1)t 2W−2n−1 + z2(r W2 + sW1 + tW0)+ z(tW2 + (r t − s2)W1 − stW0)+ t 2W1.

(ii) If z3(−1)+z2(r 2+2s)+z(2r t−s2)+t 2 = u(z−a)(z−b)(z−c) = 0 for some u, a,b,c ∈Cwith u 6= 0 and a 6= b 6= c,
i.e., z = a or z = b or z = c then

n∑
k=0

zkW−2k+1 =
Ω2

3z2(−1)+2z(r 2 +2s)+ (2r t − s2)

where

Ω2 = (n +3)zn+2(−1)(sW−2n−1 + tW−2n−2 + r W−2n)+ (n +2)zn+1(−tW−2n + (s2 − r t )W−2n−1 + stW−2n−2)+
(n +1)zn(−1)t 2W−2n−1 +2z(r W2 + sW1 + tW0)+ (tW2 + (r t − s2)W1 − stW0).

(iii) If z3(−1)+ z2(r 2 +2s)+ z(2r t − s2)+ t 2 = u(z − a)2(z −b) = 0 for some u, a,b ∈ C with u 6= 0 and a 6= b, i.e.,
z = a or z = b then for z = a we get

n∑
k=0

zkW−2k+1 =
Ω3

6z(−1)+2(r 2 +2s)

where

Ω3 = (n + 3)(n + 2)zn+1(−1)(sW−2n−1 + tW−2n−2 + r W−2n)+ (n + 2)(n + 1)zn(−tW−2n + (s2 − r t )W−2n−1 +
stW−2n−2)+ (n +1)nzn−1(−1)t 2W−2n−1 +2(r W2 + sW1 + tW0)

and for z = b we get

n∑
k=0

zkW−2k+1 =
Ω4

3z2(−1)+2z(r 2 +2s)+ (2r t − s2)

where

Ω4 = (n +3)zn+2(−1)(sW−2n−1 + tW−2n−2 + r W−2n)+ (n +2)zn+1(−tW−2n + (s2 − r t )W−2n−1 + stW−2n−2)+
(n +1)zn(−1)t 2W−2n−1 +2z(r W2 + sW1 + tW0)+ (tW2 + (r t − s2)W1 − stW0).

(iv) If z3(−1)+ z2(r 2 +2s)+ z(2r t − s2)+ t 2 = u(z −a)3 = 0 for some u, a ∈Cwith u 6= 0, i.e., z = a, then

n∑
k=0

zkW−2k+1 =
Ω5

6(−1)

where

Ω5 = (n+3)(n+2)(n+1)zn(−1)(sW−2n−1+tW−2n−2+r W−2n)+(n+2)(n+1)nzn−1(−tW−2n+(s2−r t )W−2n−1+
stW−2n−2)+ (n +1)n(n −1)zn−2(−1)t 2W−2n−1.
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Next, we give the ordinary generating function
∞∑

n=0
Wmn+ j zn of the sequence Wmn+ j (in terms of elements of the

sequence of generalized Tribonacci polynomials).

Lemma 1.1 ([12], Lemma 66).

Assume that |z| < min{|α|−m ,
∣∣β∣∣−m ,

∣∣γ∣∣−m}. Suppose that fWmn+ j (z) =
∞∑

n=0
Wmn+ j zn is the ordinary generating function

of the generalized Tribonacci (sequence of) polynomials {Wmn+ j }. Then,
∞∑

n=0
Wmn+ j zn is given by

∞∑
n=0

Wmn+ j zn = z2Θ4 + zΘ5 +Θ6

z3Γ1 + z2Γ2 + zΓ3 +Γ4

where
z2Θ4 = z2((W0W j+2+(W1−r W0)W j+1+(W2−r W1−sW0)W j )W 2

m+2+((W2−sW0)W j+2+(tW0+r sW0)W j+1+(s2W0+
(r s+t )W1−sW2)W j )W 2

m+1+t (W1W j+2+(W2−r W1)W j+1+tW0W j )W 2
m+(−(W1+r W0)W j+2+(r 2W0−W2)W j+1+(−r W2+

r 2W1+(r s−t )W0)W j )Wm+1Wm+2+((r W1−W2)W j+2+(r W2−(s+r 2)W1−tW0)W j+1+t (r W0−W1)W j )Wm+2Wm+((sW1−
tW0)W j+2 + (sW2 − (r s + t )W1 + r tW0)W j+1 + t (−W2 + r W1 +2sW0)W j )Wm+1Wm),

zΘ5 = z(((W 2
1 −W0W2)W j+2+(tW 2

0 −W1W2+r W0W2+sW0W1)W j+1+(−2W 2
2 −r 2W 2

1 −tr W 2
0 +3r W1W2+2sW0W2+

(2t −sr )W0W1)W j )Wm+2+((tW 2
0 −W1W2+r W0W2+sW0W1)W j+2+(W 2

2 −(r 2+s)W0W2−(r s+t )W0W1)W j+1+(r W 2
2 −

2(t+r s)W 2
1 −2stW 2

0 +(2s−r 2)W1W2+(2t−r s)W0W2−(2s2+r t )W0W1)W j )Wm+1+((W 2
2 −sW 2

1 −r W1W2−tW0W1)W j+2+
(−r W 2

2 + (r s + t )W 2
1 + r 2W1W2 − tW0W2 + r tW0W1)W j+1 + t (−r W 2

1 − 2tW 2
0 + 2W1W2 − r W0W2 − 2sW0W1)W j )Wm −

r tW 2
0 W j+1Wm+1),
Θ6 = (W 3

2 +(t +r s)W 3
1 + t 2W 3

0 −2r W1W 2
2 −sW0W 2

2 +(r 2−s)W 2
1 W2+(s2+r t )W0W 2

1 +2stW 2
0 W1+r tW 2

0 W2+(r s−3t )
W0W1W2)W j ,

and
z3Γ1 = z3(−t m(W 3

2 +(t+r s)W 3
1 +t 2W 3

0 +(r 2−s)W 2
1 W2−2r W1W 2

2 −sW0W 2
2 +r tW 2

0 W2+(s2+r t )W0W 2
1 +2stW 2

0 W1+
(r s −3t )W0W1W2)),

z2Γ2 = z2((3W2 −2r W1 − sW0)W 2
m+2 + ((r 2 − s)W2 + (3r s +3t )W1 + (s2 + r t )W0)W 2

m+1 + t (r W2 +2sW1 +3tW0)W 2
m +

(−4r W2+2(r 2−s)W1+(r s−3t )W0)Wm+2Wm+1+(−2sW2+(r s−3t )W1+2r tW0)Wm+2Wm+((r s−3t )W2+2(s2+r t )W1+
4stW0)Wm+1Wm),

zΓ3 = z((−3W 2
2 +(s−r 2)W 2

1 −tr W 2
0 +4r W1W2+2sW0W2+(3t−sr )W0W1)Wm+2+(2r W 2

2 −(3r s+3t )W 2
1 −2stW 2

0 +(2s−
2r 2)W1W2+(3t−r s)W0W2−2(s2+r t )W0W1)Wm+1+(sW 2

2 −(s2+r t )W 2
1 −3t 2W 2

0 +(3t−r s)W1W2−2r tW0W2−4stW0W1)
Wm),
Γ4 =W 3

2 +(t +r s)W 3
1 + t 2W 3

0 −2r W1W 2
2 +(r 2− s)W 2

1 W2− sW0W 2
2 +(s2+r t )W0W 2

1 +r tW 2
0 W2+2stW 2

0 W1+(r s−3t )
W0W1W2.

Now, we consider special cases of Lemma 1.1.

Corollary 1.1 ([12], Corollary 67).
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < min{|α|−1 ,
∣∣β∣∣−1 ,

∣∣γ∣∣−1}).

∞∑
n=0

Wn zn = z2(W2 − r W1 − sW0)+ z(W1 − r W0)+W0

z3(−t )+ z2(−1)s + z(−1)r +1
.

(b) (m = 2, j = 0, |z| < min{|α|−2 ,
∣∣β∣∣−2 ,

∣∣γ∣∣−2}).

∞∑
n=0

W2n zn = z2(−sW2 + (t + r s)W1 + (s2 − r t )W0)+ z(W2 − (r 2 +2s)W0)+W0

z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1
.

(c) (m = 2, j = 1, |z| < min{|α|−2 ,
∣∣β∣∣−2 ,

∣∣γ∣∣−2}).

∞∑
n=0

W2n+1zn = z2t (W2 − r W1 − sW0)+ z(r W2 − (r 2 + s)W1 + tW0)+W1

z3(−t 2)+ z2(−2r t + s2)+ z(−1)(2s + r 2)+1
.

(d) (m =−1, j = 0, |z| < min{|α| , ∣∣β∣∣ ,
∣∣γ∣∣}).

∞∑
n=0

W−n zn = z2W1 + z(W2 − r W1)+ tW0

z3(−1)+ z2r + zs + t
.
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(e) (m =−2, j = 0, |z| < min{|α|2 ,
∣∣β∣∣2 ,

∣∣γ∣∣2}).

∞∑
n=0

W−2n zn = z2W2 + z(−sW2 + (t + r s)W1 + r tW0)+ t 2W0

z3(−1)+ z2(r 2 +2s)+ z(2r t − s2)+ t 2 .

(f ) (m =−2, j = 1, |z| < min{|α|2 ,
∣∣β∣∣2 ,

∣∣γ∣∣2}).

∞∑
n=0

W−2n+1zn = z2(r W2 + sW1 + tW0)+ z(tW2 + (r t − s2)W1 − stW0)+ t 2W1

z3(−1)+ z2(r 2 +2s)+ z(2r t − s2)+ t 2 .

Lemma 1.1 gives the following results as particular examples (generating functions of (r, s, t )-Tribonacci and (r, s, t )-
Tribonacci-Lucas polynomials).

Corollary 1.2 ([12], Corollary 68).
Assume that |z| < min{|α|−m ,

∣∣β∣∣−m ,
∣∣γ∣∣−m}. Generating functions of (r, s, t )-Tribonacci and (r, s, t )-Tribonacci-Lucas

polynomials are given, respectively, as follows:

(a)

∞∑
n=0

Gmn+ j zn = z2Θ4 + zΘ5 +Θ6

z3Γ1 + z2Γ2 + zΓ3 +Γ4

where

z2Θ4 = z2(G2
m+2G j+1+rG2

m+1G j+2+tG2
m+1G j +tG2

mG j+2−Gm+1Gm+2G j+2+sGmGm+1G j+2−rGm+1Gm+2G j+1−
sGmGm+2G j+1 − tGmGm+1G j+1 − tGmGm+2G j ),

zΘ5 = z(Gm+2G j+2−rGm+1G j+2−rGm+2G j+1−sGmG j+2+r 2Gm+1G j+1−2tG j Gm+1+(t+r s)GmG j+1+r tGmG j )
,

Θ6 = tG j ,

and

z3Γ1 = z3(−t m+1),

z2Γ2 = z2(rG2
m+2 + (r 3 + 2r s + 3t )G2

m+1 + t (r 2 + 2s)G2
m − 2(r 2 + s)Gm+2Gm+1 − (3t + r s)Gm+2Gm + (r 2s + 2s2 −

r t )Gm+1Gm),

zΓ3 = z(sGm+2 − (r s +3t )Gm+1 − (s2 −2r t )Gm),

Γ4 = t .

(b)

∞∑
n=0

Hmn+ j zn = z2Θ4 + zΘ5 +Θ6

z3Γ1 + z2Γ2 + zΓ3 +Γ4

where

z2Θ4 = z2((3H j+2 −2r H j+1 − sH j )H 2
m+2 + ((r 2 − s)H j+2 +3(r s + t )H j+1 + (s2 + r t )H j )H 2

m+1 + t (r H j+2 +2sH j+1 +
3t H j )H 2

m + (−4r H j+2 +2(r 2 − s)H j+1 + (r s −3t )H j )Hm+2Hm+1 + (−2sH j+2 + (r s −3t )H j+1 +2r t H j )Hm+2Hm +
((r s −3t )H j+2 +2(s2 + r t )H j+1 +4st H j )Hm+1Hm),

zΘ5 = z((−2(r 2+3s)H j+2+(2r 3+7r s+9t )H j+1+(r 2s+4s2−3r t )H j )Hm+2++((2r 3+7r s+9t )H j+2−(2r 4+8r 2s+
3r t +2s2)H j+1 − (r 3s +4r s2 − r 2t +6st )H j )Hm+1 + ((r 2s −3r t +4s2)H j+2 − (r 3s +4r s2 − r 2t +6st )H j+1 −2t (r 3 +
4r s +9t )H j )Hm −9r t H j+1Hm+1),

Θ6 = (4r 3t − r 2s2 −4s3 +27t 2 +18r st )H j ,

and

z3Γ1 = z3(−t m(4r 3t − r 2s2 +18r st −4s3 +27t 2)),

z2Γ2 = z2((r 2 +3s)H 2
m+2 + (r 4 +4r 2s + s2 +6r t )H 2

m+1 + t (r 3 +4r s +9t )H 2
m − (2r 3 +7r s +9t )Hm+2Hm+1 − (r 2s −

3r t +4s2)Hm+2Hm + (r 3s +4r s2 − r 2t +6st )Hm+1Hm),

zΓ3 = z(−4r 3t + r 2s2 +4s3 −27t 2 −18r st )Hm ,

Γ4 = 4r 3t − r 2s2 −4s3 +27t 2 +18r st .

Now, we consider special cases of Corollay 1.1 (or Corollary 1.2).
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Corollary 1.3 ([12], Corollary 69).
The ordinary generating functions of the sequences Gn , G2n , G2n+1, G−n , G−2n , G−2n+1 and Hn , H2n , H2n+1, H−n , H−2n ,
H−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < min{|α|−1 ,
∣∣β∣∣−1 ,

∣∣γ∣∣−1}).

∞∑
n=0

Gn zn = z

1− r z − sz2 − t z3 ,

∞∑
n=0

Hn zn = 3−2r z − sz2

1− r z − sz2 − t z3 .

(b) (m = 2, j = 0, |z| < min{|α|−2 ,
∣∣β∣∣−2 ,

∣∣γ∣∣−2}).

∞∑
n=0

G2n zn = r z + t z2

1− (2s + r 2)z − (2r t − s2)z2 − t 2z3 ,

∞∑
n=0

H2n zn = 3−2
(
2s + r 2

)
z − (2r t − s2)z2

1− (2s + r 2)z − (2r t − s2)z2 − t 2z3 .

(c) (m = 2, j = 1, |z| < min{|α|−2 ,
∣∣β∣∣−2 ,

∣∣γ∣∣−2}).

∞∑
n=0

G2n+1zn = 1− sz

1− (2s + r 2)z − (2r t − s2)z2 − t 2z3 ,

∞∑
n=0

H2n+1zn = r + (3t + r s)z − st z2

1− (2s + r 2)z − (2r t − s2)z2 − t 2z3 .

(d) (m =−1, j = 0, |z| < min{|α| , ∣∣β∣∣ ,
∣∣γ∣∣}).

∞∑
n=0

G−n zn = z2

t + sz + r z2 − z3 ,

∞∑
n=0

H−n zn = 3t +2sz + r z2

t + sz + r z2 − z3 .

(e) (m =−2, j = 0, |z| < min{|α|2 ,
∣∣β∣∣2 ,

∣∣γ∣∣2}).

∞∑
n=0

G−2n zn = t z + r z2

t 2 + (2r t − s2)z + (r 2 +2s)z2 − z3 ,

∞∑
n=0

H−2n zn = 3t 2 + (4r t −2s2)z + (r 2 +2s)z2

t 2 + (2r t − s2)z + (r 2 +2s)z2 − z3 .

(f ) (m =−2, j = 1, |z| < min{|α|2 ,
∣∣β∣∣2 ,

∣∣γ∣∣2}).

∞∑
n=0

G−2n+1zn = t 2 + (2r t − s2)z + (r 2 + s)z2

t 2 + (2r t − s2)z + (r 2 +2s)z2 − z3 ,

∞∑
n=0

H−2n+1zn = r t 2 + (−r s2 +2r 2t − st )z + (r 3 +3r s +3t )z2

t 2 + (2r t − s2)z + (r 2 +2s)z2 − z3 .

2. The Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating

Functions of Special Cases of Generalized Fibonacci Polynomials/Numbers: First Group

In this section, we present special cases of sum formulas
∑n

k=0 Wmk+ j and generating functions
∑∞

n=0 Wmn+ j zn for
special cases of generalized Tribonacci polynomials, namely, generalized Tribonacci numbers, generalized third-order
Pell numbers, generalized Padovan numbers, generalized Pell-Padovan numbers, generalized Jacobsthal-Padovan
numbers, generalized Narayana numbers, generalized third order Jacobsthal numbers. Moreover, we evaluate the
infinite sums of special cases of generalized Tribonacci numbers.
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2.1. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Tribonacci

Numbers

In this subsection, we consider the case r = 1, s = 1 and t = 1. A generalized Tribonacci sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn =Wn−1 +Wn−2 +Wn−3 (5)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−W−(n−1) −W−(n−2) +W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (5) holds for all integer n. For more information on generalized Tribonacci
numbers, see Soykan [16].

Binet formula of generalized Tribonacci numbers can be given as

Wn = b1α
n

(α−β)(α−γ)
+ b2β

n

(β−α)(β−γ)
+ b3γ

n

(γ−α)(γ−β)
(6)

where

b1 = W2 − (β+γ)W1 +βγW0, (7)

b2 = W2 − (α+γ)W1 +αγW0, (8)

b3 = W2 − (α+β)W1 +αβW0. (9)

Here, α,β and γ are the roots of the cubic equation

x3 −x2 −x −1 = 0.

Moreover

α = 1+ 3
√

19+3
p

33+ 3
√

19−3
p

33

3
,

β = 1+ω 3
√

19+3
p

33+ω2 3
√

19−3
p

33

3
,

γ = 1+ω2 3
√

19+3
p

33+ω 3
√

19−3
p

33

3
,

where

ω= −1+ i
p

3

2
= exp(2πi /3).

Two special cases of the sequence {Wn} are the well known Tribonacci sequence {Tn}n≥0 and Tribonacci-Lucas
(Tribonacci-Lucas-Lucas) sequence {Kn}n≥0. Tribonacci sequence{Tn}n≥0, Tribonacci-Lucas sequence {Kn}n≥0 are
defined, respectively, by the third-order recurrence relations

Tn+3 = Tn+2 +Tn+1 +Tn , T0 = 0,T1 = 1,T2 = 1, (10)

Kn+3 = Kn+2 +Kn+1 +Kn , K0 = 3,K1 = 1,K2 = 3, (11)

The sequences {Tn}n≥0, {Kn}n≥0, can be extended to negative subscripts by defining

T−n = −T−(n−1) −T−(n−2) +T−(n−3), (12)

K−n = −K−(n−1) −K−(n−2) +K−(n−3), (13)

for n = 1,2,3, ... respectively. Therefore, recurrences (10)-(11) hold for all integer n.
For all integers n, Tribonacci and Tribonacci-Lucas numbers can be expressed using Binet’s formulas as

Tn = αn+1

(α−β)(α−γ)
+ βn+1

(β−α)(β−γ)
+ γn+1

(γ−α)(γ−β)
,

Kn = αn +βn +γn ,

respectively. Here, Gn = Tn and Hn = Kn .
Next, we present sum formulas of generalized Tribonacci numbers
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Theorem 2.1.
For n ≥ 0, we have the following sum formulas for generalized Tribonacci numbers:

(a)
n∑

k=0
Wk = 1

2 (Wn+2 +Wn −W2 +W0).

(b)
n∑

k=0
W2k = 1

2 (W2n+1 +W2n −W1 +W0).

(c)
n∑

k=0
W2k+1 = 1

2 (W2n+2 +W2n+1 −W2 +W1).

(d)
n∑

k=0
W−k = 1

2 (−W−n+2 +W−n +W2 +W0).

(e)
n∑

k=0
W−2k = 1

2 (−W−2n−1 −W−2n−2 +W1 +W0).

(f )
n∑

k=0
W−2k+1 = 1

2 (−W−2n −W−2n−1 +W2 +W1).

Proof.

(a) Use Theorem 1.1 (a) (i) with z = 1.

(b) Use Theorem 1.1 (b) (i) with z = 1.

(c) Use Theorem 1.1 (c) (i) with z = 1.

(d) Use Theorem 1.1 (d) (i) with z = 1.

(e) Use Theorem 1.1 (e) (i) with z = 1.

(f ) Use Theorem 1.1 (f) (i) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of Tribonacci numbers (take
Wn = Tn with T0 = 0,T1 = 1,T2 = 1).

Corollary 2.1.
For n ≥ 0, Tribonacci numbers have the following properties.

(a)
n∑

k=0
Tk = 1

2 (Tn+2 +Tn −1).

(b)
n∑

k=0
T2k = 1

2 (T2n+1 +T2n −1).

(c)
n∑

k=0
T2k+1 = 1

2 (T2n+2 +T2n+1).

(d)
n∑

k=0
T−k = 1

2 (−T−n+2 +T−n +1).

(e)
n∑

k=0
T−2k = 1

2 (−T−2n−1 −T−2n−2 +1).

(f )
n∑

k=0
T−2k+1 = 1

2 (−T−2n −T−2n−1 +2).

Taking Wn = Kn with K0 = 3,K1 = 1,K2 = 3 in the last Theorem, we have the following Corollary which gives sum
formulas of Tribonacci-Lucas numbers.

Corollary 2.2.
For n ≥ 0, Tribonacci-Lucas numbers have the following properties:

(a)
n∑

k=0
Kk = 1

2 (Kn+2 +Kn).
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(b)
n∑

k=0
K2k = 1

2 (K2n+1 +K2n +2).

(c)
n∑

k=0
K2k+1 = 1

2 (K2n+2 +K2n+1 −2).

(d)
n∑

k=0
K−k = 1

2 (−K−n+2 +K−n +6).

(e)
n∑

k=0
K−2k = 1

2 (−K−2n−1 −K−2n−2 +4).

(f )
n∑

k=0
K−2k+1 = 1

2 (−K−2n −K−2n−1 +4).

Remark 2.1.
The ordinary generating functions of the generalized Tribonacci numbers and its special cases are given in [12]. For
completeness, we present them, below, in this section as well.

Next, we give the ordinary generating function
∞∑

n=0
Wmn+ j zn of the generalized Tribonacci numbers {Wmn+ j }.

Lemma 2.1.

Assume that |z| < min{|α|−m ,
∣∣β∣∣−m ,

∣∣γ∣∣−m}. Suppose that fWmn+ j (z) =
∞∑

n=0
Wmn+ j zn is the ordinary generating function

of the generalized Tribonacci (sequence of) polynomials {Wmn+ j }. Then,
∞∑

n=0
Wmn+ j zn is given by

∞∑
n=0

Wmn+ j zn = z2Θ4 + zΘ5 +Θ6

z3Γ1 + z2Γ2 + zΓ3 +Γ4

where
z2Θ4 = z2((W0W j+2 + (W1 − W0)W j+1 + (W2 − W1 − W0)W j )W 2

m+2 + ((W2 − W0)W j+2 + (W0 + W0)W j+1 + (W0 +
2W1 −W2)W j )W 2

m+1 + (W1W j+2 + (W2 −W1)W j+1 +W0W j )W 2
m + (−(W1 +W0)W j+2 + (W0 −W2)W j+1 + (−W2 +W1)W j )

Wm+1Wm+2+((W1−W2)W j+2+(W2−2W1−W0)W j+1+(W0−W1)W j )Wm+2Wm+((W1−W0)W j+2+(W2−2W1+W0)W j+1+
(−W2 +W1 +2W0)W j )Wm+1Wm),

zΘ5 = z(((W 2
1 − W0W2)W j+2 + (W 2

0 − W1W2 + W0W2 + W0W1)W j+1 + (−2W 2
2 − W 2

1 − W 2
0 + 3W1W2 + 2W0W2 +

W0W1)W j )Wm+2 + ((W 2
0 −W1W2 +W0W2 +W0W1)W j+2 + (W 2

2 −2W0W2 −2W0W1)W j+1 + (W 2
2 −4W 2

1 −2W 2
0 +W1W2 +

W0W2−3W0W1)W j )Wm+1+ ((W 2
2 −W 2

1 −W1W2−W0W1)W j+2+ (−W 2
2 +2W 2

1 +W1W2−W0W2+W0W1)W j+1+ (−W 2
1 −

2W 2
0 +2W1W2 −W0W2 −2W0W1)W j )Wm −W 2

0 W j+1Wm+1),
Θ6 = (W 3

2 +2W 3
1 +W 3

0 −2W1W 2
2 −W0W 2

2 +2W0W 2
1 +W 2

0 W2 +2W 2
0 W1 −2W0W1W2)W j ,

and
z3Γ1 = z3(−1)(W 3

2 +2W 3
1 +W 3

0 −2W1W 2
2 −W0W 2

2 +2W0W 2
1 +W 2

0 W2 +2W 2
0 W1 −2W0W1W2),

z2Γ2 = z2((3W2−2W1−W0)W 2
m+2+(6W1+2W0)W 2

m+1+(W2+2W1+3W0)W 2
m +(−4W2−2W0)Wm+2Wm+1+(−2W2−

2W1 +2W0)Wm+2Wm + (−2W2 +4W1 +4W0)Wm+1Wm),
zΓ3 = z((−3W 2

2 −W 2
0 +4W1W2+2W0W2+2W0W1)Wm+2+(2W 2

2 −6W 2
1 −2W 2

0 +2W0W2−4W0W1)Wm+1+(W 2
2 −2W 2

1 −3
W 2

0 +2W1W2 −2W0W2 −4W0W1)Wm),
Γ4 =W 3

2 +2W 3
1 +W 3

0 −2W1W 2
2 −W0W 2

2 +2W0W 2
1 +W 2

0 W2 +2W 2
0 W1 −2W0W1W2.

Proof. Set r = 1, s = 1, t = 1,Gn = Tn and Hn = Kn in Lemma 1.1. �
Now, we consider special cases of the last Lemma.

Corollary 2.3.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.543689).

∞∑
n=0

Wn zn = z2(W2 −W1 −W0)+ z(W1 −W0)+W0

z3(−1)+ z2(−1)+ z(−1)+1
.

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.295597).

∞∑
n=0

W2n zn = z2(−W2 +2W1)+ z(W2 −3W0)+W0

z3(−1)+ z2(−1)+3z(−1)+1
.
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(c) (m = 2, j = 1, |z| < |α|−2 ' 0.295597).

∞∑
n=0

W2n+1zn = z2(W2 −W1 −W0)+ z(W2 −2W1 +W0)+W1

z3(−1)+ z2(−1)+3z(−1)+1
.

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣' 0.737352).

∞∑
n=0

W−n zn = z2W1 + z(W2 −W1)+W0

z3(−1)+ z2 + z +1
.

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.543689).

∞∑
n=0

W−2n zn = z2W2 + z(−W2 +2W1 +W0)+W0

z3(−1)+3z2 + z +1
.

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.543689).

∞∑
n=0

W−2n+1zn = z2(W2 +W1 +W0)+ z(W2 −W0)+W1

z3(−1)+3z2 + z +1
.

The last Lemma gives the following results as particular examples (generating functions of Tribonacci and
Tribonacci-Lucas numbers).

Corollary 2.4.
Assume that |z| < min{|α|−m ,

∣∣β∣∣−m ,
∣∣γ∣∣−m}. Generating functions of Tribonacci and Tribonacci-Lucas numbers are

given, respectively, as follows:

(a)

∞∑
n=0

Tmn+ j zn = z2Θ4 + zΘ5 +Θ6

z3Γ1 + z2Γ2 + zΓ3 +Γ4

where

z2Θ4 = z2(T 2
m+2T j+1 + T 2

m+1T j+2 + T 2
m+1T j + T 2

mT j+2 − Tm+1Tm+2T j+2 + TmTm+1T j+2 − Tm+1Tm+2T j+1 −
TmTm+2T j+1 −TmTm+1T j+1 −TmTm+2T j ),

zΘ5 = z(Tm+2T j+2 −Tm+1T j+2 −Tm+2T j+1 −TmT j+2 +Tm+1T j+1 −2T j Tm+1 +2TmT j+1 +TmT j ),

Θ6 = T j ,

and

z3Γ1 = z3(−1),

z2Γ2 = z2(T 2
m+2 +6T 2

m+1 +3T 2
m −4Tm+2Tm+1 −4Tm+2Tm +2Tm+1Tm),

zΓ3 = z(Tm+2 −4Tm+1 +Tm),

Γ4 = 1.

(b)

∞∑
n=0

Kmn+ j zn = z2Θ4 + zΘ5 +Θ6

z3Γ1 + z2Γ2 + zΓ3 +Γ4

where

z2Θ4 = z2((3K j+2−2K j+1−K j )K 2
m+2+(6K j+1+2K j )K 2

m+1+(K j+2+2K j+1+3K j )K 2
m +(−4K j+2−2K j )Km+2Km+1+

(−2K j+2 −2K j+1 +2K j )Km+2Km + (−2K j+2 +4K j+1 +4K j )Km+1Km),

zΘ5 = z((−8K j+2+18K j+1+2K j )Km+2+(18K j+2−15K j+1−10K j )Km+1+(2K j+2−10K j+1−28K j )Km−9K j+1Km+1),

Θ6 = 44K j ,

and

z3Γ1 = z3(−44),

z2Γ2 = z2(4K 2
m+2 +12K 2

m+1 +14K 2
m −18Km+2Km+1 −2Km+2Km +10Km+1Km),

zΓ3 = z(−44)Km ,

Γ4 = 44.
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Now, we consider special cases of the last two corollaries.

Corollary 2.5.
The ordinary generating functions of the sequences Tn , T2n , T2n+1, T−n , T−2n , T−2n+1 and Kn , K2n , K2n+1, K−n , K−2n ,
K−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.543689).

∞∑
n=0

Tn zn = z

1− z − z2 − z3 ,

∞∑
n=0

Kn zn = 3−2z − z2

1− z − z2 − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.295597).

∞∑
n=0

T2n zn = z + z2

1−3z − z2 − z3 ,

∞∑
n=0

K2n zn = 3−6z − z2

1−3z − z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.295597).

∞∑
n=0

T2n+1zn = 1− z

1−3z − z2 − z3 ,

∞∑
n=0

K2n+1zn = 1+4z − z2

1−3z − z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣' 0.737352).

∞∑
n=0

T−n zn = z2

1+ z + z2 − z3 ,

∞∑
n=0

K−n zn = 3+2z + z2

1+ z + z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.543689).

∞∑
n=0

T−2n zn = z + z2

1+ z +3z2 − z3 ,

∞∑
n=0

K−2n zn = 3+2z +3z2

1+ z +3z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.543689).

∞∑
n=0

T−2n+1zn = 1+ z +2z2

1+ z +3z2 − z3 ,

∞∑
n=0

K−2n+1zn = 1+7z2

1+ z +3z2 − z3 .

From the last corollary, we obtain the following results for Tribonacci and Tribonacci-Lucas numbers.

Corollary 2.6.
Infinite sums of Tn , T2n , T2n+1, T−n , T−2n , T−2n+1 and Kn , K2n , K2n+1, K−n , K−2n , K−2n+1 are given as follows:

(a) z = 1

2
.

∞∑
n=0

Tn

2n = 4,

∞∑
n=0

Kn

2n = 14.
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(b) z = 1

4
.

∞∑
n=0

T2n

4n = 20

11
,

∞∑
n=0

K2n

4n = 92

11
.

(c) z = 1

4
.

∞∑
n=0

T2n+1

4n = 48

11
,

∞∑
n=0

K2n+1

4n = 124

11
.

(d) z = 1

2
.

∞∑
n=0

T−n

2n = 2

13
,

∞∑
n=0

K−n

2n = 34

13
.

(e) z = 1

2
.

∞∑
n=0

T−2n

2n = 6

17
,

∞∑
n=0

K−2n

2n = 38

17
.

(f ) z = 1

2
.

∞∑
n=0

T−2n+1

2n = 16

17
,

∞∑
n=0

K−2n+1

2n = 22

17
.

2.2. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Third-Order Pell

Numbers

In this subsection, we consider the case r = 2, s = 1 and t = 1. A generalized third order Pell sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn = 2Wn−1 +Wn−2 +Wn−3 (14)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−W−(n−1) −2W−(n−2) +W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (5) holds for all integer n. For more information on generalized third order Pell
numbers, see Soykan [19].
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Binet formula of generalized third order Pell numbers can be given as

Wn = b1α
n

(α−β)(α−γ)
+ b2β

n

(β−α)(β−γ)
+ b3γ

n

(γ−α)(γ−β)

where

b1 =W2 − (β+γ)W1 +βγW0, b2 =W2 − (α+γ)W1 +αγW0, b3 =W2 − (α+β)W1 +αβW0. (15)

Here, α,β and γ are the roots of the cubic equation x3 −2x2 −x −1 = 0. Moreover

α = 2

3
+

(
61

54
+

√
29

36

)1/3

+
(

61

54
−

√
29

36

)1/3

β = 2

3
+ω

(
61

54
+

√
29

36

)1/3

+ω2

(
61

54
−

√
29

36

)1/3

γ = 2

3
+ω2

(
61

54
+

√
29

36

)1/3

+ω
(

61

54
−

√
29

36

)1/3

where

ω= −1+ i
p

3

2
= exp(2πi /3).

Now, we define two special cases of the sequence {Wn}. Third-order Pell sequence{Pn}n≥0 and third-order Pell-
Lucas sequence {Qn}n≥0 are defined, respectively, by the third-order recurrence relations

Pn+3 = 2Pn+2 +Pn+1 +Pn , P0 = 0,P1 = 1,P2 = 2, (16)

Qn+3 = 2Qn+2 +Qn+1 +Qn , Q0 = 3,Q1 = 2,Q2 = 6 (17)

The sequences {Pn}n≥0, {Qn}n≥0 can be extended to negative subscripts by defining

P−n = −P−(n−1) −2P−(n−2) +P−(n−3)

Q−n = −Q−(n−1) −2Q−(n−2) +Q−(n−3)

for n = 1,2,3, ... respectively. Therefore, recurrences (16) and (17) hold for all integer n.
Note that Pn is the sequence A077939 in [? ] associated with the expansion of 1/(1−2x−x2−x3), Qn is the sequence

A276225 in [? ].
For all integers n, third-order Pell and Pell-Lucas numbers can be expressed using Binet’s formulas as

Pn = αn+1

(α−β)(α−γ)
+ βn+1

(β−α)(β−γ)
+ γn+1

(γ−α)(γ−β)
,

Qn = αn +βn +γn ,

respectively.
Next, we present sum formulas of generalized third-order Pell numbers

Theorem 2.2.
For n ≥ 0, We have the following sum formulas for generalized third-order Pell numbers:

(a)
n∑

k=0
Wk = 1

3 (Wn+2 −Wn+1 +Wn −W2 +W1 +2W0).

(b)
n∑

k=0
W2k = 1

3 (W2n+1 +W2n −W1 +2W0).

(c)
n∑

k=0
W2k+1 = 1

3 (W2n+2 +W2n+1 −W2 +2W1).

(d)
n∑

k=0
W−k = 1

3 (−W−n+2 +W−n+1 +2W−n +W2 −W1 +W0).

(e)
n∑

k=0
W−2k = 1

3 (−W−2n−1 −W−2n−2 +W1 +W0).
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(f )
n∑

k=0
W−2k+1 = 1

3 (−W−2n −W−2n−1 +W2 +W1).

Proof.

(a) Use Theorem 1.1 (a) (i) with z = 1.

(b) Use Theorem 1.1 (b) (i) with z = 1.

(c) Use Theorem 1.1 (c) (i) with z = 1.

(d) Use Theorem 1.1 (d) (i) with z = 1.

(e) Use Theorem 1.1 (e) (i) with z = 1.

(f ) Use Theorem 1.1 (f) (i) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of third-order Pell numbers (take
Wn = Pn with P0 = 0,P1 = 1,P2 = 2).

Corollary 2.7.
For n ≥ 0, third-order Pell- numbers have the following properties.

(a)
n∑

k=0
Pk = 1

3 (Pn+2 −Pn+1 +Pn −1).

(b)
n∑

k=0
P2k = 1

3 (P2n+1 +P2n −1).

(c)
n∑

k=0
P2k+1 = 1

3 (P2n+2 +P2n+1).

(d)
n∑

k=0
P−k = 1

3 (−P−n+2 +P−n+1 +2P−n +1).

(e)
n∑

k=0
P−2k = 1

3 (−P−2n−1 −P−2n−2 +1).

(f )
n∑

k=0
P−2k+1 = 1

3 (−P−2n −P−2n−1 +3).

Taking Wn = Qn with Q0 = 3,Q1 = 2,Q2 = 6 in the last Theorem, we have the following Corollary which gives sum
formulas of third-order Pell-Lucas numbers.

Corollary 2.8.
For n ≥ 0, third-order Pell-Lucas have the following properties:

(a)
n∑

k=0
Qk = 1

3 (Qn+2 −Qn+1 +Qn +2).

(b)
n∑

k=0
Q2k = 1

3 (Q2n+1 +Q2n +4).

(c)
n∑

k=0
Q2k+1 = 1

3 (Q2n+2 +Q2n+1 −2).

(d)
n∑

k=0
Q−k = 1

3 (−Q−n+2 +Q−n+1 +2Q−n +7).

(e)
n∑

k=0
Q−2k = 1

3 (−Q−2n−1 −Q−2n−2 +5).

(f )
n∑

k=0
Q−2k+1 = 1

3 (−Q−2n −Q−2n−1 +8).

Next, we give the ordinary generating function of special cases of the generalized third order Pell numbers {Wmn+ j }.
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Corollary 2.9.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.392646).

∞∑
n=0

Wn zn = z2(W2 −2W1 −W0)+ z(W1 −2W0)+W0

1−2z − z2 − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.154171)

∞∑
n=0

W2n zn = (3W1 −W0 −W2) z2 + (W2 −6W0) z +W0

1−6z −3z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.154171)

∞∑
n=0

W2n+1zn = (W2 −2W1 −W0) z2 + (W0 −5W1 +2W2) z +W1

1−6z −3z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣' 0.626615)

∞∑
n=0

W−n zn = W1z2 + (W2 −2W1) z +W0

1+ z +2z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.392646)

∞∑
n=0

W−2n zn = W2z2 + (2W0 +3W1 −W2) z +W0

1+3z +6z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.392646)

∞∑
n=0

W−2n+1zn = (W0 +W1 +2W2) z2 + (W1 −W0 +W2) z +W1

1+3z +6z2 − z3 .

Proof. Set r = 2, s = 1, t = 1 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 2.10.
The ordinary generating functions of special cases of the generalized third order Pell numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.392646).

∞∑
n=0

Pn zn = z

1−2z − z2 − z3 ,

∞∑
n=0

Qn zn = 3−4z − z2

1−2z − z2 − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.154171)

∞∑
n=0

P2n zn = 2z + z2

1−6z −3z2 − z3 ,

∞∑
n=0

Q2n zn = 3−12z −3z2

1−6z −3z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.154171)

∞∑
n=0

P2n+1zn = 1− z

1−6z −3z2 − z3 ,

∞∑
n=0

Q2n+1zn = 2+5z − z2

1−6z −3z2 − z3 .



98 Sums and Generating Functions of Special Cases of Generalized Tribonacci Polynomials

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣' 0.626615)

∞∑
n=0

P−n zn = z2

1+ z +2z2 − z3 ,

∞∑
n=0

Q−n zn = 3+2z +2z2

1+ z +2z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.392646).

∞∑
n=0

P−2n zn = z +2z2

1+3z +6z2 − z3 ,

∞∑
n=0

Q−2n zn = 3+6z +6z2

1+3z +6z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.392646)

∞∑
n=0

P−2n+1zn = 1+3z +5z2

1+3z +6z2 − z3 ,

∞∑
n=0

Q−2n+1zn = 2+5z +17z2

1+3z +6z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.11.
We have the following infinite sums .

(a) z = 1
4 .

∞∑
n=0

Pn

4n = 16

27
,

∞∑
n=0

Qn

4n = 124

27
.

(b) z = 1
8 .

∞∑
n=0

P2n

8n = 136

103
,

∞∑
n=0

Q2n

8n = 744

103
.

(c) z = 1
8 .

∞∑
n=0

P2n+1

8n = 448

103
,

∞∑
n=0

Q2n+1

8n = 1336

103
.

(d) z = 1
2 .

∞∑
n=0

P−n

2−n = 2

15
,

∞∑
n=0

Qn

2n = 12

5
.

(e) z = 1
8 .

∞∑
n=0

P−2n

8n = 80

751
,

∞∑
n=0

Q−2n

8n = 1968

751
.
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(f ) z = 1
8 .

∞∑
n=0

P−2n+1

8n = 744

751
,

∞∑
n=0

Q−2n+1

8n = 1480

751
.

2.3. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Padovan Num-

bers

In this subsection, we consider the case r = 0, s = 1 and t = 1. A generalized Padovan sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn =Wn−2 +Wn−3 (18)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−W−(n−1) +W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (5) holds for all integer n. For more details on the generalized Padovan numbers,
see for example Soykan [18].

Binet’s formula of generalized Padovan numbers can be given as

Wn = b1α
n

(α−β)(α−γ)
+ b2β

n

(β−α)(β−γ)
+ b3γ

n

(γ−α)(γ−β)

where

b1 =W2 − (β+γ)W1 +βγW0, b2 =W2 − (α+γ)W1 +αγW0, b3 =W2 − (α+β)W1 +αβW0.

Here, α,β and γ are the roots of the cubic equation x3 −x −1 = 0. Moreover

α =
(

1

2
+

√
23

108

)1/3

+
(

1

2
−

√
23

108

)1/3

= 1.32471795724

β = ω

(
1

2
+

√
23

108

)1/3

+ω2

(
1

2
−

√
23

108

)1/3

γ = ω2

(
1

2
+

√
23

108

)1/3

+ω
(

1

2
−

√
23

108

)1/3

where

ω= −1+ i
p

3

2
= exp(2πi /3)

Now we define three special cases of the sequence {Wn}. Padovan sequence {Pn}n≥0 (OEIS: A000931, [3]), Perrin
(Padovan-Lucas) sequence {En}n≥0 (OEIS: A001608, [? ]) and adjusted Padovan sequence {Un}n≥0 (a variant of the
sequence {Pn}) are defined, respectively, by the third-order recurrence relations

Pn+3 = Pn+1 +Pn , P0 = 1,P1 = 1,P2 = 1, (19)

En+3 = En+1 +En , E0 = 3,E1 = 0,E2 = 2, (20)

Un+3 = Un+1 +Un , U0 = 0,U1 = 1,U2 = 0. (21)

The sequences {Pn}n≥0, {En}n≥0 and {Un}n≥0 can be extended to negative subscripts by defining

P−n = −P−(n−1) +P−(n−3),

E−n = −E−(n−1) +E−(n−3),

U−n = −U−(n−1) +U−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (19)-(21) hold for all integer n.
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For all integers n, Padovan, Perrin, Padovan-Perrin and modified Padovan numbers can be expressed using Binet’s
formulas as

Pn = αn+4

(α−β)(α−γ)
+ βn+4

(β−α)(β−γ)
+ γn+4

(γ−α)(γ−β)
,

En = αn +βn +γn ,

Un = αn+1

(α−β)(α−γ)
+ βn+1

(β−α)(β−γ)
+ γn+1

(γ−α)(γ−β)
,

respectively.
Next, we present sum formulas of generalized Padovan numbers

Theorem 2.3.
For n ≥ 0, We have the following sum formulas for generalized Padovan numbers:

(a)
n∑

k=0
Wk =Wn+2 +Wn+1 +Wn −W2 −W1.

(b)
n∑

k=0
W2k =W2n+1 +W2n −W1.

(c)
n∑

k=0
W2k+1 =W2n+2 +W2n+1 −W2.

(d)
n∑

k=0
W−k =−W−n+2 −W−n+1 +W2 +W1 +W0.

(e)
n∑

k=0
W−2k =−W−2n−1 −W−2n−2 +W1 +W0.

(f )
n∑

k=0
W−2k+1 =−W−2n −W−2n−1 +W2 +W1.

Proof.

(a) Use Theorem 1.1 (a) (i) with z = 1.

(b) Use Theorem 1.1 (b) (i) with z = 1.

(c) Use Theorem 1.1 (c) (i) with z = 1.

(d) Use Theorem 1.1 (d) (i) with z = 1.

(e) Use Theorem 1.1 (e) (i) with z = 1.

(f ) Use Theorem 1.1 (f) (i) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of Padovan numbers (take Wn =
Pn with P0 = 1,P1 = 1,P2 = 1).

Corollary 2.12.
For n ≥ 0, Padovan numbers have the following properties.

(a)
n∑

k=0
Pk = Pn+2 +Pn+1 +Pn −2.

(b)
n∑

k=0
P2k = P2n+1 +P2n −1.

(c)
n∑

k=0
P2k+1 = P2n+2 +P2n+1 −1.

(d)
n∑

k=0
P−k =−P−n+2 −P−n+1 +3.

(e)
n∑

k=0
P−2k =−P−2n−1 −P−2n−2 +2.
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(f )
n∑

k=0
P−2k+1 =−P−2n −P−2n−1 +2.

Taking Wn = En with E0 = 3,E1 = 0,E2 = 2 in the last Theorem, we have the following Corollary which gives sum
formulas of Perrin (Padovan-Lucas) numbers.

Corollary 2.13.
For n ≥ 0, Perrin (Padovan-Lucas) numbers have the following properties:

(a)
n∑

k=0
Ek = En+2 +En+1 +En −2.

(b)
n∑

k=0
E2k = E2n+1 +E2n .

(c)
n∑

k=0
E2k+1 = E2n+2 +E2n+1 −2.

(d)
n∑

k=0
E−k =−E−n+2 −E−n+1 +5.

(e)
n∑

k=0
E−2k =−E−2n−1 −E−2n−2 +3.

(f )
n∑

k=0
E−2k+1 =−E−2n −E−2n−1 +2.

From the last Theorem, we have the following Corollary which gives sum formulas of adjusted Padovan numbers
(take Wn =Un with U0 = 0,U1 = 1,U2 = 0).

Corollary 2.14.
For n ≥ 0, adjusted Padovan numbers have the following properties.

(a)
n∑

k=0
Uk =Un+2 +Un+1 +Un −1.

(b)
n∑

k=0
U2k =U2n+1 +U2n −1.

(c)
n∑

k=0
U2k+1 =U2n+2 +U2n+1.

(d)
n∑

k=0
U−k =−U−n+2 −U−n+1 +1.

(e)
n∑

k=0
U−2k =−U−2n−1 −U−2n−2 +1.

(f )
n∑

k=0
U−2k+1 =−U−2n −U−2n−1 +1.

Next, we give the ordinary generating function of special cases of the generalized Padovan numbers {Wmn+ j }.

Corollary 2.15.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.754877).

∞∑
n=0

Wn zn = (W2 −W0) z2 +W1z +W0

1− z2 − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.569840)

∞∑
n=0

W2n zn = (W0 +W1 −W2) z2 + (W2 −2W0) z +W0

1−2z + z2 − z3 .
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(c) (m = 2, j = 1, |z| < |α|−2 ' 0.569840)

∞∑
n=0

W2n+1zn = (W2 −W0) z2 + (W0 −W1) z +W1

1−2z + z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣} ' 0.868836)

∞∑
n=0

W−n zn = W1z2 +W2z +W0

1+ z − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.754877)

∞∑
n=0

W−2n zn = W2z2 + (W1 −W2) z +W0

1− z +2z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.754877)

∞∑
n=0

W−2n+1zn = (W0 +W1) z2 + (W2 −W1 −W0) z +W1

1− z +2z2 − z3 .

Proof. Set r = 0, s = 1 and t = 1 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 2.16.
The ordinary generating functions of special cases of the generalized Padovan numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.754877).

∞∑
n=0

Pn zn = z +1

1− z2 − z3 ,

∞∑
n=0

En zn = −z2 +3

1− z2 − z3 ,

∞∑
n=0

Un zn = z

1− z2 − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.569840)

∞∑
n=0

P2n zn = z2 − z +1

1−2z + z2 − z3 ,

∞∑
n=0

E2n zn = z2 −4z +3

1−2z + z2 − z3 ,

∞∑
n=0

U2n zn = z2

1−2z + z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.569840)

∞∑
n=0

P2n+1zn = 1

1−2z + z2 − z3 ,

∞∑
n=0

E2n+1zn = 3z − z2

1−2z + z2 − z3 ,

∞∑
n=0

U2n+1zn = −z +1

1−2z + z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣} ' 0.868836)

∞∑
n=0

P−n zn = z2 + z +1

1+ z − z3 ,

∞∑
n=0

E−n zn = 2z +3

1+ z − z3 ,

∞∑
n=0

U−n zn = z2

1+ z − z3 .
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(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.754877)

∞∑
n=0

P−2n zn = z2 +1

1− z +2z2 − z3 ,

∞∑
n=0

E−2n zn = 2z2 −2z +3

1− z +2z2 − z3 ,

∞∑
n=0

U−2n zn = z

1− z +2z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.754877)

∞∑
n=0

P−2n+1zn = 2z2 − z +1

1− z +2z2 − z3 ,

∞∑
n=0

E−2n+1zn = −z +3z2

1− z +2z2 − z3 ,

∞∑
n=0

U−2n+1zn = z2 − z +1

1− z +2z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.17.
We have the following infinite sums .

(a) z = 3
4

∞∑
n=0

(
3

4

)n

Pn = 112,

∞∑
n=0

(
3

4

)n

En = 156,

∞∑
n=0

(
3

4

)n

Un = 48.

(b) z = 1
2

∞∑
n=0

P2n

2n = 6,

∞∑
n=0

E2n

2n = 10,

∞∑
n=0

U2n

2n = 2.

(c) z = 1
2

∞∑
n=0

P2n+1

2n = 8,

∞∑
n=0

E2n+1

2n = 10,

∞∑
n=0

U2n+1

2n = 4.

(d) z = 3
4

∞∑
n=0

(
3

4

)n

P−n = 148

85
,

∞∑
n=0

(
3

4

)n

E−n = 288

85
,

∞∑
n=0

(
3

4

)n

U−n = 36

85
.
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(e) z = 3
5

∞∑
n=0

(
3

5

)n

P−2n = 170

113
,

∞∑
n=0

(
3

5

)n

E−2n = 315

113
,

∞∑
n=0

(
3

5

)n

U−2n = 75

113
.

(f ) z = 3
5

∞∑
n=0

(
3

5

)n

P−2n+1 = 140

113
,

∞∑
n=0

(
3

5

)n

E−2n+1 = 60

113
,

∞∑
n=0

(
3

5

)n

U−2n+1 = 95

113
.

2.4. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Pell-Padovan

Numbers

In this subsection, we consider the case r = 0, s = 2 and t = 1. A generalized Pell-Padovan sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn = 2Wn−2 +Wn−3 (22)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−2W−(n−1) +W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (5) holds for all integer n. For more details on the generalized Pell-Padovan
numbers, see Soykan [15].

Binet formula of generalized padovan numbers can be given as

Wn = b1α
n

(α−β)(α−γ)
+ b2β

n

(β−α)(β−γ)
+ b3γ

n

(γ−α)(γ−β)

where

b1 =W2 − (β+γ)W1 +βγW0, b2 =W2 − (α+γ)W1 +αγW0, b3 =W2 − (α+β)W1 +αβW0. (23)

Here, α,β and γ are the roots of the cubic equation x3 −2x −1 = 0. Moreover

α = 1+p
5

2
,

β = 1−p
5

2
,

γ = −1.

Now we define four special cases of the sequence {Wn}. Adjusted Pell-Padovan sequence {Mn}n≥0, third order
Lucas-Pell sequence {Bn}n≥0 (OEIS: A099925, [? ]), third order Fibonacci-Pell sequence {Gn}n≥0 (OEIS: A008346, [?
]), Pell-Perrin sequence {Cn}n≥0, Pell-Padovan sequence{Rn}n≥0 (OEIS: A066983, [3]), are defined, respectively, by the
third-order recurrence relations

Mn+3 = 2Mn+1 +Mn , M0 = 0, M1 = 1, M2 = 0, (24)

Bn+3 = 2Bn+1 +Bn , B0 = 3,B1 = 0,B2 = 4 (25)

Gn+3 = 2Gn+1 +Gn , G0 = 1,G1 = 0,G2 = 2, (26)

Cn+3 = 2Cn+1 +Cn , C0 = 3,C1 = 0,C2 = 2, (27)

Rn+3 = 2Rn+1 +Rn , R0 = 1,R1 = 1,R2 = 1. (28)
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The sequences {Mn}n≥0, {Bn}n≥0, {Gn}n≥0, {Cn}n≥0 and {Rn}n≥0 can be extended to negative subscripts by defining

M−n = −2M−(n−1) +M−(n−3),

B−n = −2B−(n−1) +B−(n−3),

G−n = −2G−(n−1) +G−(n−3),

C−n = −2C−(n−1) +C−(n−3),

R−n = −2R−(n−1) +R−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (24)-(28) hold for all integer n.
Note that for all integers n, adjusted Pell-Padovan, third order Lucas-Pell, third order Fibonacci-Pell, Pell-Perrin,

Pell-Padovan numbers can be expressed using Binet’s formulas as

Mn = 1

(α−β)(α−γ)
αn+1 + 1

(β−α)(β−γ)
βn+1 + 1

(γ−α)(γ−β)
γn+1

= (
1

2
− 1

10

p
5)αn + (

1

2
+ 1

10

p
5)βn −γn ,

Bn = αn +βn +γn ,

Gn = 1p
5
αn − 1p

5
βn +γn ,

Cn = (2− 3p
5

)αn + (2+ 3p
5

)βn −γn ,

Rn = (1− 1p
5

)αn + (1+ 1p
5

)βn −γn ,

respectively, see Soykan [15] for more details.
Bn is the sequence A099925 in [3] associated with the relation

Bn = Ln + (−1)n

where Ln is Lucas sequence which is given as

Ln = Ln−1 +Ln−2 with L0 = 2 and L1 = 1.

Gn is the sequence A008346 in [3] associated with the relation

Gn = Fn + (−1)n

where Fn is Fibonacci sequence which is given as

Fn = Fn−1 +Fn−2 with F0 = 0 and F1 = 1.

Cn is not indexed in [3].
Rn is the sequence A066983 in [? ] associated with the relation

Rn+2 = Rn+1 +Rn + (−1)n , with R1 = R2 = 1.

Since

F−n = (−1)n+1Fn and L−n = (−1)nLn

we get

G−n = (−1)n+1Gn +1+ (−1)n = (−1)n(1−Fn)

and

B−n = (−1)nBn −1+ (−1)n = (−1)n(Ln +1).

Next, we present sum formulas of generalized Pell-Padovan numbers

Theorem 2.4.
For n ≥ 0, we have the following sum formulas for generalized Pell-Padovan numbers:

(a)
n∑

k=0
Wk = 1

2 (Wn+2 +Wn+1 +Wn −W2 −W1 +W0).
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(b)
n∑

k=0
W2k = (n +3)W2n+2 − (n +2)W2n+1 − (n +3)W2n −3W2 +2W1 +4W0.

(c)
n∑

k=0
W2k+1 =−(n +2)W2n+2 + (n +3)W2n+1 + (n +3)W2n +2W2 −2W1 −3W0.

(d)
n∑

k=0
W−k = 1

2 (−W−n+2 −W−n+1 +W−n +W2 +W1 +W0).

(e)
n∑

k=0
W−2k = (n +1)W−2n − (n +2)W−2n−1 − (n +1)W−2n−2 +W1.

(f )
n∑

k=0
W−2k+1 =−(n +2)W−2n + (n +1)W−2n−1 + (n +1)W−2n−2 +W2.

Proof.

(a) Use Theorem 1.1 (a) (i) with z = 1.

(b) Use Theorem 1.1 (b) (ii) with z = 1.

(c) Use Theorem 1.1 (c) (ii) with z = 1.

(d) Use Theorem 1.1 (d) (i) with z = 1.

(e) Use Theorem 1.1 (e) (ii) with z = 1.

(f ) Use Theorem 1.1 (f) (ii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of adjusted Pell-Padovan num-
bers (take Wn = Mn with M0 = 0, M1 = 1, M2 = 0).

Corollary 2.18.
For n ≥ 0, adjusted Pell-Padovan numbers have the following properties.

(a)
n∑

k=0
Mk = 1

2 (Mn+2 +Mn+1 +Mn −1).

(b)
n∑

k=0
M2k = (n +3)M2n+2 − (n +2)M2n+1 − (n +3)M2n +2.

(c)
n∑

k=0
M2k+1 =−(n +2)M2n+2 + (n +3)M2n+1 + (n +3)M2n −2.

(d)
n∑

k=0
M−k = 1

2 (−M−n+2 −M−n+1 +M−n +1).

(e)
n∑

k=0
M−2k = (n +1)M−2n − (n +2)M−2n−1 − (n +1)M−2n−2 +1.

(f )
n∑

k=0
M−2k+1 =−(n +2)M−2n + (n +1)M−2n−1 + (n +1)M−2n−2.

Taking Wn = Bn with B0 = 3,B1 = 0,B2 = 4 in the last Theorem, we have the following Corollary which gives sum
formulas of third order Lucas-Pell numbers.

Corollary 2.19.
For n ≥ 0, third order Lucas-Pell numbers have the following properties:

(a)
n∑

k=0
Bk = 1

2 (Bn+2 +Bn+1 +Bn −1).

(b)
n∑

k=0
B2k = (n +3)B2n+2 − (n +2)B2n+1 − (n +3)B2n .

(c)
n∑

k=0
B2k+1 =−(n +2)B2n+2 + (n +3)B2n+1 + (n +3)B2n −1.
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(d)
n∑

k=0
B−k = 1

2 (−B−n+2 −B−n+1 +B−n +7).

(e)
n∑

k=0
B−2k = (n +1)B−2n − (n +2)B−2n−1 − (n +1)B−2n−2.

(f )
n∑

k=0
B−2k+1 =−(n +2)B−2n + (n +1)B−2n−1 + (n +1)B−2n−2 +4.

From the last Theorem, we have the following Corollary which gives sum formulas of third order Fibonacci-Pell
numbers (take Wn =Gn with G0 = 1,G1 = 0,G2 = 2).

Corollary 2.20.
For n ≥ 0, third order Fibonacci-Pell numbers have the following properties.

(a)
n∑

k=0
Gk = 1

2 (Gn+2 +Gn+1 +Gn −1).

(b)
n∑

k=0
G2k = (n +3)G2n+2 − (n +2)G2n+1 − (n +3)G2n −2.

(c)
n∑

k=0
G2k+1 =−(n +2)G2n+2 + (n +3)G2n+1 + (n +3)G2n +1.

(d)
n∑

k=0
G−k = 1

2 (−G−n+2 −G−n+1 +G−n +3).

(e)
n∑

k=0
G−2k = (n +1)G−2n − (n +2)G−2n−1 − (n +1)G−2n−2.

(f )
n∑

k=0
G−2k+1 =−(n +2)G−2n + (n +1)G−2n−1 + (n +1)G−2n−2 +2.

Taking Wn = Cn with C0 = 3,C1 = 0,C2 = 2 in the last Theorem, we have the following Corollary which gives sum
formulas of Pell-Perrin numbers.

Corollary 2.21.
For n ≥ 0, Pell-Perrin numbers have the following properties:

(a)
n∑

k=0
Ck = 1

2 (Cn+2 +Cn+1 +Cn +1).

(b)
n∑

k=0
C2k = (n +3)C2n+2 − (n +2)C2n+1 − (n +3)C2n +6.

(c)
n∑

k=0
C2k+1 =−(n +2)C2n+2 + (n +3)C2n+1 + (n +3)C2n −5.

(d)
n∑

k=0
C−k = 1

2 (−C−n+2 −C−n+1 +C−n +5).

(e)
n∑

k=0
C−2k = (n +1)C−2n − (n +2)C−2n−1 − (n +1)C−2n−2.

(f )
n∑

k=0
C−2k+1 =−(n +2)C−2n + (n +1)C−2n−1 + (n +1)C−2n−2 +2.

From the last Theorem, we have the following Corollary which gives sum formulas of Pell-Padovan numbers (take
Wn = Rn with R0 = 1,R1 = 1,R2 = 1).

Corollary 2.22.
For n ≥ 0, Pell-Padovan numbers have the following properties.

(a)
n∑

k=0
Rk = 1

2 (Rn+2 +Rn+1 +Rn −1).
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(b)
n∑

k=0
R2k = (n +3)R2n+2 − (n +2)R2n+1 − (n +3)R2n +3.

(c)
n∑

k=0
R2k+1 =−(n +2)R2n+2 + (n +3)R2n+1 + (n +3)R2n −3.

(d)
n∑

k=0
R−k = 1

2 (−R−n+2 −R−n+1 +R−n +3).

(e)
n∑

k=0
R−2k = (n +1)R−2n − (n +2)R−2n−1 − (n +1)R−2n−2 +1.

(f )
n∑

k=0
R−2k+1 =−(n +2)R−2n + (n +1)R−2n−1 + (n +1)R−2n−2 +1.

Next, we give the ordinary generating function of special cases of the generalized Pell-Padovan numbers {Wmn+ j }.

Corollary 2.23.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.618033).

∞∑
n=0

Wn zn = (W2 −2W0) z2 +W1z +W0

1−2z2 − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.381966).

∞∑
n=0

W2n zn = (4W0 +W1 −2W2) z2 + (W2 −4W0) z +W0

1−4z +4z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.381966).

∞∑
n=0

W2n+1zn = (W2 −2W0) z2 + (W0 −2W1) z +W1

1−4z +4z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣' 0.618033).

∞∑
n=0

W−n zn = W1z2 +W2z +W0

1+2z − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 ' 0.381966).

∞∑
n=0

W−2n zn = W2z2 + (W1 −2W2) z +W0

1−4z +4z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 ' 0.381966).

∞∑
n=0

W−2n+1zn = (W0 +2W1) z2 + (W2 −4W1 −2W0) z +W1

1−4z +4z2 − z3 .

Proof. Set r = 0, s = 2 and t = 1 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 2.24.
The ordinary generating functions of special cases of the generalized Pell-Padovan numbers are given as follows:
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(a) (m = 1, j = 0, |z| < |α|−1 ' 0.618033).

∞∑
n=0

Mn zn = z

1−2z2 − z3 ,

∞∑
n=0

Bn zn = −2z2 +3

1−2z2 − z3 ,

∞∑
n=0

Gn zn = 1

1−2z2 − z3 ,

∞∑
n=0

Cn zn = −4z2 +3

1−2z2 − z3 ,

∞∑
n=0

Rn zn = −z2 + z +1

1−2z2 − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.381966).

∞∑
n=0

M2n zn = z2

1−4z +4z2 − z3 ,

∞∑
n=0

B2n zn = 4z2 −8z +3

1−4z +4z2 − z3 ,

∞∑
n=0

G2n zn = −2z +1

1−4z +4z2 − z3 ,

∞∑
n=0

C2n zn = 8z2 −10z +3

1−4z +4z2 − z3 ,

∞∑
n=0

R2n zn = 3z2 −3z +1

1−4z +4z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.381966).

∞∑
n=0

M2n+1zn = −2z +1

1−4z +4z2 − z3 ,

∞∑
n=0

B2n+1zn = −2z2 +3z

1−4z +4z2 − z3 ,

∞∑
n=0

G2n+1zn = z

1−4z +4z2 − z3 ,

∞∑
n=0

C2n+1zn = −4z2 +3z

1−4z +4z2 − z3 ,

∞∑
n=0

R2n+1zn = −z2 − z +1

1−4z +4z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣' 0.618033).

∞∑
n=0

M−n zn = z2

1+2z − z3 ,

∞∑
n=0

B−n zn = 4z +3

1+2z − z3 ,

∞∑
n=0

G−n zn = 2z +1

1+2z − z3 ,

∞∑
n=0

C−n zn = 2z +3

1+2z − z3 ,

∞∑
n=0

R−n zn = z2 + z +1

1+2z − z3 .
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(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 ' 0.381966).

∞∑
n=0

M−2n zn = z

1−4z +4z2 − z3 ,

∞∑
n=0

B−2n zn = 4z2 −8z +3

1−4z +4z2 − z3 ,

∞∑
n=0

G−2n zn = 2z2 −4z +1

1−4z +4z2 − z3 ,

∞∑
n=0

C−2n zn = 2z2 −4z +3

1−4z +4z2 − z3 ,

∞∑
n=0

R−2n zn = z2 − z +1

1−4z +4z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 ' 0.381966).

∞∑
n=0

M−2n+1zn = 2z2 −4z +1

1−4z +4z2 − z3 ,

∞∑
n=0

B−2n+1zn = 3z2 −2z

1−4z +4z2 − z3 ,

∞∑
n=0

G−2n+1zn = z2

1−4z +4z2 − z3 ,

∞∑
n=0

C−2n+1zn = 3z2 −4z

1−4z +4z2 − z3 ,

∞∑
n=0

R−2n+1zn = 3z2 −5z +1

1−4z +4z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.25.
We have the following infinite sums .

(a) z = 1
2 .

∞∑
n=0

Mn

2n = 4

3
,

∞∑
n=0

Bn

2n = 20

3
,

∞∑
n=0

Gn

2n = 8

3
,

∞∑
n=0

Cn

2n = 16

3
,

∞∑
n=0

Rn

2n = 10

3
.

(b) z = 1
4 .

∞∑
n=0

M2n

4n = 4

15
,

∞∑
n=0

B2n

4n = 16

3
,

∞∑
n=0

G2n

4n = 32

15
,

∞∑
n=0

C2n

4n = 64

15
,

∞∑
n=0

R2n

4n = 28

15
.
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(c) z = 1
4 .

∞∑
n=0

M2n+1

4n = 32

15
,

∞∑
n=0

B2n+1

4n = 8

3
,

∞∑
n=0

G2n+1

4n = 16

15
,

∞∑
n=0

C2n+1

4n = 32

15
,

∞∑
n=0

R2n+1

4n = 44

15
.

(d) z = 1
2 .

∞∑
n=0

M−n

2n = 2

15
,

∞∑
n=0

B−n

2n = 8

3
,

∞∑
n=0

G−n

2n = 16

15
,

∞∑
n=0

C−n

2n = 32

15
,

∞∑
n=0

R−n

2n = 14

15
.

(e) z = 1
4 .

∞∑
n=0

M−2n

4n = 16

15
,

∞∑
n=0

B−2n

4n = 16

3
,

∞∑
n=0

G−2n

4n = 8

15
,

∞∑
n=0

C−2n

4n = 136

15
,

∞∑
n=0

R−2n

4n = 52

15
.

(f ) z = 1
4 .

∞∑
n=0

M−2n+1

4n = 8

15
,

∞∑
n=0

B−2n+1

4n = −4

3
,

∞∑
n=0

G−2n+1

4n = 4

15
,

∞∑
n=0

C−2n+1

4n = −52

15
,

∞∑
n=0

R−2n+1

4n = − 4

15
.
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2.5. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Jacobsthal-

Padovan Numbers

In this subsection, we consider the case r = 0, s = 1 and t = 2. A generalized Jacobsthal-Padovan sequence
{Wn}n≥0 = {Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn =Wn−2 +2Wn−3 (29)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−1

2
W−(n−1) + 1

2
W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (5) holds for all integer n. For more information on Jacobsthal-Padovan se-
quence, see Soykan [14].

Binet formula of generalized Jacobsthal-Padovan numbers can be given as

Wn = b1α
n

(α−β)(α−γ)
+ b2β

n

(β−α)(β−γ)
+ b3γ

n

(γ−α)(γ−β)

where

b1 = W2 − (β+γ)W1 +βγW0, (30)

b2 = W2 − (α+γ)W1 +αγW0, (31)

b3 = W2 − (α+β)W1 +αβW0. (32)

Here, α,β and γ are the roots of the cubic equation

x3 −x −2 = 0.

Moreover

α = 3

√
1+

p
78

9
+ 3

√
1−

p
78

9
' 1.521379706804568,

β = ω
3

√
1+

p
78

9
+ω2 3

√
1−

p
78

9
,

γ = ω2 3

√
1+

p
78

9
+ω 3

√
1−

p
78

9
,

where

ω= −1+ i
p

3

2
= exp(2πi /3).

Adjusted Jacobsthal-Padovan sequence {Kn}n≥0 (OEIS: A159287, [3.8]), Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas)
sequence {Ln}n≥0 (OEIS: A072328, [3]), Jacobsthal-Padovan sequence {Qn}n≥0 (OEIS: A159284, [3]), and modified
Jacobsthal-Padovan sequence {Mn}n≥0 are defined, respectively, by the third-order recurrence relations

Kn+3 = Kn+1 +2Kn , K0 = 0,K1 = 1,K2 = 0, (33)

Ln+3 = Ln+1 +2Ln , L0 = 3,L1 = 0,L2 = 2, (34)

Qn+3 = Qn+1 +2Qn , Q0 = 1,Q1 = 1,Q2 = 1. (35)

The sequences {Qn}n≥0, {Ln}n≥0, and {Kn}n≥0 can be extended to negative subscripts by defining

K−n = −1

2
K−(n−1) + 1

2
K−(n−3),

L−n = −1

2
L−(n−1) + 1

2
L−(n−3),

Q−n = −1

2
Q−(n−1) + 1

2
Q−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (33)-(35) hold for all integer n.
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Note that for all integers n, adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas), Jacobsthal-
Padovan, and modified Jacobsthal-Padovan numbers can be expressed using Binet’s formulas as

Kn = 1

(α−β)(α−γ)
αn+1 + 1

(β−α)(β−γ)
βn+1 + 1

(γ−α)(γ−β)
γn+1,

Ln = αn +βn +γn ,

Qn = (α+1)

(α−β)(α−γ)
αn+1 + (β+1)

(β−α)(β−γ)
βn+1 + (γ+1)

(γ−α)(γ−β)
γn+1,

respectively, see Soykan [14] for more details.
Next, we present sum formulas of generalized Jacobsthal-Padovan numbers

Theorem 2.5.
For n ≥ 0, we have the following sum formulas for generalized Jacobsthal-Padovan numbers:

(a)
n∑

k=0
Wk = 1

2 (Wn+2 +Wn+1 +2Wn −W2 −W1).

(b)
n∑

k=0
W2k = 1

2 (W2n+1 +2W2n −W1).

(c)
n∑

k=0
W2k+1 = 1

2 (W2n+2 +2W2n+1 −W2).

(d)
n∑

k=0
W−k = 1

2 (−W−n+2 −W−n+1 +W2 +W1 +2W0).

(e)
n∑

k=0
W−2k = 1

2 (−W−2n−1 −2W−2n−2 +W1 +2W0).

(f )
n∑

k=0
W−2k+1 = 1

2 (−W−2n −2W−2n−1 +W2 +2W1).

Proof.

(a) Use Theorem 1.1 (a) (i) with z = 1.

(b) Use Theorem 1.1 (b) (i) with z = 1.

(c) Use Theorem 1.1 (c) (i) with z = 1.

(d) Use Theorem 1.1 (d) (i) with z = 1.

(e) Use Theorem 1.1 (e) (i) with z = 1.

(f ) Use Theorem 1.1 (f) (i) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of adjusted Jacobsthal-Padovan
numbers (take Wn = Kn with K0 = 0,K1 = 1,K2 = 0).

Corollary 2.26.
For n ≥ 0, adjusted Jacobsthal-Padovan numbers have the following properties.

(a)
n∑

k=0
Kk = 1

2 (Kn+2 +Kn+1 +2Kn −1).

(b)
n∑

k=0
K2k = 1

2 (K2n+1 +2K2n −1).

(c)
n∑

k=0
K2k+1 = 1

2 (K2n+2 +2K2n+1).

(d)
n∑

k=0
K−k = 1

2 (−K−n+2 −K−n+1 +1).

(e)
n∑

k=0
K−2k = 1

2 (−K−2n−1 −2K−2n−2 +1).
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(f )
n∑

k=0
K−2k+1 = 1

2 (−K−2n −2K−2n−1 +2).

Taking Wn = Ln with L0 = 3,L1 = 0,L2 = 2 in the last Theorem, we have the following Corollary which gives sum
formulas of Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas) numbers.

Corollary 2.27.
For n ≥ 0, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas) numbers have the following properties:

(a)
n∑

k=0
Lk = 1

2 (Ln+2 +Ln+1 +2Ln −2).

(b)
n∑

k=0
L2k = 1

2 (L2n+1 +2L2n).

(c)
n∑

k=0
L2k+1 = 1

2 (L2n+2 +2L2n+1 −2).

(d)
n∑

k=0
L−k = 1

2 (−L−n+2 −L−n+1 +8).

(e)
n∑

k=0
L−2k = 1

2 (−L−2n−1 −2L−2n−2 +6).

(f )
n∑

k=0
L−2k+1 = 1

2 (−L−2n −2L−2n−1 +2).

From the last Theorem, we have the following Corollary which gives sum formulas of Jacobsthal-Padovan numbers
(take Wn =Qn with Q0 = 1,Q1 = 1,Q2 = 1).

Corollary 2.28.
For n ≥ 0, Jacobsthal-Padovan numbers have the following properties.

(a)
n∑

k=0
Qk = 1

2 (Qn+2 +Qn+1 +2Qn −2).

(b)
n∑

k=0
Q2k = 1

2 (Q2n+1 +2Q2n −1).

(c)
n∑

k=0
Q2k+1 = 1

2 (Q2n+2 +2Q2n+1 −1).

(d)
n∑

k=0
Q−k = 1

2 (−Q−n+2 −Q−n+1 +4).

(e)
n∑

k=0
Q−2k = 1

2 (−Q−2n−1 −2Q−2n−2 +3).

(f )
n∑

k=0
Q−2k+1 = 1

2 (−Q−2n −2Q−2n−1 +3).

Next, we give the ordinary generating function of special cases of the generalized Jacobsthal-Padovan numbers
{Wmn+ j }.

Corollary 2.29.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.657298).

∞∑
n=0

Wn zn = (W2 −W0) z2 +W1z +W0

1− z2 −2z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.432040).

∞∑
n=0

W2n zn = (W0 +2W1 −W2) z2 + (W2 −2W0) z +W0

1−2z + z2 −4z3 .
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(c) (m = 2, j = 1, |z| < |α|−2 ' 0.432040).

∞∑
n=0

W2n+1zn = −2z2 (W0 −W2)− z (W1 −2W0)+W1

1−2z + z2 −4z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣' 1.146558)

∞∑
n=0

W−n zn = W1z2 +W2z +2W0

2+ z − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 1.314596).

∞∑
n=0

W−2n zn = W2z2 + (2W1 −W2) z +4W0

4− z +2z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 1.314596).

∞∑
n=0

W−2n+1zn = (2W0 +W1) z2 + (2W2 −W1 −2W0) z +4W1

4− z +2z2 − z3 .

Proof. Set r = 0, s = 1 and t = 2 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 2.30.
The ordinary generating functions of special cases of the generalized Jacobsthal-Padovan numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.657298).

∞∑
n=0

Kn zn = z

1− z2 −2z3 ,

∞∑
n=0

Ln zn = −z2 +3

1− z2 −2z3 ,

∞∑
n=0

Qn zn = z +1

1− z2 −2z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.432040).

∞∑
n=0

K2n zn = 2z2

1−2z + z2 −4z3 ,

∞∑
n=0

L2n zn = z2 −4z +3

1−2z + z2 −4z3 ,

∞∑
n=0

Q2n zn = 2z2 − z +1

1−2z + z2 −4z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.432040).

∞∑
n=0

K2n+1zn = −z +1

1−2z + z2 −4z3 ,

∞∑
n=0

L2n+1zn = −2z2 +6z

1−2z + z2 −4z3 ,

∞∑
n=0

Q2n+1zn = z +1

1−2z + z2 −4z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣' 1.146558)

∞∑
n=0

K−n zn = z2

2+ z − z3 ,

∞∑
n=0

L−n zn = 2z +6

2+ z − z3 ,

∞∑
n=0

Q−n zn = z2 + z +2

2+ z − z3 .
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(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 1.314596).

∞∑
n=0

K−2n zn = 2z

4− z +2z2 − z3 ,

∞∑
n=0

L−2n zn = 2z2 −2z +12

4− z +2z2 − z3 ,

∞∑
n=0

Q−2n zn = z2 + z +4

4− z +2z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 1.314596).

∞∑
n=0

K−2n+1zn = z2 − z +4

4− z +2z2 − z3 ,

∞∑
n=0

L−2n+1zn = 6z2 −2z

4− z +2z2 − z3 ,

∞∑
n=0

Q−2n+1zn = 3z2 − z +4

4− z +2z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.31.
We have the following infinite sums .

(a) z = 1
2 .

∞∑
n=0

Kn

2n = 1,

∞∑
n=0

Ln

2n = 11

2
,

∞∑
n=0

Qn

2n = 3.

(b) z = 1
4 .

∞∑
n=0

K2n

4n = 1

4
,

∞∑
n=0

L2n

4n = 33

8
,

∞∑
n=0

Q2n

4n = 7

4
.

(c) z = 1
4 .

∞∑
n=0

K2n+1

4n = 3

2
,

∞∑
n=0

L2n+1

4n = 11

4
,

∞∑
n=0

Q2n+1

4n = 5

2
.

(d) z = 1.

∞∑
n=0

K−n = 1

2
,

∞∑
n=0

L−n = 4,

∞∑
n=0

Q−n = 2.
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(e) z = 1.

∞∑
n=0

K−2n = 1

2
,

∞∑
n=0

L−2n = 3,

∞∑
n=0

Q−2n = 3

2
.

(f ) z = 1.

∞∑
n=0

K−2n+1 = 1,

∞∑
n=0

L−2n+1 = 1,

∞∑
n=0

Q−2n+1 = 3

2
.

2.6. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Narayana Num-

bers

In this subsection, we consider the case r = 1, s = 0 and t = 1. A generalized Narayana sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn =Wn−1 +Wn−3 (36)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−W−(n−2) +W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (5) holds for all integer n. For more information on Narayana sequence, see
Soykan [3.8].

Binet formula of generalized Narayana numbers can be given as

Wn = b1α
n

(α−β)(α−γ)
+ b2β

n

(β−α)(β−γ)
+ b3γ

n

(γ−α)(γ−β)

where

b1 =W2 − (β+γ)W1 +βγW0, b2 =W2 − (α+γ)W1 +αγW0, b3 =W2 − (α+β)W1 +αβW0. (37)

Here, α,β and γ are the roots of the cubic equation x3 −x2 −1 = 0.
Moreover

α = 1

3
+

(
29

54
+

√
31

108

)1/3

+
(

29

54
−

√
31

108

)1/3

β = 1

3
+ω

(
29

54
+

√
31

108

)1/3

+ω2

(
29

54
−

√
31

108

)1/3

γ = 1

3
+ω2

(
29

54
+

√
31

108

)1/3

+ω
(

29

54
−

√
31

108

)1/3

where

ω= −1+ i
p

3

2
= exp(2πi /3).

Narayana sequence{Nn}n≥0 (OEIS: A000930, [3]]) and Narayana-Lucas sequence {Un}n≥0 (OEIS: A001609, [3]) are
defined, respectively, by the third-order recurrence relations

Nn+3 = Nn+2 +Nn , N0 = 0, N1 = 1, N2 = 1, (38)

Un+3 = Un+2 +Un , U0 = 3,U1 = 1,U2 = 1. (39)
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The sequences {Nn}n≥0 and {Un}n≥0 can be extended to negative subscripts by defining

N−n = −N−(n−2) +N−(n−3),

U−n = −U−(n−2) +U−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (38)- (39) hold for all integer n. For more information on general-
ized Narayana numbers, see Soykan [13].

Binet’s formulas of Narayana and Narayana-Lucas numbers, respectively, are

Nn = αn+1

(α−β)(α−γ)
+ βn+1

(β−α)(β−γ)
+ γn+1

(γ−α)(γ−β)
,

Un = αn +βn +γn .

Next, we present sum formulas of generalized Narayana numbers

Theorem 2.6.
For n ≥ 0, We have the following sum formulas for generalized Narayana numbers:

(a)
n∑

k=0
Wk =Wn+2 +Wn −W2.

(b)
n∑

k=0
W2k = 1

3 (W2n+2 +W2n+1 +2W2n −W2 −W1 +W0).

(c)
n∑

k=0
W2k+1 = 1

3 (2W2n+2 +2W2n+1 +W2n −2W2 +W1 −W0).

(d)
n∑

k=0
W−k =−W−n+2 +W2 +W0.

(e)
n∑

k=0
W−2k = 1

3 (−W−2n −W−2n−1 −2W−2n−2 +W2 +W1 +2W0).

(f )
n∑

k=0
W−2k+1 = 1

3 (−2W−2n −2W−2n−1 −W−2n−2 +2W2 +2W1 +W0).

Proof.

(a) Use Theorem 1.1 (a) (i) with z = 1.

(b) Use Theorem 1.1 (b) (i) with z = 1.

(c) Use Theorem 1.1 (c) (i) with z = 1.

(d) Use Theorem 1.1 (d) (i) with z = 1.

(e) Use Theorem 1.1 (e) (i) with z = 1.

(f ) Use Theorem 1.1 (f) (i) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of Narayana numbers (take
Wn = Nn with N0 = 0, N1 = 1, N2 = 1).

Corollary 2.32.
For n ≥ 0, Narayana numbers have the following properties.

(a)
n∑

k=0
Nk = Nn+2 +Nn −1.

(b)
n∑

k=0
N2k = 1

3 (N2n+2 +N2n+1 +2N2n −2).

(c)
n∑

k=0
N2k+1 = 1

3 (2N2n+2 +2N2n+1 +N2n −1).

(d)
n∑

k=0
N−k =−N−n+2 +N2.
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(e)
n∑

k=0
N−2k = 1

3 (−N−2n −N−2n−1 −2N−2n−2 +2).

(f )
n∑

k=0
N−2k+1 = 1

3 (−2N−2n −2N−2n−1 −N−2n−2 +4).

Taking Wn =Un with U0 = 3,U1 = 1,U2 = 1 in the last Theorem, we have the following Corollary which gives sum
formulas of Narayana-Lucas numbers.

Corollary 2.33.
For n ≥ 0, Narayana-Lucas numbers have the following properties:

(a)
n∑

k=0
Uk =Un+2 +Un −1.

(b)
n∑

k=0
U2k = 1

3 (U2n+2 +U2n+1 +2U2n +1).

(c)
n∑

k=0
U2k+1 = 1

3 (2U2n+2 +2U2n+1 +U2n −4).

(d)
n∑

k=0
U−k =−U−n+2 +U2 +3.

(e)
n∑

k=0
U−2k = 1

3 (−U−2n −U−2n−1 −2U−2n−2 +8).

(f )
n∑

k=0
U−2k+1 = 1

3 (−2U−2n −2U−2n−1 −U−2n−2 +7).

Next, we give the ordinary generating function of special cases of the generalized Narayana numbers {Wmn+ j }.

Corollary 2.34.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.682327).

∞∑
n=0

Wn zn = (W2 −W1) z2 + (W1 −W0) z +W0

1− z − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.465571).

∞∑
n=0

W2n zn = (W1 −W0) z2 + (W2 −W0) z +W0

1− z −2z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.465571).

∞∑
n=0

W2n+1zn = (W2 −W1) z2 + (W0 −W1 +W2) z +W1

1− z −2z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣' 0.826031)

∞∑
n=0

W−n zn = W1z2 + (W2 −W1) z +W0

1+ z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.682327).

∞∑
n=0

W−2n zn = W2z2 + (W0 +W1) z +W0

1+2z + z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.682327).

∞∑
n=0

W−2n+1zn = (W0 +W2) z2 + (W1 +W2) z +W1

1+2z + z2 − z3 .
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Proof. Set r = 1, s = 0 and t = 1 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 2.35.
The ordinary generating functions of special cases of the generalized Narayana numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.682327).

∞∑
n=0

Nn zn = z

1− z − z3 ,

∞∑
n=0

Un zn = −2z +3

1− z − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.465571)

∞∑
n=0

N2n zn = z2 + z

1− z −2z2 − z3 ,

∞∑
n=0

U2n zn = −2z2 −2z +3

1− z −2z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.465571)

∞∑
n=0

N2n+1zn = 1

1− z −2z2 − z3 ,

∞∑
n=0

U2n+1zn = 3z +1

1− z −2z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣' 0.826031)

∞∑
n=0

N−n zn = z2

1+ z2 − z3 ,

∞∑
n=0

U−n zn = z2 +3

1+ z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.682327).

∞∑
n=0

N−2n zn = z2 + z

1+2z + z2 − z3 ,

∞∑
n=0

U−2n zn = z2 +4z +3

1+2z + z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 0.682327).

∞∑
n=0

N−2n+1zn = z2 +2z +1

1+2z + z2 − z3 ,

∞∑
n=0

U−2n+1zn = 4z2 +2z +1

1+2z + z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.36.
We have the following infinite sums .

(a) z = 1
2 .

∞∑
n=0

Nn

2n = 4

3
,

∞∑
n=0

Un

2n = 16

3
.
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(b) z = 1
4 .

∞∑
n=0

N2n

4n = 20

39
,

∞∑
n=0

U2n

4n = 152

39
.

(c) z = 1
4 .

∞∑
n=0

N2n+1

4n = 64

39
,

∞∑
n=0

U2n+1

4n = 112

39
.

(d) z = 1
2 .

∞∑
n=0

N−n

2n = 2

9
,

∞∑
n=0

U−n

2n = 26

9
.

(e) z = 1
2 .

∞∑
n=0

N−2n

2n = 6

17
,

∞∑
n=0

U−2n

2n = 42

17
.

(f ) z = 1
2 .

∞∑
n=0

N−2n+1

2n = 18

17
,

∞∑
n=0

U−2n+1

2n = 24

17
.

2.7. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Func-

tions
∑∞

n=0 Wn zn ,
∑∞

n=0 W2n zn ,
∑∞

n=0 W2n+1zn ,
∑∞

n=0 W−n zn ,
∑∞

n=0 W−2n zn ,
∑∞

n=0 W−2n+1zn of Generalized
Third Order Jacobsthal Numbers

In this subsection, we consider the case r = 1, s = 1 and t = 2. A generalized third order Jacobsthal sequence
{Wn}n≥0 = {Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn =Wn−1 +Wn−2 +2Wn−3 (40)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−1

2
W−(n−1) − 1

2
W−(n−2) + 1

2
W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (5) holds for all integer n. For more information on generalized third order
Jacobsthal sequence, see Soykan [17].

Binet formula of generalized third order Jacobsthal numbers can be given as

Wn = b1α
n

(α−β)(α−γ)
+ b2β

n

(β−α)(β−γ)
+ b3γ

n

(γ−α)(γ−β)

where

b1 =W2 − (β+γ)W1 +βγW0, b2 =W2 − (α+γ)W1 +αγW0, b3 =W2 − (α+β)W1 +αβW0. (41)
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Here, α,β and γare the roots of the cubic equation x3 −x2 −x −2 = 0. Moreover

α = 2,

β = −1+ i
p

3

2
,

γ = −1− i
p

3

2
.

Third-order Jacobsthal sequence {Jn}n≥0 (OEIS: A077947, [3]), modified third-order Jacobsthal sequence {Kn}n≥0

(OEIS: A186575, [3]) and third-order Jacobsthal-Lucas sequence { jn}n≥0 (OEIS: A226308, [3]) are defined, respectively,
by the third-order recurrence relations

Jn+3 = Jn+2 + Jn+1 +2Jn , J0 = 0, J1 = 1, J2 = 1, (42)

Kn+3 = Kn+2 +Kn+1 +2Kn , K0 = 3,K1 = 1,K2 = 3. (43)

jn+3 = jn+2 + jn+1 +2 jn , j0 = 2, j1 = 1, j2 = 5, (44)

The sequences {Jn}n≥0 and { jn}n≥0 are defined in [2] and {Kn}n≥0 is given in [1]. For more details on the generalized
third-order Jacobsthal numbers and its special cases, see [17].

The sequences {Jn}n≥0, {Kn}n≥0 and { jn}n≥0 can be extended to negative subscripts by defining

J−n = −1

2
J−(n−1) − 1

2
J−(n−2) + 1

2
J−(n−3),

K−n = −1

2
K−(n−1) − 1

2
K−(n−2) + 1

2
K−(n−3),

j−n = −1

2
j−(n−1) − 1

2
j−(n−2) + 1

2
j−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (42)-(44) hold for all integer n.
Note that for all integers n, third-order Jacobsthal, modified third-order Jacobsthal and third-order Jacobsthal-

Lucas numbers can be expressed using Binet’s formulas as

Jn = αn+1

(α−β)(α−γ)
+ βn+1

(β−α)(β−γ)
+ γn+1

(γ−α)(γ−β)
, (45)

Kn = αn +βn +γn , (46)

jn = (2α2 −α+2)αn

(α−β)(α−γ)
+ (2β2 −β+2)βn

(β−α)(β−γ)
+ (2γ2 −γ+2)γn

(γ−α)(γ−β)
, (47)

respectively.
Next, we present sum formulas of generalized third order Jacobsthal numbers

Theorem 2.7.
For n ≥ 0, We have the following sum formulas for generalized third order Jacobsthal numbers:

(a)
n∑

k=0
Wk = 1

3 (Wn+2 +2Wn −W2 +W0).

(b)
n∑

k=0
W2k = 1

3 (W2n+1 +2W2n −W1 +W0).

(c)
n∑

k=0
W2k+1 = 1

3 (W2n+2 +2W2n+1 −W2 +W1).

(d)
n∑

k=0
W−k = 1

3 (−W−n+2 +W−n +W2 +2W0).

(e)
n∑

k=0
W−2k = 1

3 (−W−2n−1 −2W−2n−2 +W1 +2W0).

(f )
n∑

k=0
W−2k+1 = 1

3 (−W−2n −2W−2n−1 +W2 +2W1).

Proof.

(a) Use Theorem 1.1 (a) (i) with z = 1.
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(b) Use Theorem 1.1 (b) (i) with z = 1.

(c) Use Theorem 1.1 (c) (i) with z = 1.

(d) Use Theorem 1.1 (d) (i) with z = 1.

(e) Use Theorem 1.1 (e) (i) with z = 1.

(f ) Use Theorem 1.1 (f) (i) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of third-order Jacobsthal num-
bers (take Wn = Jn with J0 = 0, J1 = 1, J2 = 1).

Corollary 2.37.
For n ≥ 0, third-order Jacobsthal numbers have the following properties.

(a)
n∑

k=0
Jk = 1

3 (Jn+2 +2Jn −1).

(b)
n∑

k=0
J2k = 1

3 (J2n+1 +2J2n −1).

(c)
n∑

k=0
J2k+1 = 1

3 (J2n+2 +2J2n+1).

(d)
n∑

k=0
J−k = 1

3 (−J−n+2 + J−n +1).

(e)
n∑

k=0
J−2k = 1

3 (−J−2n−1 −2J−2n−2 +1).

(f )
n∑

k=0
J−2k+1 = 1

3 (−J−2n −2J−2n−1 +3).

Taking Wn = Kn with K0 = 3,K1 = 1,K2 = 3 in the last Theorem, we have the following Corollary which gives sum
formulas of modified third-order Jacobsthal numbers.

Corollary 2.38.
For n ≥ 0, modified third-order Jacobsthal numbers have the following properties:

(a)
n∑

k=0
Kk = 1

3 (Kn+2 +2Kn).

(b)
n∑

k=0
K2k = 1

3 (K2n+1 +2K2n +2).

(c)
n∑

k=0
K2k+1 = 1

3 (K2n+2 +2K2n+1 −2).

(d)
n∑

k=0
K−k = 1

3 (−K−n+2 +K−n +9).

(e)
n∑

k=0
K−2k = 1

3 (−K−2n−1 −2K−2n−2 +7).

(f )
n∑

k=0
K−2k+1 = 1

3 (−K−2n −2K−2n−1 +5).

From the last Theorem, we have the following Corollary which gives sum formulas of third-order Jacobsthal-Lucas
numbers (take Wn = jn with j0 = 2, j1 = 1, j2 = 5).

Corollary 2.39.
For n ≥ 0, third-order Jacobsthal-Lucas numbers have the following properties.

(a)
n∑

k=0
jk = 1

3 ( jn+2 +2 jn −3).
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(b)
n∑

k=0
j2k = 1

3 ( j2n+1 +2 j2n +1).

(c)
n∑

k=0
j2k+1 = 1

3 ( j2n+2 +2 j2n+1 −4).

(d)
n∑

k=0
j−k = 1

3 (− j−n+2 + j−n +9).

(e)
n∑

k=0
j−2k = 1

3 (− j−2n−1 −2 j−2n−2 +5).

(f )
n∑

k=0
j−2k+1 = 1

3 (− j−2n −2 j−2n−1 +7).

Next, we give the ordinary generating function of special cases of the generalized third-order Jacobsthal numbers
{Wmn+ j }.

Corollary 2.40.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 = 1
2 ).

∞∑
n=0

Wn zn = (W2 −W1 −W0) z2 + (W1 −W0) z +W0

1− z − z2 −2z3 .

(b) (m = 2, j = 0, |z| < |α|−2 = 1
4 ).

∞∑
n=0

W2n zn = (3W1 −W0 −W2) z2 + (W2 −3W0) z +W0

1−3z −3z2 −4z3 .

(c) (m = 2, j = 1, |z| < |α|−2 = 1
4 ).

∞∑
n=0

W2n+1zn = 2(W2 −W1 −W0)z2 + (W2 −2W1 +2W0) z +W1

1−3z −3z2 −4z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣= 1).

∞∑
n=0

W−n zn = W1z2 + (W2 −W1) z +2W0

2+ z + z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1)

∞∑
n=0

W−2n zn = W2z2 + (2W0 +3W1 −W2) z +4W0

4+3z +3z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

W−2n+1zn = (2W0 +W1 +W2) z2 + (W1 −2W0 +2W2) z +4W1

4+3z +3z2 − z3 .

Proof. Set r = 1, s = 1 and t = 2 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 2.41.
The ordinary generating functions of special cases of the generalized third-order Jacobsthal numbers are given as follows:
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(a) (m = 1, j = 0, |z| < |α|−1 = 1
2 ).

∞∑
n=0

Jn zn = z

1− z − z2 −2z3 ,

∞∑
n=0

Kn zn = −z2 −2z +3

1− z − z2 −2z3 ,

∞∑
n=0

jn zn = 2z2 − z +2

1− z − z2 −2z3 .

(b) (m = 2, j = 0, |z| < |α|−2 = 1
4 ).

∞∑
n=0

J2n zn = 2z2 + z

1−3z −3z2 −4z3 ,

∞∑
n=0

K2n zn = −3z2 −6z +3

1−3z −3z2 −4z3 ,

∞∑
n=0

j2n zn = −4z2 − z +2

1−3z −3z2 −4z3 .

(c) (m = 2, j = 1, |z| < |α|−2 = 1
4 ).

∞∑
n=0

J2n+1zn = −z +1

1−3z −3z2 −4z3 ,

∞∑
n=0

K2n+1zn = −2z2 +7z +1

1−3z −3z2 −4z3 ,

∞∑
n=0

j2n+1zn = 4z2 +7z +1

1−3z −3z2 −4z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣= 1).

∞∑
n=0

J−n zn = z2

2+ z + z2 − z3 ,

∞∑
n=0

K−n zn = z2 +2z +6

2+ z + z2 − z3 ,

∞∑
n=0

j−n zn = z2 +4z +4

2+ z + z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

J−2n zn = z2 +2z

4+3z +3z2 − z3 ,

∞∑
n=0

K−2n zn = 3z2 +6z +12

4+3z +3z2 − z3 ,

∞∑
n=0

j−2n zn = 5z2 +2z +8

4+3z +3z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

J−2n+1zn = 2z2 +3z +4

4+3z +3z2 − z3 ,

∞∑
n=0

K−2n+1zn = 10z2 + z +4

4+3z +3z2 − z3 ,

∞∑
n=0

j−2n+1zn = 10z2 +7z +4

4+3z +3z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.
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Corollary 2.42.
We have the following infinite sums .

(a) z = 1
4 .

∞∑
n=0

Jn

4n = 8

21
,

∞∑
n=0

Kn

4n = 26

7
,

∞∑
n=0

jn

4n = 20

7
.

(b) z = 1
8

∞∑
n=0

J2n

8n = 20

73
,

∞∑
n=0

K2n

8n = 282

73
,

∞∑
n=0

j2n

8n = 232

73
.

(c) z = 1
8 .

∞∑
n=0

J2n+1

8n = 112

73
,

∞∑
n=0

K2n+1

8n = 236

73
,

∞∑
n=0

j2n+1

8n = 248

73
.

(d) z = 1
2 .

∞∑
n=0

J−n

2n = 2

21
,

∞∑
n=0

K−n

2n = 58

21
,

∞∑
n=0

j−n

2n = 50

21
.

(e) z = 1
2 .

∞∑
n=0

J−2n

2n = 10

49
,

∞∑
n=0

K−2n

2n = 18

7
,

∞∑
n=0

j−2n

2n = 82

49
.

(f ) z = 1
2 .

∞∑
n=0

J−2n+1

2n = 48

49
,

∞∑
n=0

K−2n+1

2n = 8

7
,

∞∑
n=0

j−2n+1

2n = 80

49
.
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2.8. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Graham Num-

bers

In this subsection, we consider the case r = 2, s = 3 and t = 5. A generalized Graham sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relation

Wn = 2Wn−1 +3Wn−2 +5Wn−3 (48)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−3

5
W−(n−1) − 2

5
W−(n−2) + 1

5
W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (48) holds for all integer n. For more information on generalized Graham num-
bers, see Soykan [20].

Binet formula of generalized Graham numbers can be given as

Wn = b1α
n

(α−β)(α−γ)
+ b2β

n

(β−α)(β−γ)
+ b3γ

n

(γ−α)(γ−β)

where

b1 =W2 − (β+γ)W1 +βγW0, b2 =W2 − (α+γ)W1 +αγW0, b3 =W2 − (α+β)W1 +αβW0. (49)

Here, α,β and γare the roots of the cubic equation x3 −2x2 −3x −5 = 0. Moreover

α = 2

3
+

(
205

54
+

√
1231

108

)1/3

+
(

205

54
−

√
1231

108

)1/3

β = 2

3
+ω

(
205

54
+

√
1231

108

)1/3

+ω2

(
205

54
−

√
1231

108

)1/3

γ = 2

3
+ω2

(
205

54
+

√
1231

108

)1/3

+ω
(

205

54
−

√
1231

108

)1/3

where

ω= −1+ i
p

3

2
= exp(2πi /3)

Now we define two special cases of the sequence {Wn}. Graham sequence {Gn}n≥0 and Graham-Lucas sequence
{Hn}n≥0 are defined, respectively, by the third-order recurrence relations

Gn+3 = 2Gn+2 +3Gn+1 +5Gn , G0 = 0,G1 = 1,G2 = 2, (50)

Hn+3 = 2Hn+2 +3Hn+1 +5Hn , H0 = 3, H1 = 2, H2 = 10, (51)

The sequences {Gn}n≥0 and {Hn}n≥0 can be extended to negative subscripts by defining

G−n = −3

5
G−(n−1) − 2

5
G−(n−2) + 1

5
G−(n−3),

H−n = −3

5
H−(n−1) − 2

5
H−(n−2) + 1

5
H−(n−3)

for n = 1,2,3, ... respectively. Therefore, recurrences (50) and (51) hold for all integer n.For all integers n, Graham and
Graham-Lucas numbers can be expressed using Binet’s formulas as

Gn = αn+1

(α−β)(α−γ)
+ βn+1

(β−α)(β−γ)
+ γn+1

(γ−α)(γ−β)
,

Hn = αn +βn +γn ,

respectively.
Next, we present sum formulas of generalized Graham numbers
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Theorem 2.8.
For n ≥ 0, We have the following sum formulas for generalized Graham numbers:

(a)
n∑

k=0
Wk = 1

9 (Wn+2 −Wn+1 +5Wn −W2 +W1 +4W0).

(b)
n∑

k=0
W2k = 1

45 (−2W2n+2 +11W2n+1 +35W2n +2W2 −11W1 +10W0).

(c)
n∑

k=0
W2k+1 = 1

45 (7W2n+2 +29W2n+1 −10W2n −7W2 +16W1 +10W0).

(d)
n∑

k=0
W−k = 1

9 (−W−n+2 +W−n+1 +4W−n +W2 −W1 +5W0).

(e)
n∑

k=0
W−2k = 1

45 (2W−2n −11W−2n−1 −35W−2n−2 −2W2 +11W1 +35W0).

(f )
n∑

k=0
W−2k+1 = 1

45 (−7W−2n −29W−2n−1 +10W−2n−2 +7W2 +29W1 −10W0).

Proof.

(a) Use Theorem 1.1 (a) (i) with z = 1.

(b) Use Theorem 1.1 (b) (i) with z = 1.

(c) Use Theorem 1.1 (c) (i) with z = 1.

(d) Use Theorem 1.1 (d) (i) with z = 1.

(e) Use Theorem 1.1 (e) (i) with z = 1.

(f ) Use Theorem 1.1 (f) (i) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of Graham numbers (take Wn =
Gn with G0 = 0,G1 = 1,G2 = 2).

Corollary 2.43.
For n ≥ 0, Graham numbers have the following properties.

(a)
n∑

k=0
Gk = 1

9 (Gn+2 −Gn+1 +5Gn −1).

(b)
n∑

k=0
G2k = 1

45 (−2G2n+2 +11G2n+1 +35G2n −7).

(c)
n∑

k=0
G2k+1 = 1

45 (7G2n+2 +29G2n+1 −10G2n +2).

(d)
n∑

k=0
G−k = 1

9 (−G−n+2 +G−n+1 +4G−n +1).

(e)
n∑

k=0
G−2k = 1

45 (2G−2n −11G−2n−1 −35G−2n−2 +7).

(f )
n∑

k=0
G−2k+1 = 1

45 (−7G−2n −29G−2n−1 +10G−2n−2 +43).

Taking Wn = Hn with H0 = 3, H1 = 2, H2 = 10 in the last Theorem, we have the following Corollary which gives sum
formulas of Graham-Lucas numbers.

Corollary 2.44.
For n ≥ 0, Graham-Lucas numbers have the following properties:

(a)
n∑

k=0
Hk = 1

9 (Hn+2 −Hn+1 +5Hn +4).
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(b)
n∑

k=0
H2k = 1

45 (−2H2n+2 +11H2n+1 +35H2n +28).

(c)
n∑

k=0
H2k+1 = 1

45 (7H2n+2 +29H2n+1 −10H2n −8).

(d)
n∑

k=0
H−k = 1

9 (−H−n+2 +H−n+1 +4H−n +23).

(e)
n∑

k=0
H−2k = 1

45 (2H−2n −11H−2n−1 −35H−2n−2 +107).

(f )
n∑

k=0
H−2k+1 = 1

45 (−7H−2n −29H−2n−1 +10H−2n−2 +98).

Next, we give the ordinary generating function of special cases of the generalized Graham numbers {Wmn+ j }.

Corollary 2.45.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.299027).

∞∑
n=0

Wn zn = (W2 −2W1 −3W0) z2 + (W1 −2W0) z +W0

1−2z −3z2 −5z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.089417).

∞∑
n=0

W2n zn = (11W1 −W0 −3W2) z2 + (W2 −10W0) z +W0

1−10z −11z2 −25z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.089417).

∞∑
n=0

W2n+1zn = 5(W2 −2W1 −3W0)z2 + (2W2 −7W1 +5W0) z +W1

1−10z −11z2 −25z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣' 1.222758).

∞∑
n=0

W−n zn = W1z2 + (W2 −2W1) z +5W0

5+3z +2z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 1.495138).

∞∑
n=0

W−2n zn = W2z2 + (10W0 +11W1 −3W2) z +25W0

25+11z +10z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 1.495138).

∞∑
n=0

W−2n+1zn = (5W0 +3W1 +2W2) z2 + (W1 −15W0 +5W2) z +25W1

25+11z +10z2 − z3 .

Proof. Set r = 2, s = 3 and t = 5 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 2.46.
The ordinary generating functions of special cases of the generalized Graham numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.299027).

∞∑
n=0

Gn zn = z

1−2z −3z2 −5z3 ,

∞∑
n=0

Hn zn = −3z2 −4z +3

1−2z −3z2 −5z3 .
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(b) (m = 2, j = 0, |z| < |α|−2 ' 0.089417).

∞∑
n=0

G2n zn = 5z2 +2z

1−10z −11z2 −25z3 ,

∞∑
n=0

H2n zn = −11z2 −20z +3

1−10z −11z2 −25z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.089417).

∞∑
n=0

G2n+1zn = −3z +1

1−10z −11z2 −25z3 ,

∞∑
n=0

H2n+1zn = −15z2 +21z +2

1−10z −11z2 −25z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣' 1.222758).

∞∑
n=0

G−n zn = z2

5+3z +2z2 − z3 ,

∞∑
n=0

H−n zn = 2z2 +6z +15

5+3z +2z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 1.495138).

∞∑
n=0

G−2n zn = 2z2 +5z

25+11z +10z2 − z3 ,

∞∑
n=0

H−2n zn = 10z2 +22z +75

25+11z +10z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 ' 1.495138).

∞∑
n=0

G−2n+1zn = 7z2 +11z +25

25+11z +10z2 − z3 ,

∞∑
n=0

H−2n+1zn = 41z2 +7z +50

25+11z +10z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 2.47.
We have the following infinite sums .

(a) z = 1
4 .

∞∑
n=0

Gn

4n = 16

15
,

∞∑
n=0

Hn

4n = 116

15
.

(b) z = 1
16 .

∞∑
n=0

G2n

16n = 592

1335
,

∞∑
n=0

H2n

16n = 6992

1335
.

(c) z = 1
16 .

∞∑
n=0

G2n+1

16n = 3328

1335
,

∞∑
n=0

H2n+1

16n = 13328

1335
.
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(d) z = 1.

∞∑
n=0

G−n = 1

9
,

∞∑
n=0

H−n = 23

9
.

(e) z = 1.

∞∑
n=0

G−2n = 7

45
,

∞∑
n=0

H−2n = 107

45
.

(f ) z = 1.

∞∑
n=0

G−2n+1 = 43

45
,

∞∑
n=0

H−2n+1 = 98

45
.

3. The Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating

Functions of Special Cases of Generalized Fibonacci Polynomials/Numbers: Second Group

In this section, we present special cases of sum formulas
∑n

k=0 Wmk+ j and generating functions
∑∞

n=0 Wmn+ j zn

for special cases of generalized Tribonacci polynomials, namely, generalized Leonardo numbers, generalized Ernst
numbers, generalized Edouard numbers, generalized John numbers, generalized Pisano numbers, generalized Bigollo
numbers, generalized Guglielmo numbers, generalized Woodall numbers. Moreover, we evaluate the infinite sums of
special cases of generalized Tribonacci numbers.

3.1. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Leonardo Num-

bers

In this subsection, we consider the case r = 2, s = 0, t = −1. A generalized Leonardo sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn = 2Wn−1 −Wn−3 (52)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = 2W−(n−2) −W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (52) holds for all integer n. For more information on generalized Leonardo
numbers, see Soykan [4].

Binet formula of generalized Leonardo numbers can be given as

Wn = z1α
n

(α−β)(α−γ)
+ z2β

n

(β−α)(β−γ)
+ z3γ

n

(γ−α)(γ−β)
(53)

= z1α
n+1 − z2β

n+1(
α−β) − z3

where

z1 = W2 − (2−α)W1 + (1−α)W0, (54)

z2 = W2 − (2−β)W1 + (1−β)W0, (55)

z3 = W2 −W1 −W0. (56)
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Here, α,β and γ are the roots of the cubic equation

x3 −2x2 +1 = (
x2 −x −1

)
(x −1) = 0.

Moreover

α = 1+p
5

2
,

β = 1−p
5

2
,

γ = 1.

Note that

α+β+γ = 2,

αβ+αγ+βγ = 0,

αβγ = −1,

or

α+β= 1, αβ=−1.

Now we define three special cases of the sequence {Wn}. Modified Leonardo sequence {Gn}n≥0, Leonardo-Lucas
sequence {Hn}n≥0 and Leonardo sequence {ln}n≥0 are defined, respectively, by the third-order recurrence relations

Gn = 2Gn−1 −Gn−3, G0 = 0,G1 = 1,G2 = 2, (57)

Hn = 2Hn−1 −Hn−3, H0 = 3, H1 = 2, H2 = 4, (58)

ln = 2ln−1 − ln−3, l0 = 1, l1 = 1, l2 = 3, (59)

The sequences {Gn}n≥0, {Hn}n≥0 and {ln}n≥0 can be extended to negative subscripts by defining

G−n = 2G−(n−2) −G−(n−3)

H−n = 2H−(n−2) −H−(n−3)

l−n = 2l−(n−2) − l−(n−3)

for n = 1,2,3, ... respectively. Therefore, recurrences (57)-(59) hold for all integer n.
Gn , Hn and ln are the sequences A000071, A001612, A001595 in [3], respectively.
For all integers n, modified Leonardo, Leonardo-Lucas and Leonardo numbers can be expressed using Binet’s for-

mulas as

Gn = αn+1

(α−β)(α−γ)
+ βn+1

(β−α)(β−γ)
+ γn+1

(γ−α)(γ−β)
= αn+2 −βn+2

α−β −1

Hn = αn +βn +γn =αn +βn +1

ln = 2(αn+1 −βn+1)

α−β −1

respectively. Here, Gn :=Gn and Hn := Hn .
Next, we present sum formulas of generalized Leonardo numbers

Theorem 3.1.
For n ≥ 0, we have the following sum formulas for generalized Leonardo numbers:

(a)
n∑

k=0
Wk =−(n +2)Wn+2 + (n +3)Wn+1 + (n +3)Wn +2W2 −3W1 −2W0.

(b)
n∑

k=0
W2k =−(n +1)W2n+2 + (n +2)W2n+1 + (n +1)W2n +W2 −2W1.

(c)
n∑

k=0
W2k+1 =−nW2n+2 + (n +1)W2n+1 + (n +1)W2n −W0.

(d)
n∑

k=0
W−k =−(n +1)W−n+2 +nW−n+1 + (n +1)W−n +W2.
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(e)
n∑

k=0
W−2k =−(n +3)W−2n + (n +2)W−2n−1 + (n +3)W−2n−2 +2W2 −W1 −2W0.

(f )
n∑

k=0
W−2k+1 =−(n +4)W−2n + (n +3)W−2n−1 + (n +3)W−2n−2 +3W2 −2W1 −2W0.

Proof.

(a) Use Theorem 1.1 (a) (ii) with z = 1.

(b) Use Theorem 1.1 (b) (ii) with z = 1.

(c) Use Theorem 1.1 (c) (ii) with z = 1.

(d) Use Theorem 1.1 (d) (ii) with z = 1.

(e) Use Theorem 1.1 (e) (ii) with z = 1.

(f ) Use Theorem 1.1 (f) (ii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of modified Leonardo numbers
(take Wn =Gn with G0 = 0,G1 = 1,G2 = 2).

Corollary 3.1.
For n ≥ 0, We have the following sum formulas for generalized Leonardo numbers:

(a)
n∑

k=0
Gk =−(n +2)Gn+2 + (n +3)Gn+1 + (n +3)Gn +1.

(b)
n∑

k=0
G2k =−(n +1)G2n+2 + (n +2)G2n+1 + (n +1)G2n .

(c)
n∑

k=0
G2k+1 =−nG2n+2 + (n +1)G2n+1 + (n +1)G2n .

(d)
n∑

k=0
G−k =−(n +1)G−n+2 +nG−n+1 + (n +1)G−n +2.

(e)
n∑

k=0
G−2k =−(n +3)G−2n + (n +2)G−2n−1 + (n +3)G−2n−2 +3.

(f )
n∑

k=0
G−2k+1 =−(n +4)G−2n + (n +3)G−2n−1 + (n +3)G−2n−2 +4.

Taking Gn = Hn with H0 = 3, H1 = 2, H2 = 4 in the last Theorem, we have the following Corollary which gives sum
formulas of Leonardo-Lucas numbers.

Corollary 3.2.
For n ≥ 0, Leonardo-Lucas numbers have the following properties:

(a)
n∑

k=0
Hk =−(n +2)Hn+2 + (n +3)Hn+1 + (n +3)Hn −4.

(b)
n∑

k=0
H2k =−(n +1)H2n+2 + (n +2)H2n+1 + (n +1)H2n .

(c)
n∑

k=0
H2k+1 =−nH2n+2 + (n +1)H2n+1 + (n +1)H2n −3.

(d)
n∑

k=0
H−k =−(n +1)H−n+2 +nH−n+1 + (n +1)H−n +4.

(e)
n∑

k=0
H−2k =−(n +3)H−2n + (n +2)H−2n−1 + (n +3)H−2n−2.

(f )
n∑

k=0
H−2k+1 =−(n +4)H−2n + (n +3)H−2n−1 + (n +3)H−2n−2 +2.
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From the last Theorem, we have the following Corollary which gives sum formulas of Leonardo numbers (take
Hn = ln with l0 = 1, l1 = 1, l2 = 3).

Corollary 3.3.
For n ≥ 0, Leonardo numbers have the following properties.

(a)
n∑

k=0
lk =−(n +2)ln+2 + (n +3)ln+1 + (n +3)ln +1.

(b)
n∑

k=0
l2k =−(n +1)l2n+2 + (n +2)l2n+1 + (n +1)l2n +1.

(c)
n∑

k=0
l2k+1 =−nl2n+2 + (n +1)l2n+1 + (n +1)l2n −1.

(d)
n∑

k=0
l−k =−(n +1)l−n+2 +nl−n+1 + (n +1)l−n +3.

(e)
n∑

k=0
l−2k =−(n +3)l−2n + (n +2)l−2n−1 + (n +3)l−2n−2 +3.

(f )
n∑

k=0
l−2k+1 =−(n +4)l−2n + (n +3)l−2n−1 + (n +3)l−2n−2 +5.

Next, we give the ordinary generating function of special cases of the generalized Leonardo numbers {Wmn+ j }.

Corollary 3.4.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.618033).

∞∑
n=0

Wn zn = (W2 −2W1) z2 + (W1 −2W0) z +W0

1−2z + z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.381966).

∞∑
n=0

W2n zn = (2W0 −W1) z2 + (W2 −4W0) z +W0

1−4z +4z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.381966).

∞∑
n=0

W2n+1zn = − (W2 −2W1) z2 + (2W2 −4W1 −W0)z +W1

1−4z +4z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣' 0.618033).

∞∑
n=0

W−n zn = −W1z2 − (W2 −2W1) z +W0

1−2z2 + z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 ' 0.381966).

∞∑
n=0

W−2n zn = W2z2 + (−2W0 −W1) z +W0

1−4z +4z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 ' 0.381966).

∞∑
n=0

W−2n+1zn = (2W2 −W0)z2 − (W2 +2W1) z +W1

1−4z +4z2 − z3 .

Proof. Set r = 2, s = 0, t =−1 in Lemma 1.1. �
Now, we consider special cases of the last corollary.
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Corollary 3.5.
The ordinary generating functions of special cases of the generalized Leonardo numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.618033).

∞∑
n=0

Gn zn = z

1−2z + z3 ,

∞∑
n=0

Hn zn = −4z +3

1−2z + z3 ,

∞∑
n=0

ln zn = z2 − z +1

1−2z + z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.381966).

∞∑
n=0

G2n zn = 2z − z2

1−4z +4z2 − z3 ,

∞∑
n=0

H2n zn = 4z2 −8z +3

1−4z +4z2 − z3 ,

∞∑
n=0

l2n zn = z2 − z +1

1−4z +4z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.381966).

∞∑
n=0

G2n+1zn = 1

1−4z +4z2 − z3 ,

∞∑
n=0

H2n+1zn = −3z +2

1−4z +4z2 − z3 ,

∞∑
n=0

l2n+1zn = −z2 + z +1

1−4z +4z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣' 0.618033).

∞∑
n=0

G−n zn = −z2

1−2z2 + z3 ,

∞∑
n=0

H−n zn = −2z2 +3

1−2z2 + z3 ,

∞∑
n=0

l−n zn = −z2 − z +1

1−2z2 + z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 ' 0.381966).

∞∑
n=0

G−2n zn = 2z2 − z

1−4z +4z2 − z3 ,

∞∑
n=0

H−2n zn = 4z2 −8z +3

1−4z +4z2 − z3 ,

∞∑
n=0

l−2n zn = 3z2 −3z +1

1−4z +4z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 ' 0.381966).

∞∑
n=0

G−2n+1zn = 4z2 −4z +1

1−4z +4z2 − z3 ,

∞∑
n=0

H−2n+1zn = 5z2 −8z +2

1−4z +4z2 − z3 ,

∞∑
n=0

l−2n+1zn = 5z2 −5z +1

1−4z +4z2 − z3 .
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From the last corollary, we obtain the following results for special cases of z.

Corollary 3.6.
We have the following infinite sums .

(a) z = 1
2 .

∞∑
n=0

Gn

2n = 4,

∞∑
n=0

Hn

2n = 8,

∞∑
n=0

ln

2n = 6.

(b) z = 1
4 .

∞∑
n=0

G2n

4n = 28

15
,

∞∑
n=0

H2n

4n = 16

3
,

∞∑
n=0

l2n

4n = 52

15
.

(c) z = 1
4 .

∞∑
n=0

G2n+1

4n = 64

15
,

∞∑
n=0

H2n+1

4n = 16

3
,

∞∑
n=0

l2n+1

4n = 76

15
.

(d) z = 1
2 .

∞∑
n=0

G−n

2n = −2

5
,

∞∑
n=0

H−n

2n = 4,

∞∑
n=0

l−n

2n = 2

5
.

(e) z = 1
4 .

∞∑
n=0

G−2n

4n = − 8

15
,

∞∑
n=0

H−2n

4n = 16

3
,

∞∑
n=0

l−2n

4n = 28

15
.

(f ) z = 1
4 .

∞∑
n=0

G−2n+1

4n = 16

15
,

∞∑
n=0

H−2n+1

4n = 4

3
,

∞∑
n=0

l−2n+1

4n = 4

15
.
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3.2. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Ernst Numbers

In this subsection, we consider the case r = 2, s = 1, t = −2. A generalized Ernst sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relation

Wn = 2Wn−1 +Wn−2 −2Wn−3 (60)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = 1

2
W−(n−1) +W−(n−2) − 1

2
W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (60) holds for all integer n. For more information on generalized Ernst numbers,
see Soykan [5].

The Binet formula of generalized Ernst numbers can be given as

Wn = z1α
n

(α−β)(α−γ)
+ z2β

n

(β−α)(β−γ)
+ z3γ

n

(γ−α)(γ−β)
(61)

= z1

3
αn + z2

6
βn − z3

2
where

z1 = W2 − (β+γ)W1 +βγW0 =W2 −W0

z2 = W2 − (α+γ)W1 +αγW0 =W2 −3W1 +2W0

z3 = W2 − (α+β)W1 +αβW0 =W2 −W1 −2W0

i.e.,

Wn = W2 −W0

3
αn + W2 −3W1 +2W0

6
βn − W2 −W1 −2W0

2
.

Here, α,β and γ are the roots of the cubic equation

x3 −2x2 −x +2 = (x2 −x −2)(x −1) = (x −2)(x +1)(x −1) = 0.

Moreover

α = 2,

β = −1,

γ = 1.

Note that

α+β+γ = 2,

αβ+αγ+βγ = −1,

αβγ = −2,

α−β = 3.

Now we define two special cases of the sequence {Wn}. Ernst sequence {En}n≥0 and Ernst-Lucas sequence {Hn}n≥0

are defined, respectively, by the third-order recurrence relations

En = 2En−1 +En−2 −2En−3, E0 = 0,E1 = 1, E3 = 2, (62)

Hn = 2Hn−1 +Hn−2 −2Hn−3, H0 = 3, H1 = 2, H0 = 6. (63)

The sequences {En}n≥0 and {Hn}n≥0 can be extended to negative subscripts by defining

E−n = 1

2
E−(n−1) +E−(n−2) − 1

2
E−(n−3)

H−n = 1

2
H−(n−1) +H−(n−2) − 1

2
H−(n−3)

for n = 1,2,3, ... respectively. Therefore, recurrences (62)-(63) hold for all integer n.
For all integers n, Ernst and Ernst-Lucas numbers can be expressed using Binet’s formulas as

En = 2

3
αn − 1

6
βn − 1

2
Hn = αn +βn +1

respectively. Here, Gn = En and Hn := Hn .
Next, we present sum formulas of generalized Ernst numbers
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Theorem 3.2.
For n ≥ 0, We have the following sum formulas for generalized Ernst numbers:

(a)
n∑

k=0
Wk = 1

2 (−(n +2)Wn+2 + (n +3)Wn+1 +2(n +3)Wn +2W2 −3W1 −4W0).

(b)
n∑

k=0
W2k = 1

3 (−(n +1)W2n+2 +4(n +2)W2n +W2 −5W0).

(c)
n∑

k=0
W2k+1 = 1

3 (−2(n +1)W2n+2 + (3n +7)W2n+1 +2(n +1)W2n +2W2 −4W1 −2W0).

(d)
n∑

k=0
W−k = 1

2 (−(n +1)W−n+2 +nW−n+1 +2(n +1)W−n +W2).

(e)
n∑

k=0
W−2k = 1

3 (−(n +2)W−2n +4(n +1)W−2n−2 +W2).

(f )
n∑

k=0
W−2k+1 = 1

3 (−2(n +2)W−2n + (3n +2)W−2n−1 +2(n +2)W−2n−2 +2W2 +W1 −2W0).

Proof.

(a) Use Theorem 1.1 (a) (ii) with z = 1.

(b) Use Theorem 1.1 (b) (iii) with z = 1.

(c) Use Theorem 1.1 (c) (iii) with z = 1.

(d) Use Theorem 1.1 (d) (ii) with z = 1.

(e) Use Theorem 1.1 (e) (iii) with z = 1.

(f ) Use Theorem 1.1 (f) (iii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of Ernst numbers (take Wn = En

with E0 = 0,E1 = 1, E3 = 2).

Corollary 3.7.
For n ≥ 0, Ernst numbers have the following properties.

(a)
n∑

k=0
Ek = 1

2 (−(n +2)En+2 + (n +3)En+1 +2(n +3)En +1).

(b)
n∑

k=0
E2k = 1

3 (−(n +1)E2n+2 +4(n +2)E2n +2).

(c)
n∑

k=0
E2k+1 = 1

3 (−2(n +1)E2n+2 + (3n +7)E2n+1 +2(n +1)E2n).

(d)
n∑

k=0
E−k = 1

2 (−(n +1)E−n+2 +nE−n+1 +2(n +1)E−n +2).

(e)
n∑

k=0
E−2k = 1

3 (−(n +2)E−2n +4(n +1)E−2n−2 +2).

(f )
n∑

k=0
E−2k+1 = 1

3 (−2(n +2)E−2n + (3n +2)E−2n−1 +2(n +2)E−2n−2 +5).

Taking Wn = Hn with H0 = 3, H1 = 2, H0 = 6 in the last Theorem, we have the following Corollary which gives sum
formulas of Ernst-Lucas numbers.

Corollary 3.8.
For n ≥ 0, Ernst-Lucas numbers have the following properties:

(a)
n∑

k=0
Hk = 1

2 (−(n +2)Hn+2 + (n +3)Hn+1 +2(n +3)Hn −6).
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(b)
n∑

k=0
H2k = 1

3 (−(n +1)H2n+2 +4(n +2)H2n −9).

(c)
n∑

k=0
H2k+1 = 1

3 (−2(n +1)H2n+2 + (3n +7)H2n+1 +2(n +1)H2n −2).

(d)
n∑

k=0
H−k = 1

2 (−(n +1)H−n+2 +nH−n+1 +2(n +1)H−n +6).

(e)
n∑

k=0
H−2k = 1

3 (−(n +2)H−2n +4(n +1)H−2n−2 +6).

(f )
n∑

k=0
H−2k+1 = 1

3 (−2(n +2)H−2n + (3n +2)H−2n−1 +2(n +2)H−2n−2 +8).

Next, we give the ordinary generating function of special cases of the generalized Ernst numbers {Wmn+ j }.

Corollary 3.9.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 = 1
2 ).

∞∑
n=0

Wn zn = (W2 −2W1 −W0) z2 + (W1 −2W0) z +W0

1−2z − z2 +2z3 .

(b) (m = 2, j = 0, |z| < |α|−2 = 1
4 ).

∞∑
n=0

W2n zn = (5W0 −W2) z2 + (W2 −6W0) z +W0

1−6z +9z2 −4z3 .

(c) (m = 2, j = 1, |z| < |α|−2 = 1
4 ).

∞∑
n=0

W2n+1zn = 2(W0 +2W1 −W2) z2 − (2W0 +5W1 −2W2) z +W1

1−6z +9z2 −4z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣= 1).

∞∑
n=0

W−n zn = −W1z2 − (W2 −2W1) z +2W0

2− z −2z2 + z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

W−2n zn = W2z2 − (W2 +4W0) z +4W0

4−9z +6z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

W−2n+1zn = (W1 −2W0 +2W2) z2 + (2W0 −5W1 −2W2) z +4W1

4−9z +6z2 − z3 .

Proof. Set r = 2, s = 1, t =−2 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 3.10.
The ordinary generating functions of special cases of the generalized Ernst numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 = 1
2 ).

∞∑
n=0

En zn = z

1−2z − z2 +2z3 ,

∞∑
n=0

Hn zn = −z2 −4z +3

1−2z − z2 +2z3 .
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(b) (m = 2, j = 0, |z| < |α|−2 = 1
4 ).

∞∑
n=0

E2n zn = −2z2 +2z

1−6z +9z2 −4z3 ,

∞∑
n=0

H2n zn = 9z2 −12z +3

1−6z +9z2 −4z3 .

(c) (m = 2, j = 1, |z| < |α|−2 = 1
4 ).

∞∑
n=0

E2n+1zn = −z +1

1−6z +9z2 −4z3 ,

∞∑
n=0

H2n+1zn = 2z2 −4z +2

1−6z +9z2 −4z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣= 1).

∞∑
n=0

E−n zn = −z2

2− z −2z2 + z3 ,

∞∑
n=0

H−n zn = −2z2 −2z +6

2− z −2z2 + z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

E−2n zn = 2z2 −2z

4−9z +6z2 − z3 ,

∞∑
n=0

H−2n zn = 6z2 −18z +12

4−9z +6z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

E−2n+1zn = 5z2 −9z +4

4−9z +6z2 − z3 ,

∞∑
n=0

H−2n+1zn = 8z2 −16z +8

4−9z +6z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.11.
We have the following infinite sums .

(a) z = 1
4 .

∞∑
n=0

En

4n = 8

15
,

∞∑
n=0

Hn

4n = 62

15
.

(b) z = 1
8 .

∞∑
n=0

E2n

8n = 4

7
,

∞∑
n=0

H2n

8n = 30

7
.

(c) z = 1
8 .

∞∑
n=0

E2n+1

8n = 16

7
,

∞∑
n=0

H2n+1

8n = 4.
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(d) z = 1
2 .

∞∑
n=0

E−n

2n = −2

9
,

∞∑
n=0

H−n

2n = 4.

(e) z = 1
2 .

∞∑
n=0

E−2n

2n = −4

7
,

∞∑
n=0

H−2n

2n = 36

7
.

(f ) z = 1
2 .

∞∑
n=0

E−2n+1

2n = 6

7
,

∞∑
n=0

H−2n+1

2n = 16

7
.

3.3. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Edouard Num-

bers

In this subsection, we consider the case r = 7, s = −7, t = 1. A generalized Edouard sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn = 7Wn−1 −7Wn−2 +Wn−3 (64)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero. The sequence {Wn}n≥0 can be extended to negative
subscripts by defining

W−n = 7W−(n−1) −7W−(n−2) +W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (64) holds for all integer n. For more information on generalized Edouard num-
bers, see Soykan [6].

Binet’s formula of generalized Edouard numbers can be given as

Wn = z1α
n

(α−β)(α−γ)
+ z2β

n

(β−α)(β−γ)
+ z3γ

n

(γ−α)(γ−β)

= z1α
n

(α−β)(α−γ)
+ z2β

n

(β−α)(β−γ)
− z3

4

where

z1 = W2 − (β+1)W1 +βW0,

z2 = W2 − (α+1)W1 +αW0,

z3 = W2 −6W1 +W0.

i.e.,

Wn = (W2 − (β+1)W1 +βW0)αn

(α−β)(α−1)
+ (W2 − (α+1)W1 +αW0)βn

(β−α)(β−1)
− (W2 −6W1 +W0)

4
.

Here, α,β and γ are the roots of the cubic equation

x3 −7x2 +7x −1 = (
x2 −6x +1

)
(x −1) = 0.
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Moreover

α = 3+2
p

2,

β = 3−2
p

2,

γ = 1,

Note that

α+β+γ = 7,

αβ+αγ+βγ = 7,

αβγ = 1,

or

α+β= 6, αβ= 1.

Now we define two special cases of the sequence {Wn}. Edouard sequence {En}n≥0 and Edouard-Lucas sequence
{Kn}n≥0 are defined, respectively, by the third-order recurrence relations

En = 7En−1 −7En−2 +En−3, E0 = 0,E1 = 1,E2 = 7, (65)

Kn = 7Kn−1 −7Kn−2 +Kn−3, K0 = 3,K1 = 7,K2 = 35. (66)

The sequences {En}n≥0 and {Kn}n≥0 can be extended to negative subscripts by defining

E−n = 7E−(n−1) −7E−(n−2) +E−(n−3),

K−n = 7K−(n−1) −7K−(n−2) +K−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (65)-(66) hold for all integer n.
En and Kn are the sequences A053142, A081555 in [3], respectively.
For all integers n, Edouard and Edouard-Lucas numbers can be expressed using Binet’s formulas as

En = αn+1

(α−β)(α−1)
+ βn+1

(β−α)(β−1)
− 1

4
,

Kn = αn +βn +1

respectively. Here, Gn = En and Hn = Kn .
Next, we present sum formulas of generalized Edouard numbers

Theorem 3.3.
For n ≥ 0, We have the following sum formulas for generalized Edouard numbers:

(a)
n∑

k=0
Wk = 1

4 (−(n +2)Wn+2 + (6n +13)Wn+1 − (n +3)Wn +2W2 −13W1 +7W0).

(b)
n∑

k=0
W2k = 1

32 (−(8n +15)W2n+2 +48(n +2)W2n+1 − (8n +17)W2n +15W2 −96W1 +49W0).

(c)
n∑

k=0
W2k+1 = 1

32 (−(8n +9)W2n+2 +8(6n +11)W2n+1 − (8n +15)W2n +9W2 −56W1 +15W0).

(d)
n∑

k=0
W−k = 1

4 (−(n +1)W−n+2 + (6n +5)W−n+1 + (4−n)W−n +W2 −5W1).

(e)
n∑

k=0
W−2k = 1

32 (−(8n +17)W−2n +48(n +2)W−2n−1 − (8n +15)W−2n−2 +9W2 −48W1 +7W0).

(f )
n∑

k=0
W−2k+1 = 1

32 (−(8n +23)W−2n +8(6n +13)W−2n−1 − (8n +17)W−2n−2 +15W2 −56W1 +9W0).

Proof.

(a) Use Theorem 1.1 (a) (ii) with z = 1.

(b) Use Theorem 1.1 (b) (ii) with z = 1.
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(c) Use Theorem 1.1 (c) (ii) with z = 1.

(d) Use Theorem 1.1 (d) (ii) with z = 1.

(e) Use Theorem 1.1 (e) (ii) with z = 1.

(f ) Use Theorem 1.1 (f) (ii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of Edouard numbers (take Wn =
En with E0 = 0,E1 = 1,E2 = 7).

Corollary 3.12.
For n ≥ 0, Edouard numbers have the following properties.

(a)
n∑

k=0
Ek = 1

4 (−(n +2)En+2 + (6n +13)En+1 − (n +3)En +1).

(b)
n∑

k=0
E2k = 1

32 (−(8n +15)E2n+2 +48(n +2)E2n+1 − (8n +17)E2n +9).

(c)
n∑

k=0
E2k+1 = 1

32 (−(8n +9)E2n+2 +8(6n +11)E2n+1 − (8n +15)E2n +7).

(d)
n∑

k=0
E−k = 1

4 (−(n +1)E−n+2 + (6n +5)E−n+1 + (4−n)E−n +2).

(e)
n∑

k=0
E−2k = 1

32 (−(8n +17)E−2n +48(n +2)E−2n−1 − (8n +15)E−2n−2 +15).

(f )
n∑

k=0
E−2k+1 = 1

32 (−(8n +23)E−2n +8(6n +13)E−2n−1 − (8n +17)E−2n−2 +49).

Taking Wn = Kn with K0 = 3,K1 = 7,K2 = 35 in the last Theorem, we have the following Corollary which gives sum
formulas of Edouard-Lucas numbers.

Corollary 3.13.
For n ≥ 0, Edouard-Lucas numbers have the following properties:

(a)
n∑

k=0
Kk = 1

4 (−(n +2)Kn+2 + (6n +13)Kn+1 − (n +3)Kn).

(b)
n∑

k=0
K2k = 1

32 (−(8n +15)K2n+2 +48(n +2)K2n+1 − (8n +17)K2n).

(c)
n∑

k=0
K2k+1 = 1

32 (−(8n +9)K2n+2 +8(6n +11)K2n+1 − (8n +15)K2n −32).

(d)
n∑

k=0
K−k = 1

4 (−(n +1)K−n+2 + (6n +5)K−n+1 + (4−n)K−n).

(e)
n∑

k=0
K−2k = 1

32 (−(8n +17)K−2n +48(n +2)K−2n−1 − (8n +15)K−2n−2).

(f )
n∑

k=0
K−2k+1 = 1

32 (−(8n +23)K−2n +8(6n +13)K−2n−1 − (8n +17)K−2n−2 +160).

Next, we give the ordinary generating function of special cases of the generalized Edouard numbers {Wmn+ j }.

Corollary 3.14.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.171572).

∞∑
n=0

Wn zn = (7W0 −7W1 +W2) z2 + (W1 −7W0) z +W0

1−7z +7z2 − z3 .
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(b) (m = 2, j = 0, |z| < |α|−2 ' 0.029437).

∞∑
n=0

W2n zn = (42W0 −48W1 +7W2) z2 + (W2 −35W0) z +W0

1−35z +35z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.029437).

∞∑
n=0

W2n+1zn = (7W0 −7W1 +W2) z2 + (W0 −42W1 +7W2) z +W1

1−35z +35z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣' 0.171572).

∞∑
n=0

W−n zn = W1z2 + (W2 −7W1) z +W0

1−7z +7z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 ' 0.029437).

∞∑
n=0

W−2n zn = W2z2 + (7W0 −48W1 +7W2) z +W0

1−35z +35z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 ' 0.029437).

∞∑
n=0

W−2n+1zn = (W0 −7W1 +7W2) z2 + (7W0 −42W1 +W2) z +W1

1−35z +35z2 − z3 .

Proof. Set r = 7, s =−7, t = 1 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 3.15.
The ordinary generating functions of special cases of the generalized Edouard numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.171572).

∞∑
n=0

En zn = z

1−7z +7z2 − z3 ,

∞∑
n=0

Kn zn = 7z2 −14z +3

1−7z +7z2 − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.029437).

∞∑
n=0

E2n zn = z2 +7z

1−35z +35z2 − z3 ,

∞∑
n=0

K2n zn = 35z2 −70z +3

1−35z +35z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.029437).

∞∑
n=0

E2n+1zn = 7z +1

1−35z +35z2 − z3 ,

∞∑
n=0

K2n+1zn = 7z2 −46z +7

1−35z +35z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣' 0.171572).

∞∑
n=0

E−n zn = z2

1−7z +7z2 − z3 ,

∞∑
n=0

K−n zn = 7z2 −14z +3

1−7z +7z2 − z3 .
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(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 ' 0.029437).

∞∑
n=0

E−2n zn = 7z2 + z

1−35z +35z2 − z3 ,

∞∑
n=0

K−2n zn = 35z2 −70z +3

1−35z +35z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 ' 0.029437).

∞∑
n=0

E−2n+1zn = 42z2 −35z +1

1−35z +35z2 − z3 ,

∞∑
n=0

K−2n+1zn = 199z2 −238z +7

1−35z +35z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.16.
We have the following infinite sums .

(a) z = 1
8 .

∞∑
n=0

En

8n = 64

119
,

∞∑
n=0

Kn

8n = 696

119
.

(b) z = 1
50 .

∞∑
n=0

E2n

50n = 1950

4361
,

∞∑
n=0

K2n

50n = 67250

13083
.

(c) z = 1
50 .

∞∑
n=0

E2n+1

50n = 47500

13083
,

∞∑
n=0

K2n+1

50n = 253450

13083
.

(d) z = 1
8 .

∞∑
n=0

E−n

8n = 8

119
,

∞∑
n=0

K−n

8n = 696

119
.

(e) z = 1
50 .

∞∑
n=0

E−2n

50n = 950

13083
,

∞∑
n=0

K−2n

50n = 67250

13083
.

(f ) z = 1
50 .

∞∑
n=0

E−2n+1

50n = 4400

4361
,

∞∑
n=0

K−2n+1

50n = 96650

13083
.
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3.4. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized John Numbers

In this subsection, we consider the case r = 3, s = −1, t = −1. A generalized John sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn = 3Wn−1 −Wn−2 −Wn−3 (67)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−W−(n−1) +3W−(n−2) −W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (67) holds for all integer n. For more information on generalized John numbers,
see Soykan [7].

Binet formula of generalized John numbers can be given as

Wn = z1α
n

(α−β)(α−γ)
+ z2β

n

(β−α)(β−γ)
+ z3γ

n

(γ−α)(γ−β)
(68)

= z1α
n + z2β

n

4
− z3

2

= z1α
n + z2β

n −2z3

4

where

z1 = W2 − (β+γ)W1 +βγW0 =W2 − (β+1)W1 +βW0,

z2 = W2 − (α+γ)W1 +αγW0 =W2 − (α+1)W1 +αW0,

z3 = W2 − (α+β)W1 +αβW0 =W2 −2W1 −W0,

i.e.,

Wn = (W2 − (β+1)W1 +βW0)αn + (W2 − (α+1)W1 +αW0)βn −2(W2 −2W1 −W0)

4
.

Here, α,β and γ are the roots of the cubic equation

x3 −3x2 +x +1 = (x2 −2x −1)(x −1) = 0.

Moreover

α = 1+p
2,

β = 1−p
2,

γ = 1.

Note that

α+β+γ = 3,

αβ+αγ+βγ = 1,

αβγ = −1,

i.e

α+β= 2, αβ=−1, α−β= 2
p

2

and

(α−β)(α−γ) = 4,

(β−α)(β−γ) = 4,

(γ−α)(γ−β) = −2.

Now we define two special cases of the sequence {Wn}. John sequence {Jn}n≥0 and John-Lucas sequence {Hn}n≥0

are defined, respectively, by the third-order recurrence relations

Jn = 3Jn−1 − Jn−2 − Jn−3, J0 = 0, J1 = 1, J2 = 3, (69)

Hn = 3Hn−1 −Hn−2 −Hn−3, H0 = 3, H1 = 3, H2 = 7. (70)
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The sequences {Jn}n≥0 and {Hn}n≥0 can be extended to negative subscripts by defining

J−n = −J−(n−1) +3J−(n−2) − J−(n−3)

H−n = −H−(n−1) +3H−(n−2) −H−(n−3)

for n = 1,2,3, ... respectively. Therefore, recurrences (69)-(70) hold for all integer n.
For all integers n, John and John-Lucas numbers can be expressed using Binet’s formulas as

Jn = αn+1 +βn+1 −2

4
,

Hn = αn +βn +1,

respectively. Here, Gn = Jn and Hn := Hn .
Next, we present sum formulas of generalized John numbers

Theorem 3.4.
For n ≥ 0, We have the following sum formulas for generalized John numbers:

(a)
n∑

k=0
Wk = 1

2 (−(n +2)Wn+2 + (2n +5)Wn+1 + (n +3)Wn +2W2 −5W1 −W0).

(b)
n∑

k=0
W2k = 1

4 (−(2n +3)W2n+2 +4(n +2)W2n+1 + (2n +3)W2n +3W2 −8W1 +W0).

(c)
n∑

k=0
W2k+1 = 1

4 (− (2n +1)W2n+2 +2(2n +3)W2n+1 + (2n +3)W2n +W2 −2W1 −3W0).

(d)
n∑

k=0
W−k = 1

2 (−(n +1)W−n+2 + (2n +1)W−n+1 + (n +2)W−n +W2 −W1).

(e)
n∑

k=0
W−2k = 1

4 (−(2n +5)W−2n +4(n +2)W−2n−1 + (2n +5)W−2n−2 +3W2 −4W1 −3W0).

(f )
n∑

k=0
W−2k+1 = 1

4 (−(2n +7)W−2n +2(2n +5)W−2n−1 + (2n +5)W−2n−2 +5W2 −6W1 −3W0).

Proof.

(a) Use Theorem 1.1 (a) (ii) with z = 1.

(b) Use Theorem 1.1 (b) (ii) with z = 1.

(c) Use Theorem 1.1 (c) (ii) with z = 1.

(d) Use Theorem 1.1 (d) (ii) with z = 1.

(e) Use Theorem 1.1 (e) (ii) with z = 1.

(f ) Use Theorem 1.1 (f) (ii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of John numbers (take Wn = Jn

with J0 = 0, J1 = 1, J2 = 3).

Corollary 3.17.
For n ≥ 0, John numbers have the following properties.

(a)
n∑

k=0
Jk = 1

2 (−(n +2)Jn+2 + (2n +5)Jn+1 + (n +3)Jn +1).

(b)
n∑

k=0
J2k = 1

4 (−(2n +3)J2n+2 +4(n +2)J2n+1 + (2n +3)J2n +1).

(c)
n∑

k=0
J2k+1 = 1

4 (− (2n +1) J2n+2 +2(2n +3) J2n+1 + (2n +3) J2n +1).

(d)
n∑

k=0
J−k = 1

2 (−(n +1)J−n+2 + (2n +1)J−n+1 + (n +2)J−n +2).
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(e)
n∑

k=0
J−2k = 1

4 (−(2n +5)J−2n +4(n +2)J−2n−1 + (2n +5)J−2n−2 +5).

(f )
n∑

k=0
J−2k+1 = 1

4 (−(2n +7)J−2n +2(2n +5)J−2n−1 + (2n +5)J−2n−2 +9).

Taking Wn = Hn with H0 = H0 = 3, H1 = 3, H2 = 7 in the last Theorem, we have the following Corollary which gives
sum formulas of John-Lucas numbers.

Corollary 3.18.
For n ≥ 0, John-Lucas numbers have the following properties:

(a)
n∑

k=0
Hk = 1

2 (−(n +2)Hn+2 + (2n +5)Hn+1 + (n +3)Hn −4).

(b)
n∑

k=0
H2k = 1

4 (−(2n +3)H2n+2 +4(n +2)H2n+1 + (2n +3)H2n).

(c)
n∑

k=0
H2k+1 = 1

4 (− (2n +1) H2n+2 +2(2n +3) H2n+1 + (2n +3) H2n −8).

(d)
n∑

k=0
H−k = 1

2 (−(n +1)H−n+2 + (2n +1)H−n+1 + (n +2)H−n +4).

(e)
n∑

k=0
H−2k = 1

4 (−(2n +5)H−2n +4(n +2)H−2n−1 + (2n +5)H−2n−2).

(f )
n∑

k=0
H−2k+1 = 1

4 (−(2n +7)H−2n +2(2n +5)H−2n−1 + (2n +5)H−2n−2 +8).

Next, we give the ordinary generating function of special cases of the generalized John numbers {Wmn+ j }.

Corollary 3.19.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.414213).

∞∑
n=0

Wn zn = (W0 −3W1 +W2) z2 + (W1 −3W0) z +W0

1−3z + z2 + z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.171572).

∞∑
n=0

W2n zn = (4W0 −4W1 +W2) z2 + (W2 −7W0) z +W0

1−7z +7z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.171572).

∞∑
n=0

W2n+1zn = (3W1 −W0 −W2)z2 + (3W2 −8W1 −W0)z +W1

1−7z +7z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣' 0.414213).

∞∑
n=0

W−n zn = −W1z2 − (W2 −3W1) z +W0

1+ z −3z2 + z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 ' 0.171572).

∞∑
n=0

W−2n zn = W2z2 + (W2 −4W1 −3W0) z +W0

1−7z +7z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 ' 0.171572).

∞∑
n=0

W−2n+1zn = (3W2 −W1 −W0)z2 − (W0 +4W1 +W2) z +W1

1−7z +7z2 − z3 .
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Proof. Set r = 3, s =−1, t =−1 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 3.20.
The ordinary generating functions of special cases of the generalized John numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.414213).

∞∑
n=0

Jn zn = z

1−3z + z2 + z3 ,

∞∑
n=0

Hn zn = z2 −6z +3

1−3z + z2 + z3 .

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.171572).

∞∑
n=0

J2n zn = 3z − z2

1−7z +7z2 − z3 ,

∞∑
n=0

H2n zn = 7z2 −14z +3

1−7z +7z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.171572).

∞∑
n=0

J2n+1zn = z +1

1−7z +7z2 − z3 ,

∞∑
n=0

H2n+1zn = −z2 −6z +3

1−7z +7z2 − z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣' 0.414213).

∞∑
n=0

J−n zn = −z2

1+ z −3z2 + z3 ,

∞∑
n=0

H−n zn = −3z2 +2z +3

1+ z −3z2 + z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 ' 0.171572).

∞∑
n=0

J−2n zn = 3z2 − z

1−7z +7z2 − z3 ,

∞∑
n=0

H−2n zn = 7z2 −14z +3

1−7z +7z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 ' 0.171572).

∞∑
n=0

J−2n+1zn = 8z2 −7z +1

1−7z +7z2 − z3 ,

∞∑
n=0

H−2n+1zn = 15z2 −22z +3

1−7z +7z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.21.
We have the following infinite sums .

(a) z = 1
4 .

∞∑
n=0

Jn

4n = 16

21
,

∞∑
n=0

Hn

4n = 100

21
.
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(b) z = 1
8 .

∞∑
n=0

J2n

8n = 184

119
,

∞∑
n=0

H2n

8n = 696

119
.

(c) z = 1
8 .

∞∑
n=0

J2n+1

8n = 576

119
,

∞∑
n=0

H2n+1

8n = 1144

119
.

(d) z = 1
4 .

∞∑
n=0

J−n

4n = − 4

69
,

∞∑
n=0

H−n

4n = 212

69
.

(e) z = 1
8 .

∞∑
n=0

J−2n

8n = − 40

119
,

∞∑
n=0

H−2n

8n = 696

119
.

(f ) z = 1
8 .

∞∑
n=0

J−2n+1

8n = 128

119
,

∞∑
n=0

H−2n+1

8n = 248

119
.

3.5. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Pisano Numbers

In this subsection, we consider the case r = 2, s = − 5
4 , t = 1

4 . A generalized Pisano sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relation

Wn = 2Wn−1 − 5

4
Wn−2 + 1

4
Wn−3 (71)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero. The sequence {Wn}n≥0 can be extended to negative
subscripts by defining

W−n = 5W−(n−1) −8W−(n−2) +4W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (71) holds for all integers n. For more information on generalized Pisano num-
bers, see [8].

Characteristic equation of the third-order recurrence sequence Wn is the cubic equation

x3 −2x2 + 5

4
x − 1

4
=

(
x − 1

2

)2

(x −1) = 0

whose roots are

α = 1

2
,

β = 1

2
,

γ = 1.



Yüksel Soykan / Int. J. Adv. Appl. Math. and Mech. 11(2) (2023) 80 – 173 151

Note that

α+β+γ = 2,

αβ+αγ+βγ = 5

4
,

αβγ = 1

4
,

or

α+β= 1, αβ= 1

4
.

Binet formula of generalized Pisano numbers can be given as

Wn = (A1 + A2n)×αn + A3γ
n

where

A1 = −W2 +2αW1 −γ(2α−γ)W0(
α−γ)2 =−4W2 +4W1,

A2 = W2 − (α+γ)W1 +αγW0

α
(
α−γ) =−4W2 +6W1 −2W0,

A3 = W2 −2αW1 +α2W0(
α−γ)2 = 4W2 −4W1 +W0,

i.e.,

Wn = ((−4W2 +4W1)+ (−4W2 +6W1 −2W0)n)×
(

1

2

)n

+ (4W2 −4W1 +W0).

Now, we define two special cases of the sequence {Wn}. Pisano sequence {Pn}n≥0 and Pisano–Lucas sequence
{Rn}n≥0 are defined, respectively, by the third-order recurrence relations

Pn = 2Pn−1 − 5

4
Pn−2 + 1

4
Pn−3, P0 = 0,P1 = 1,P2 = 2, (72)

Rn = 2Rn−1 − 5

4
Rn−2 + 1

4
Rn−3, R0 = 3,R1 = 2,R2 = 3

2
. (73)

The sequences {Pn}n≥0 and {Rn}n≥0 can be extended to negative subscripts by defining

P−n = 5P−(n−1) −8P−(n−2) +4P−(n−3),

R−n = 5R−(n−1) −8R−(n−2) +4R−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (72)-(73) hold for all integer n.
For all integers n, Pisano and Pisano–Lucas numbers can be expressed using Binet’s formulas as

Pn = − (n +2)×2−n+1 +4

Rn = 2−n+1 +1

respectively. Here, Gn = Pn and Hn = Rn .
Next, we present sum formulas of generalized Pisano numbers

Theorem 3.5.
For n ≥ 0, We have the following sum formulas for generalized Pisano numbers:

(a)
n∑

k=0
Wk = 4(n +2)Wn+2 + (n +3)Wn −4(n +3)Wn+1 −8W2 +12W1 −2W0.

(b)
n∑

k=0
W2k = 1

9 (4(9n +14)W2n+2 −36(n +2)W2n+1 + (9n +19)W2n −56W2 +72W1 −10W0).

(c)
n∑

k=0
W2k+1 = 1

9 (4(9n +10)W2n+2 −3(12n +17)W2n+1 + (9n +14)W2n −40W2 +60W1 −14W0).

(d)
n∑

k=0
W−k = 4(n +1)W−n+2 −4nW−n+1 + (n +1)W−n −4W2.
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(e)
n∑

k=0
W−2k = 1

9 (4(9n +22)W−2n −36(n +2)W−2n−1 + (9n +17)W−2n−2 −52W2 +36W1 −8W0).

(f )
n∑

k=0
W−2k+1 = 1

9 (4(9n +26)W−2n −3(12n +31)W−2n−1 + (9n +22)W−2n−2 −68W2 +57W1 −13W0).

Proof.

(a) Use Theorem 1.1 (a) (ii) with z = 1.

(b) Use Theorem 1.1 (b) (ii) with z = 1.

(c) Use Theorem 1.1 (c) (ii) with z = 1.

(d) Use Theorem 1.1 (d) (ii) with z = 1.

(e) Use Theorem 1.1 (e) (ii) with z = 1.

(f ) Use Theorem 1.1 (f) (ii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of Pisano numbers (take Wn = Pn

with P0 = 0,P1 = 1,P2 = 2).

Corollary 3.22.
For n ≥ 0, Pisano numbers have the following properties.

(a)
n∑

k=0
Pk = 4(n +2)Pn+2 + (n +3)Pn −4(n +3)Pn+1 −4.

(b)
n∑

k=0
P2k = 1

9 (4(9n +14)P2n+2 −36(n +2)P2n+1 + (9n +19)P2n −40).

(c)
n∑

k=0
P2k+1 = 1

9 (4(9n +10)P2n+2 −3(12n +17)P2n+1 + (9n +14)P2n −20).

(d)
n∑

k=0
P−k = 4(n +1)P−n+2 −4nP−n+1 + (n +1)P−n −8.

(e)
n∑

k=0
P−2k = 1

9 (4(9n +22)P−2n −36(n +2)P−2n−1 + (9n +17)P−2n−2 −68).

(f )
n∑

k=0
P−2k+1 = 1

9 (4(9n +26)P−2n −3(12n +31)P−2n−1 + (9n +22)P−2n−2 −79).

Taking Wn = Rn with R0 = 3,R1 = 2,R2 = 3
2 in the last Theorem, we have the following Corollary which gives sum

formulas of Pisano-Lucas numbers.

Corollary 3.23.
For n ≥ 0, Pisano-Lucas numbers have the following properties:

(a)
n∑

k=0
Rk = 4(n +2)Rn+2 + (n +3)Rn −4(n +3)Rn+1 +6.

(b)
n∑

k=0
R2k = 1

9 (4(9n +14)R2n+2 −36(n +2)R2n+1 + (9n +19)R2n +30).

(c)
n∑

k=0
R2k+1 = 1

9 (4(9n +10)R2n+2 −3(12n +17)R2n+1 + (9n +14)R2n +18).

(d)
n∑

k=0
R−k = 4(n +1)R−n+2 −4nR−n+1 + (n +1)R−n −6.

(e)
n∑

k=0
R−2k = 1

9 (4(9n +22)R−2n −36(n +2)R−2n−1 + (9n +17)R−2n−2 −30).

(f )
n∑

k=0
R−2k+1 = 1

9 (4(9n +26)R−2n −3(12n +31)R−2n−1 + (9n +22)R−2n−2 −27).
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Next, we give the ordinary generating function of special cases of the generalized Pisano numbers {Wmn+ j }.

Corollary 3.24.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < ∣∣γ∣∣−1 = 1).

∞∑
n=0

Wn zn = (4W2 −8W1 +5W0) z2 +4(W1 −2W0)z +4W0

4−8z +5z2 − z3 .

(b) (m = 2, j = 0, |z| < ∣∣γ∣∣−2 = 1).

∞∑
n=0

W2n zn = (20W2 +17W0 −36W1)z2 +8(2W2 −3W0)z +16W0

16−24z +9z2 − z3 .

(c) (m = 2, j = 1, |z| < ∣∣γ∣∣−2 = 1).

∞∑
n=0

W2n+1zn = (4W2 −8W1 +5W0)z2 +4(8W2 −11W1 +W0)z +16W1

16−24z +9z2 − z3 .

(d) (m =−1, j = 0, |z| < |α| = ∣∣β∣∣= 1
2 ).

∞∑
n=0

W−n zn = 4z2W1 +4(W2 −2W1)z +W0

1−5z +8z2 −4z3 .

(e) (m =−2, j = 0, |z| < |α|2 = ∣∣β∣∣2 = 1
4 ).

∞∑
n=0

W−2n zn = 16z2W2 +4(5W2 −9W1 +2W0)z +W0

1−9z +24z2 −16z3 .

(f ) (m =−2, j = 1, |z| < |α|2 = ∣∣β∣∣2 = 1
4 ).

∞∑
n=0

W−2n+1zn = 4(8W2 −5W1 +W0)z2 + (4W2 −17W1 +5W0)z +W1

1−9z +24z2 −16z3 .

Proof. Set r = 2, s =− 5
4 , t = 1

4 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 3.25.
The ordinary generating functions of special cases of the generalized Pisano numbers are given as follows:

(a) (m = 1, j = 0, |z| < ∣∣γ∣∣−1 = 1).

∞∑
n=0

Pn zn = 4z

4−8z +5z2 − z3 ,

∞∑
n=0

Rn zn = −5z +6

2−3z + z2 .

(b) (m = 2, j = 0, |z| < ∣∣γ∣∣−2 = 1).

∞∑
n=0

P2n zn = 4z2 +32z

16−24z +9z2 − z3 ,

∞∑
n=0

R2n zn = −9z +12

4−5z + z2 .

(c) (m = 2, j = 1, |z| < ∣∣γ∣∣−2 = 1).

∞∑
n=0

P2n+1zn = 20z +16

16−24z +9z2 − z3 ,

∞∑
n=0

R2n+1zn = −5z +8

4−5z + z2 .
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(d) (m =−1, j = 0, |z| < |α| = ∣∣β∣∣= 1
2 ).

∞∑
n=0

P−n zn = 4z2

1−5z +8z2 −4z3 ,

∞∑
n=0

R−n zn = −4z +3

1−3z +2z2 .

(e) (m =−2, j = 0, |z| < |α|2 = ∣∣β∣∣2 = 1
4 ).

∞∑
n=0

P−2n zn = 32z2 +4z

1−9z +24z2 −16z3 ,

∞∑
n=0

R−2n zn = −6z +3

1−5z +4z2 .

(f ) (m =−2, j = 1, |z| < |α|2 = ∣∣β∣∣2 = 1
4 ).

∞∑
n=0

P−2n+1zn = 44z2 −9z +1

1−9z +24z2 −16z3 ,

∞∑
n=0

R−2n+1zn = −5z +2

1−5z +4z2 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.26.
We have the following infinite sums .

(a) z = 1
2 .

∞∑
n=0

Pn

2n = 16

9
,

∞∑
n=0

Rn

2n = 14

3
.

(b) z = 1
2 .

∞∑
n=0

P2n

2n = 136

49
,

∞∑
n=0

R2n

2n = 30

7
.

(c) z = 1
2 .

∞∑
n=0

P2n+1

2n = 208

49
,

∞∑
n=0

R2n+1

2n = 22

7
.

(d) z = 1
4 .

∞∑
n=0

P−n

4n = 4

3
,

∞∑
n=0

R−n

4n = 16

3
.

(e) z = 1
8 .

∞∑
n=0

P−2n

8n = 32

7
,

∞∑
n=0

R−2n

8n = 36

7
.
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(f ) z = 1
8 .

∞∑
n=0

P−2n+1

8n = 18

7
,

∞∑
n=0

R−2n+1

8n = 22

7
.

3.6. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Bigollo Numbers

In this subsection, we consider the case r = 4, s = −5, t = 2. A generalized Bigollo sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn = 4Wn−1 −5Wn−2 +2Wn−3 (74)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero. The sequence {Wn}n≥0 can be extended to negative
subscripts by defining

W−n = 5

2
W−(n−1) −2W−(n−2) + 1

2
W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (74) holds for all integer n. For more information on generalized Bigollo num-
bers, see [9].

Binet formula of generalized Bigollo numbers (two distinct roots case: α 6=β= γ) can be given as

Wn = (A1 + A2n)×βn + A3 ×αn = (A1 + A2n)+ A3 ×2n

where

A1 = −W2 +2βW1 −α(2β−α)W0(
β−α)2 =−W2 +2W1,

A2 = W2 − (β+α)W1 +βαW0

β
(
β−α) =−W2 +3W1 −2W0,

A3 = W2 −2βW1 +β2W0(
β−α)2 =W2 −2W1 +W0,

i.e.

Wn = ((−W2 +2W1)+ (−W2 +3W1 −2W0)n)+ (W2 −2W1 +W0)×2n .

Here, α,β and γ are the roots of the cubic equation

x3 −4x2 +5x −2 = (x2 −3x +2)(x −1) = (x −2)(x −1)(x −1) = 0.

Moreover

α = 2,

β = 1,

γ = 1.

Note that

α+β+γ = 4,

αβ+αγ+βγ = 5,

αβγ = 2.

Now we define two special cases of the sequence {Wn}. Bigollo sequence {Bn}n≥0 and Bigollo-Lucas sequence
{Cn}n≥0 are defined, respectively, by the third-order recurrence relations

Bn = 4Bn−1 −5Bn−2 +2Bn−3, B0 = 0,B1 = 1,B2 = 4, (75)

Cn = 4Cn−1 −5Cn−2 +2Cn−3, C0 = 3,C1 = 4,C2 = 6. (76)
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The sequences {Bn}n≥0 and {Cn}n≥0 can be extended to negative subscripts by defining

B−n = 5

2
B−(n−1) −2B−(n−2) + 1

2
B−(n−3),

C−n = 5

2
C−(n−1) −2C−(n−2) + 1

2
C−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (75)-(76) hold for all integer n.
Bn and Cn are the sequences A000295 (Eulerian numbers), A052548 in [? ], respectively.
For all integers n, Bigollo and Bigollo-Lucas numbers can be expressed using Binet’s formulas as

Bn = 2n+1 −n −2,

Cn = 2n +2,

respectively. Here, Gn = Bn and Hn =Cn .
Next, we present sum formulas of generalized Bigollo numbers

Theorem 3.6.
For n ≥ 0, We have the following sum formulas for generalized Bigollo numbers:

(a)
n∑

k=0
Wk = 1

2 ((n +2)(n +1)Wn+2 − (3n +8)(n +1)Wn+1 +2(n +3)(n +2)Wn −2W2 +8W1 −10W0).

(b)
n∑

k=0
W2k = 1

3 ((3n +5)(n +1)W2n+2 −9(n +2)(n +1)W2n+1 +2(3n +5)(n +2)W2n −5W2 +18W1 −17W0).

(c)
n∑

k=0
W2k+1 = 1

3 ((3n +2)(n +1)W2n+2 − (3n +5)(3n +1)W2n+1 +2(3n +5)(n +1)W2n −2W2 +8W1 −10W0).

(d)
n∑

k=0
W−k = 1

2 (−n(n +1)W−n+2 + (n +1)(3n −2)W−n+1 −2(n2 −n −1)W−n +2W1).

(e)
n∑

k=0
W−2k = 1

3 (−(3n +4)(n +2)W−2n +9(n +2)(n +1)W−2n−1 −2(3n +4)(n +1)W−2n−2 +W2).

(f )
n∑

k=0
W−2k+1 = 1

3 (−(3n +7)(n +2)W−2n + (3n +8)(3n +4)W−2n−1 −2(3n +4)(n +2)W−2n−2 +4W2 −5W1 +2W0).

Proof.

(a) Use Theorem 1.1 (a) (iii) with z = 1.

(b) Use Theorem 1.1 (b) (iii) with z = 1.

(c) Use Theorem 1.1 (c) (iii) with z = 1.

(d) Use Theorem 1.1 (d) (iii) with z = 1.

(e) Use Theorem 1.1 (e) (iii) with z = 1.

(f ) Use Theorem 1.1 (f) (iii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of Bigollo numbers (take Wn =
Bn with B0 = 0,B1 = 1,B2 = 4).

Corollary 3.27.
For n ≥ 0, Bigollo numbers have the following properties.

(a)
n∑

k=0
Bk = 1

2 ((n +2)(n +1)Bn+2 − (3n +8)(n +1)Bn+1 +2(n +3)(n +2)Bn).

(b)
n∑

k=0
B2k = 1

3 ((3n +5)(n +1)B2n+2 −9(n +2)(n +1)B2n+1 +2(3n +5)(n +2)B2n −2).

(c)
n∑

k=0
B2k+1 = 1

3 ((3n +2)(n +1)B2n+2 − (3n +5)(3n +1)B2n+1 +2(3n +5)(n +1)B2n).
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(d)
n∑

k=0
B−k = 1

2 (−n(n +1)B−n+2 + (n +1)(3n −2)B−n+1 −2(n2 −n −1)B−n +2).

(e)
n∑

k=0
B−2k = 1

3 (−(3n +4)(n +2)B−2n +9(n +2)(n +1)B−2n−1 −2(3n +4)(n +1)B−2n−2 +4).

(f )
n∑

k=0
B−2k+1 = 1

3 (−(3n +7)(n +2)B−2n + (3n +8)(3n +4)B−2n−1 −2(3n +4)(n +2)B−2n−2 +11).

Taking Wn = Cn with C0 = 3,C1 = 4,C2 = 6 in the last Theorem, we have the following Corollary which gives sum
formulas of Bigollo-Lucas numbers.

Corollary 3.28.
For n ≥ 0, Bigollo-Lucas numbers have the following properties:

(a)
n∑

k=0
Ck = 1

2 ((n +2)(n +1)Cn+2 − (3n +8)(n +1)Cn+1 +2(n +3)(n +2)Cn −10).

(b)
n∑

k=0
C2k = 1

3 ((3n +5)(n +1)C2n+2 −9(n +2)(n +1)C2n+1 +2(3n +5)(n +2)C2n −9).

(c)
n∑

k=0
C2k+1 = 1

3 ((3n +2)(n +1)C2n+2 − (3n +5)(3n +1)C2n+1 +2(3n +5)(n +1)C2n −10).

(d)
n∑

k=0
C−k = 1

2 (−n(n +1)C−n+2 + (n +1)(3n −2)C−n+1 −2(n2 −n −1)C−n +8).

(e)
n∑

k=0
C−2k = 1

3 (−(3n +4)(n +2)C−2n +9(n +2)(n +1)C−2n−1 −2(3n +4)(n +1)C−2n−2 +6).

(f )
n∑

k=0
C−2k+1 = 1

3 (−(3n +7)(n +2)C−2n + (3n +8)(3n +4)C−2n−1 −2(3n +4)(n +2)C−2n−2 +10.

Next, we give the ordinary generating function of special cases of the generalized Bigollo numbers {Wmn+ j }.

Corollary 3.29.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 = 1
2 ).

∞∑
n=0

Wn zn = (W2 −4W1 +5W0) z2 + (W1 −4W0) z +W0

1−4z +5z2 −2z3 .

(b) (m = 2, j = 0, |z| < |α|−2 = 1
4 ).

∞∑
n=0

W2n zn = (5W2 −18W1 +17W0) z2 + (W2 −6W0) z +W0

1−6z +9z2 −4z3 .

(c) (m = 2, j = 1, |z| < |α|−2 = 1
4 ).

∞∑
n=0

W2n+1zn = 2(5W0 −4W1 +W2) z2 + (2W0 −11W1 +4W2) z +W1

1−6z +9z2 −4z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣= 1).

∞∑
n=0

W−n zn = W1z2 + (W2 −4W1) z +2W0

2−5z +4z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

W−2n zn = W2z2 + (8W0 −18W1 +5W2) z +4W0

4−9z +6z2 − z3 .
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(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

W−2n+1zn = (2W0 −5W1 +4W2) z2 + (10W0 −17W1 +2W2) z +4W1

4−9z +6z2 − z3 .

Proof. Set r = 4, s =−5, t = 2 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 3.30.
The ordinary generating functions of special cases of the generalized Bigollo numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 = 1
2 ).

∞∑
n=0

Bn zn = z

1−4z +5z2 −2z3 ,

∞∑
n=0

Cn zn = 5z2 −8z +3

1−4z +5z2 −2z3 .

(b) (m = 2, j = 0, |z| < |α|−2 = 1
4 ).

∞∑
n=0

B2n zn = 2z2 +4z

1−6z +9z2 −4z3 ,

∞∑
n=0

C2n zn = 9z2 −12z +3

1−6z +9z2 −4z3 .

(c) (m = 2, j = 1, |z| < |α|−2 = 1
4 ).

∞∑
n=0

B2n+1zn = 5z +1

1−6z +9z2 −4z3 ,

∞∑
n=0

C2n+1zn = 10z2 −14z +4

1−6z +9z2 −4z3 .

(d) (m =−1, j = 0, |z| < ∣∣β∣∣= ∣∣γ∣∣= 1).

∞∑
n=0

B−n zn = z2

2−5z +4z2 − z3 ,

∞∑
n=0

C−n zn = 4z2 −10z +6

2−5z +4z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

B−2n zn = 4z2 +2z

4−9z +6z2 − z3 ,

∞∑
n=0

C−2n zn = 6z2 −18z +12

4−9z +6z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

B−2n+1zn = 11z2 −9z +4

4−9z +6z2 − z3 ,

∞∑
n=0

C−2n+1zn = 10z2 −26z +16

4−9z +6z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.31.
We have the following infinite sums .
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(a) z = 1
4 .

∞∑
n=0

Bn

4n = 8

9
,

∞∑
n=0

Cn

4n = 14

3
.

(b) z = 1
8 .

∞∑
n=0

B2n

8n = 68

49
,

∞∑
n=0

C2n

8n = 30

7
.

(c) z = 1
8 .

∞∑
n=0

B2n+1

8n = 208

49
,

∞∑
n=0

C2n+1

8n = 44

7
.

(d) z = 1
2 .

∞∑
n=0

B−n

2n = 2

3
,

∞∑
n=0

C−n

2n = 16

3
.

(e) z = 1
2 .

∞∑
n=0

B−2n

2n = 16

7
,

∞∑
n=0

C−2n

2n = 36

7
.

(f ) z = 1
2 .

∞∑
n=0

B−2n+1

2n = 18

7
,

∞∑
n=0

C−2n+1

2n = 44

7
.

3.7. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Guglielmo Num-

bers

In this subsection, we consider the case r = 3, s = −3, t = 1. A generalized Guglielmo sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn = 3Wn−1 −3Wn−2 +Wn−3 (77)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = 3W−(n−1) −3W−(n−2) +W−(n−3)

for n = 1,2,3, .... Therefore, recurrence (77) holds for all integer n. For more information on generalized Guglielmo
numbers, see Soykan [10].
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Binet formula of generalized Guglielmo numbers can be given as

Wn = A1 + A2n + A3n2

where

A1 = W0,

A2 = 1

2
(−W2 +4W1 −3W0),

A3 = 1

2
(W2 −2W1 +W0),

i.e.,

Wn =W0 + 1

2
(−W2 +4W1 −3W0)n + 1

2
(W2 −2W1 +W0)n2. (78)

Here, we use the roots α,β,γ of the cubic equation

x3 −3x2 +3x −1 = (x −1)3 = 0

where α=β= γ= 1.
Now we define four special cases of the sequence {Wn}. Triangular sequence {Tn}n≥0,triangular-Lucas sequence

{Hn}n≥0, oblong sequence {On}n≥0 and pentagonal sequence {pn}n≥0 are defined, respectively, by the third-order re-
currence relations

Tn = 3Tn−1 −3Tn−2 +Tn−3, T0 = 0,T1 = 1,T2 = 3, (79)

Hn = 3Hn−1 −3Hn−2 +Hn−3, H0 = 3, H1 = 3, H2 = 3, (80)

On = 3On−1 −3On−2 +On−3, O0 = 0,O1 = 2,O2 = 6, (81)

pn = 3pn−1 −3pn−2 +pn−3, p0 = 0, p1 = 1, p2 = 5. (82)

The sequences {Tn}n≥0, {Hn}n≥0, {On}n≥0 and {pn}n≥0 can be extended to negative subscripts by defining

T−n = 3T−(n−1) −3T−(n−2) +T−(n−3),

H−n = 3H−(n−1) −3H−(n−2) +H−(n−3),

O−n = 3O−(n−1) −3O−(n−2) +O−(n−3),

p−n = 3p−(n−1) −3p−(n−2) +p−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (79)-(82) hold for all integer n.
Hn is the constant sequence (the all 3’s sequence) A010701 in [3].
For all integers n, triangular, triangular-Lucas, oblong and pentagonal numbers can be expressed using Binet’s

formulas as

Tn = n(n +1)

2
,

Hn = 3,

On = n(n +1),

pn = 1

2
n (3n −1) ,

Here, Gn = Tn and Hn := Hn .
Next, we present sum formulas of generalized Guglielmo numbers

Theorem 3.7.
For n ≥ 0, We have the following sum formulas for generalized Guglielmo numbers:

(a)
n∑

k=0
Wk = 1

6 (n +1)(n(n +2)Wn+2 −n(2n +7)Wn+1 + (n +3)(n +2)Wn).

(b)
n∑

k=0
W2k = 1

6 (n +1)(n(4n +5)W2n+2 −8n(n +2)W2n+1 + (4n +3)(n +2)W2n).

(c)
n∑

k=0
W2k+1 = 1

6 (n +1)(n(4n −1)W2n+2 −2(4n2 +2n −3)W2n+1 +n(4n +5)W2n).
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(d)
n∑

k=0
W−k = 1

6 (n +1)(n(n −1)W−n+2 −n(2n −5)W−n+1 + (n2 −4n +6)W−n).

(e)
n∑

k=0
W−2k = 1

6 (n +1)((n +2)(4n +3)W−2n −8n(n +2)W−2n−1 +n(4n +5)W−2n−2).

(f )
n∑

k=0
W−2k+1 = 1

6 (n +1)((4n +9)(n +2)W−2n −2(4n2 +14n +9)W−2n−1 + (n +2)(4n +3)W−2n−2).

Proof.

(a) Use Theorem 1.1 (a) (iv) with z = 1.

(b) Use Theorem 1.1 (b) (iv) with z = 1.

(c) Use Theorem 1.1 (c) (iv) with z = 1.

(d) Use Theorem 1.1 (d) (iv) with z = 1.

(e) Use Theorem 1.1 (e) (iv) with z = 1.

(f ) Use Theorem 1.1 (f) (iv) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of triangular numbers (take
Wn = Tn with T0 = 0,T1 = 1,T2 = 3).

Corollary 3.32.
For n ≥ 0, triangular numbers have the following properties.

(a)
n∑

k=0
Tk = 1

6 (n +1)(n(n +2)Tn+2 −n(2n +7)Tn+1 + (n +3)(n +2)Tn).

(b)
n∑

k=0
T2k = 1

6 (n +1)(n(4n +5)T2n+2 −8n(n +2)T2n+1 + (4n +3)(n +2)T2n).

(c)
n∑

k=0
T2k+1 = 1

6 (n +1)(n(4n −1)T2n+2 −2(4n2 +2n −3)T2n+1 +n(4n +5)T2n).

(d)
n∑

k=0
T−k = 1

6 (n +1)(n(n −1)T−n+2 −n(2n −5)T−n+1 + (n2 −4n +6)T−n).

(e)
n∑

k=0
T−2k = 1

6 (n +1)((n +2)(4n +3)T−2n −8n(n +2)T−2n−1 +n(4n +5)T−2n−2).

(f )
n∑

k=0
T−2k+1 = 1

6 (n +1)((4n +9)(n +2)T−2n −2(4n2 +14n +9)T−2n−1 + (n +2)(4n +3)T−2n−2).

Taking Wn = Hn with H0 = 3, H1 = 3, H2 = 3 in the last Theorem, we have the following Corollary which gives sum
formulas of triangular-Lucas numbers.

Corollary 3.33.
For n ≥ 0, triangular-Lucas numbers have the following properties:

(a)
n∑

k=0
Hk = 1

6 (n +1)(n(n +2)Hn+2 −n(2n +7)Hn+1 + (n +3)(n +2)Hn).

(b)
n∑

k=0
H2k = 1

6 (n +1)(n(4n +5)H2n+2 −8n(n +2)H2n+1 + (4n +3)(n +2)H2n).

(c)
n∑

k=0
H2k+1 = 1

6 (n +1)(n(4n −1)H2n+2 −2(4n2 +2n −3)H2n+1 +n(4n +5)H2n).

(d)
n∑

k=0
H−k = 1

6 (n +1)(n(n −1)H−n+2 −n(2n −5)H−n+1 + (n2 −4n +6)H−n).

(e)
n∑

k=0
H−2k = 1

6 (n +1)((n +2)(4n +3)H−2n −8n(n +2)H−2n−1 +n(4n +5)H−2n−2).
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(f )
n∑

k=0
H−2k+1 = 1

6 (n +1)((4n +9)(n +2)H−2n −2(4n2 +14n +9)H−2n−1 + (n +2)(4n +3)H−2n−2).

From the last Theorem, we have the following Corollary which gives sum formulas of oblong numbers (take Wn =
On with O0 = 0,O1 = 2,O2 = 6).

Corollary 3.34.
For n ≥ 0, oblong numbers have the following properties.

(a)
n∑

k=0
Ok = 1

6 (n +1)(n(n +2)On+2 −n(2n +7)On+1 + (n +3)(n +2)On).

(b)
n∑

k=0
O2k = 1

6 (n +1)(n(4n +5)O2n+2 −8n(n +2)O2n+1 + (4n +3)(n +2)O2n).

(c)
n∑

k=0
O2k+1 = 1

6 (n +1)(n(4n −1)O2n+2 −2(4n2 +2n −3)O2n+1 +n(4n +5)O2n).

(d)
n∑

k=0
O−k = 1

6 (n +1)(n(n −1)O−n+2 −n(2n −5)O−n+1 + (n2 −4n +6)O−n).

(e)
n∑

k=0
O−2k = 1

6 (n +1)((n +2)(4n +3)O−2n −8n(n +2)O−2n−1 +n(4n +5)O−2n−2).

(f )
n∑

k=0
O−2k+1 = 1

6 (n +1)((4n +9)(n +2)O−2n −2(4n2 +14n +9)O−2n−1 + (n +2)(4n +3)O−2n−2).

Taking Wn = pn with p0 = 0, p1 = 1, p2 = 5 in the last Theorem, we have the following Corollary which gives sum
formulas of pentagonal numbers.

Corollary 3.35.
For n ≥ 0, pentagonal numbers have the following properties:

(a)
n∑

k=0
pk = 1

6 (n +1)(n(n +2)pn+2 −n(2n +7)pn+1 + (n +3)(n +2)pn).

(b)
n∑

k=0
p2k = 1

6 (n +1)(n(4n +5)p2n+2 −8n(n +2)p2n+1 + (4n +3)(n +2)p2n).

(c)
n∑

k=0
p2k+1 = 1

6 (n +1)(n(4n −1)p2n+2 −2(4n2 +2n −3)p2n+1 +n(4n +5)p2n).

(d)
n∑

k=0
p−k = 1

6 (n +1)(n(n −1)p−n+2 −n(2n −5)p−n+1 + (n2 −4n +6)p−n).

(e)
n∑

k=0
p−2k = 1

6 (n +1)((n +2)(4n +3)p−2n −8n(n +2)p−2n−1 +n(4n +5)p−2n−2).

(f )
n∑

k=0
p−2k+1 = 1

6 (n +1)((4n +9)(n +2)p−2n −2(4n2 +14n +9)p−2n−1 + (n +2)(4n +3)p−2n−2).

Next, we give the ordinary generating function of special cases of the generalized Guglielmo numbers {Wmn+ j }.

Corollary 3.36.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 = ∣∣β∣∣−1 = ∣∣γ∣∣−1 = 1).

∞∑
n=0

Wn zn = (3W0 −3W1 +W2) z2 + (W1 −3W0) z +W0

1−3z +3z2 − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 = ∣∣β∣∣−2 = ∣∣γ∣∣−2 = 1).

∞∑
n=0

W2n zn = (6W0 −8W1 +3W2) z2 + (W2 −3W0) z +W0

1−3z +3z2 − z3 .
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(c) (m = 2, j = 1, |z| < |α|−2 = ∣∣β∣∣−2 = ∣∣γ∣∣−2 = 1).

∞∑
n=0

W2n+1zn = (3W0 −3W1 +W2) z2 + (W0 −6W1 +3W2) z +W1

1−3z +3z2 − z3 .

(d) (m =−1, j = 0, |z| < |α| = ∣∣β∣∣= ∣∣γ∣∣= 1).

∞∑
n=0

W−n zn = W1z2 + (W2 −3W1) z +W0

1−3z +3z2 − z3 .

(e) (m =−2, j = 0, |z| < |α|2 = ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

W−2n zn = W2z2 + (3W0 −8W1 +3W2) z +W0

1−3z +3z2 − z3 .

(f ) (m =−2, j = 1, |z| < |α|2 = ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).

∞∑
n=0

W−2n+1zn = (W0 −3W1 +3W2) z2 + (3W0 −6W1 +W2) z +W1

1−3z +3z2 − z3 .

Proof. Set r = 3, s =−3, t = 1 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 3.37.
The ordinary generating functions of special cases of the generalized Guglielmo numbers are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 = ∣∣β∣∣−1 = ∣∣γ∣∣−1 = 1).

∞∑
n=0

Tn zn = z

1−3z +3z2 − z3 ,

∞∑
n=0

Hn zn = 3z2 −6z +3

1−3z +3z2 − z3 ,

∞∑
n=0

On zn = 2z

1−3z +3z2 − z3 ,

∞∑
n=0

pn zn = 2z2 + z

1−3z +3z2 − z3 .

(b) (m = 2, j = 0, |z| < |α|−2 = ∣∣β∣∣−2 = ∣∣γ∣∣−2 = 1).

∞∑
n=0

T2n zn = z2 +3z

1−3z +3z2 − z3 ,

∞∑
n=0

H2n zn = 3z2 −6z +3

1−3z +3z2 − z3 ,

∞∑
n=0

O2n zn = 2z2 +6z

1−3z +3z2 − z3 ,

∞∑
n=0

p2n zn = 7z2 +5z

1−3z +3z2 − z3 .

(c) (m = 2, j = 1, |z| < |α|−2 = ∣∣β∣∣−2 = ∣∣γ∣∣−2 = 1).

∞∑
n=0

T2n+1zn = 3z +1

1−3z +3z2 − z3 ,

∞∑
n=0

H2n+1zn = 3z2 −6z +3

1−3z +3z2 − z3 ,

∞∑
n=0

O2n+1zn = 6z +2

1−3z +3z2 − z3 ,

∞∑
n=0

p2n+1zn = 2z2 +9z +1

1−3z +3z2 − z3 .
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(d) (m =−1, j = 0, |z| < |α| = ∣∣β∣∣= ∣∣γ∣∣= 1).
∞∑

n=0
T−n zn = z2

1−3z +3z2 − z3 ,

∞∑
n=0

H−n zn = 3z2 −6z +3

1−3z +3z2 − z3 ,

∞∑
n=0

O−n zn = 2z2

1−3z +3z2 − z3 ,

∞∑
n=0

p−n zn = z2 +2z

1−3z +3z2 − z3 .

(e) (m =−2, j = 0, |z| < |α|2 = ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).
∞∑

n=0
T−2n zn = 3z2 + z

1−3z +3z2 − z3 ,

∞∑
n=0

H−2n zn = 3z2 −6z +3

1−3z +3z2 − z3 ,

∞∑
n=0

O−2n zn = 6z2 +2z

1−3z +3z2 − z3 ,

∞∑
n=0

p−2n zn = 5z2 +7z

1−3z +3z2 − z3 .

(f ) (m =−2, j = 1, |z| < |α|2 = ∣∣β∣∣2 = ∣∣γ∣∣2 = 1).
∞∑

n=0
T−2n+1zn = 6z2 −3z +1

1−3z +3z2 − z3 ,

∞∑
n=0

H−2n+1zn = 3z2 −6z +3

1−3z +3z2 − z3 ,

∞∑
n=0

O−2n+1zn = 12z2 −6z +2

1−3z +3z2 − z3 ,

∞∑
n=0

p−2n+1zn = 12z2 − z +1

1−3z +3z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.38.
We have the following infinite sums .

(a) z = 1
2 .

∞∑
n=0

Tn

2n = 4,

∞∑
n=0

Hn

2n = 6,

∞∑
n=0

On

2n = 8,

∞∑
n=0

pn

2n = 8.

(b) z = 1
2 .

∞∑
n=0

T2n

2n = 14,

∞∑
n=0

H2n

2n = 6,

∞∑
n=0

O2n

2n = 28,

∞∑
n=0

p2n

2n = 34.
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(c) z = 1
2 .

∞∑
n=0

T2n+1

2n = 20,

∞∑
n=0

H2n+1

2n = 6,

∞∑
n=0

O2n+1

2n = 40,

∞∑
n=0

p2n+1

2n = 48.

(d) z = 1
2 .

∞∑
n=0

T−n

2n = 2,

∞∑
n=0

H−n

2n = 6,

∞∑
n=0

O−n

2n = 4,

∞∑
n=0

p−n

2n = 10.

(e) z = 1
2 .

∞∑
n=0

T−2n

2n = 10,

∞∑
n=0

H−2n

2n = 6,

∞∑
n=0

O−2n

2n = 20,

∞∑
n=0

p−2n

2n = 38.

(f ) z = 1
2 .

∞∑
n=0

T−2n+1

2n = 8,

∞∑
n=0

H−2n+1

2n = 6,

∞∑
n=0

O−2n+1

2n = 16,

∞∑
n=0

p−2n+1

2n = 16.

3.8. Sum Formulas
n∑

k=0
Wk ,

n∑
k=0

W2k ,
n∑

k=0
W2k+1,

n∑
k=0

W−k ,
n∑

k=0
W−2k ,

n∑
k=0

W−2k+1 and Generating Functions∑∞
n=0 Wn zn ,

∑∞
n=0 W2n zn ,

∑∞
n=0 W2n+1zn ,

∑∞
n=0 W−n zn ,

∑∞
n=0 W−2n zn ,

∑∞
n=0 W−2n+1zn of Generalized Woodall Num-

bers

In this subsection, we consider the case r = 5, s = −8, t = 4. A generalized Woodall sequence {Wn}n≥0 =
{Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence relations

Wn = 5Wn−1 −8Wn−2 +4Wn−3 (83)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = 2W−(n−1) − 5

4
W−(n−2) + 1

4
W−(n−3)
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for n = 1,2,3, .... Therefore, recurrence (83) holds for all integer n. For more information on generalized Woodall num-
bers, see [11].

Binet formula of generalized Woodall numbers can be given as
(two distinct roots case: α=β 6= γ)

Wn = (A1 + A2n)×αn + A3γ
n

where

A1 = −W2 +2αW1 −γ(2α−γ)W0(
α−γ)2 ,

A2 = W2 − (α+γ)W1 +αγW0

α
(
α−γ) ,

A3 = W2 −2αW1 +α2W0(
α−γ)2 .

Here, α,β and γ are the roots of the cubic equation

x3 −5x2 +8x −4 = (x −2)2 (x −1) = 0.

Moreover

α = β= 2,

γ = 1.

So,

Wn = (A1 + A2n)×2n + A3

where

A1 = −W2 +4W1 −3W0,

A2 = W2 −3W1 +2W0

2
,

A3 = W2 −4W1 +4W0,

i.e.,

Wn = ((−W2 +4W1 −3W0)+ W2 −3W1 +2W0

2
n)×2n + (W2 −4W1 +4W0). (84)

Now, we define four special cases of the sequence {Wn}. Modified Woodall sequence {Gn}n≥0 , modified Cullen
sequence {Hn}n≥0, Woodall sequence {Rn} and Cullen sequence {Cn} are defined, respectively, by the third-order re-
currence relations

Gn = 5Gn−1 −8Gn−2 +4Gn−3, G0 = 0,G1 = 1,G2 = 5, (85)

Hn = 5Hn−1 −8Hn−2 +4Hn−3, H0 = 3, H1 = 5, H2 = 9, (86)

Rn = 5Rn−1 −8Rn−2 +4Rn−3, R0 =−1,R1 = 1,R2 = 7, (87)

Cn = 5Cn−1 −8Cn−2 +4Cn−3, C0 = 1,C1 = 3,C2 = 9. (88)

The sequences {Gn}n≥0, {Hn}n≥0, {Rn}n≥0 and {Cn}n≥0 can be extended to negative subscripts by defining

G−n = 2G−(n−1) − 5

4
G−(n−2) + 1

4
G−(n−3),

H−n = 2H−(n−1) − 5

4
H−(n−2) + 1

4
H−(n−3),

R−n = 2R−(n−1) − 5

4
R−(n−2) + 1

4
R−(n−3),

C−n = 2C−(n−1) − 5

4
C−(n−2) + 1

4
C−(n−3),

for n = 1,2,3, ... respectively. Therefore, recurrences (85)-(88) hold for all integer n.
Gn , Hn , Rn and Cn are the sequences A000337, A000051 (and A048578), A003261 and A002064 in [3], respectively.
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Note that {Hn} satisfies the following second order linear recurrence:

Hn = 3Hn−1 −2Hn−2, H0 = 3, H1 = 5

and satisfies the following first order non-linear recurrence:

Hn = 2Hn−1 −1, H0 = 3.

For all integers n, modified Woodall, modified Cullen, Woodall and Cullen numbers can be expressed using Binet’s
formulas as

Gn = (n −1)2n +1

Hn = 2n+1 +1

Rn = n ×2n −1

Cn = n ×2n +1

respectively. Here, Gn :=Gn and Hn := Hn .
Next, we present sum formulas of generalized Woodall numbers

Theorem 3.8.
For n ≥ 0, We have the following sum formulas for generalized Woodall numbers:

(a)
n∑

k=0
Wk = (n +2)Wn+2 − (4n +9)Wn+1 +4(n +3)Wn −2W2 +9W1 −11W0.

(b)
n∑

k=0
W2k = 1

9 ((9n +17)W2n+2 −36(n +2)W2n+1 +4(9n +22)W2n −17W2 +72W1 −79W0).

(c)
n∑

k=0
W2k+1 = 1

9 ((9n +13)W2n+2 −12(3n +4)W2n+1 +4(9n +17)W2n −13W2 +57W1 −68W0).

(d)
n∑

k=0
W−k = (n +1)W−n+2 − (4n +3)W−n+1 + (4n +1)W−n −W2 +3W1.

(e)
n∑

k=0
W−2k = 1

9 ((9n +19)W−2n −36(n +2)W−2n−1 +4(9n +14)W−2n−2 −10W2 +36W1 −20W0).

(f )
n∑

k=0
W−2k+1 = 1

9 ((9n +23)W−2n −12(3n +8)W−2n−1 +4(9n +19)W−2n−2 −14W2 +60W1 −40W0).

Proof.

(a) Use [12],Theorem 62 (a) (ii) with z = 1.

(b) Use [12],Theorem 62 (b) (ii) with z = 1.

(c) Use [12],Theorem 62 (c) (ii) with z = 1.

(d) Use [12],Theorem 62 (d) (ii) with z = 1.

(e) Use [12],Theorem 62 (e) (ii) with z = 1.

(f ) Use [12],Theorem 62 (f) (ii) with z = 1.

From the last Theorem, we have the following Corollary which gives sum formulas of modified Woodall numbers
(take Wn =Gn with G0 = 0,G1 = 1,G2 = 5).

Corollary 3.39.
For n ≥ 0, modified Woodall numbers have the following properties.

(a)
n∑

k=0
Gk = (n +2)Gn+2 − (4n +9)Gn+1 +4(n +3)Gn −1.

(b)
n∑

k=0
G2k = 1

9 ((9n +17)G2n+2 −36(n +2)G2n+1 +4(9n +22)G2n −13).
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(c)
n∑

k=0
G2k+1 = 1

9 ((9n +13)G2n+2 −12(3n +4)G2n+1 +4(9n +17)G2n −8).

(d)
n∑

k=0
G−k = (n +1)G−n+2 − (4n +3)G−n+1 + (4n +1)G−n −2.

(e)
n∑

k=0
G−2k = 1

9 ((9n +19)G−2n −36(n +2)G−2n−1 +4(9n +14)G−2n−2 −14).

(f )
n∑

k=0
G−2k+1 = 1

9 ((9n +23)G−2n −12(3n +8)G−2n−1 +4(9n +19)G−2n−2 −10).

Taking Wn = Hn with H0 = 3, H1 = 5, H2 = 9 in the last Theorem, we have the following Corollary which gives sum
formulas of modified Cullen numbers.

Corollary 3.40.
For n ≥ 0, modified Cullen numbers have the following properties:

(a)
n∑

k=0
Hk = (n +2)Hn+2 − (4n +9)Hn+1 +4(n +3)Hn −6.

(b)
n∑

k=0
H2k = 1

9 ((9n +17)H2n+2 −36(n +2)H2n+1 +4(9n +22)H2n −30).

(c)
n∑

k=0
H2k+1 = 1

9 ((9n +13)H2n+2 −12(3n +4)H2n+1 +4(9n +17)H2n −36).

(d)
n∑

k=0
H−k = (n +1)H−n+2 − (4n +3)H−n+1 + (4n +1)H−n −H2 +15.

(e)
n∑

k=0
H−2k = 1

9 ((9n +19)H−2n −36(n +2)H−2n−1 +4(9n +14)H−2n−2 +30).

(f )
n∑

k=0
H−2k+1 = 1

9 ((9n +23)H−2n −12(3n +8)H−2n−1 +4(9n +19)H−2n−2 +54).

From the last Theorem, we have the following Corollary which gives sum formulas of Woodall numbers (take Wn =
Rn with R0 =−1,R1 = 1,R2 = 7).

Corollary 3.41.
For n ≥ 0, Woodall numbers have the following properties.

(a)
n∑

k=0
Rk = (n +2)Rn+2 − (4n +9)Rn+1 +4(n +3)Rn +6.

(b)
n∑

k=0
R2k = 1

9 ((9n +17)R2n+2 −36(n +2)R2n+1 +4(9n +22)R2n +32).

(c)
n∑

k=0
R2k+1 = 1

9 ((9n +13)R2n+2 −12(3n +4)R2n+1 +4(9n +17)R2n +34).

(d)
n∑

k=0
R−k = (n +1)R−n+2 − (4n +3)R−n+1 + (4n +1)R−n −4.

(e)
n∑

k=0
R−2k = 1

9 ((9n +19)R−2n −36(n +2)R−2n−1 +4(9n +14)R−2n−2 −14).

(f )
n∑

k=0
R−2k+1 = 1

9 ((9n +23)R−2n −12(3n +8)R−2n−1 +4(9n +19)R−2n−2 +2).

Taking Wn = Cn with C0 = 1,C1 = 3,C2 = 9 in the last Theorem, we have the following Corollary which gives sum
formulas of Cullen numbers.

Corollary 3.42.
For n ≥ 0, Cullen numbers have the following properties:
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(a)
n∑

k=0
Ck = (n +2)Cn+2 − (4n +9)Cn+1 +4(n +3)Cn −2.

(b)
n∑

k=0
C2k = 1

9 ((9n +17)C2n+2 −36(n +2)C2n+1 +4(9n +22)C2n −16).

(c)
n∑

k=0
C2k+1 = 1

9 ((9n +13)C2n+2 −12(3n +4)C2n+1 +4(9n +17)C2n −14).

(d)
n∑

k=0
C−k = (n +1)C−n+2 − (4n +3)C−n+1 + (4n +1)C−n .

(e)
n∑

k=0
C−2k = 1

9 ((9n +19)C−2n −36(n +2)C−2n−1 +4(9n +14)C−2n−2 −2).

(f )
n∑

k=0
C−2k+1 = 1

9 ((9n +23)C−2n −12(3n +8)C−2n−1 +4(9n +19)C−2n−2 +14).

Next, we give the ordinary generating function of special cases of the generalized Woodall numbers {Wmn+ j }.

Corollary 3.43.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 = ∣∣β∣∣−1 = 1
2 ).

∞∑
n=0

Wn zn = (8W0 −5W1 +W2) z2 + (W1 −5W0) z +W0

1−4z3 +8z2 −5z
.

(b) (m = 2, j = 0, |z| < |α|−2 = ∣∣β∣∣−2 = 1
4 ).

∞∑
n=0

W2n zn = (44W0 −36W1 +8W2) z2 + (W2 −9W0) z +W0

1−16z3 +24z2 −9z
.

(c) (m = 2, j = 1, |z| < |α|−2 = ∣∣β∣∣−2 = 1
4 ).

∞∑
n=0

W2n+1zn = 4(8W0 −5W1 +W2) z2 + (4W0 −17W1 +5W2) z +W1

1−16z3 +24z2 −9z
.

(d) (m =−1, j = 0, |z| < ∣∣γ∣∣= 1).

∞∑
n=0

W−n zn = W1z2 + (W2 −5W1) z +4W0

4−8z +5z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣γ∣∣2 = 1).

∞∑
n=0

W−2n zn = W2z2 + (20W0 −36W1 +8W2) z +16W0

16−24z +9z2 − z3 .

(f ) (m =−2, j = 1, |z| < ∣∣γ∣∣2 = 1).

∞∑
n=0

W−2n+1zn = (4W0 −8W1 +5W2) z2 + (32W0 −44W1 +4W2) z +16W1

16−24z +9z2 − z3 .

Proof. Set r = 5, s =−8, t = 4 in Lemma 1.1. �
Now, we consider special cases of the last corollary.

Corollary 3.44.
The ordinary generating functions of special cases of the generalized Woodall numbers are given as follows:
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(a) (m = 1, j = 0, |z| < |α|−1 = ∣∣β∣∣−1 = 1
2 ).

∞∑
n=0

Gn zn = z

1−4z3 +8z2 −5z
,

∞∑
n=0

Hn zn = 8z2 −10z +3

1−4z3 +8z2 −5z
,

∞∑
n=0

Rn zn = −6z2 +6z −1

1−4z3 +8z2 −5z
,

∞∑
n=0

Cn zn = 2z2 −2z +1

1−4z3 +8z2 −5z
.

(b) (m = 2, j = 0, |z| < |α|−2 = ∣∣β∣∣−2 = 1
4 ).

∞∑
n=0

G2n zn = 4z2 +5z

1−16z3 +24z2 −9z
,

∞∑
n=0

H2n zn = 24z2 −18z +3

1−16z3 +24z2 −9z
,

∞∑
n=0

R2n zn = −24z2 +16z −1

1−16z3 +24z2 −9z
,

∞∑
n=0

C2n zn = 8z2 +1

1−16z3 +24z2 −9z
.

(c) (m = 2, j = 1, |z| < |α|−2 = ∣∣β∣∣−2 = 1
4 ).

∞∑
n=0

G2n+1zn = 8z +1

1−16z3 +24z2 −9z
,

∞∑
n=0

H2n+1zn = 32z2 −28z +5

1−16z3 +24z2 −9z
,

∞∑
n=0

R2n+1zn = −24z2 +14z +1

1−16z3 +24z2 −9z
,

∞∑
n=0

C2n+1zn = 8z2 −2z +3

1−16z3 +24z2 −9z
.

(d) (m =−1, j = 0, |z| < ∣∣γ∣∣= 1).

∞∑
n=0

G−n zn = z2

4−8z +5z2 − z3 ,

∞∑
n=0

H−n zn = 5z2 −16z +12

4−8z +5z2 − z3 ,

∞∑
n=0

R−n zn = z2 +2z −4

4−8z +5z2 − z3 ,

∞∑
n=0

C−n zn = 3z2 −6z +4

4−8z +5z2 − z3 .

(e) (m =−2, j = 0, |z| < ∣∣γ∣∣2 = 1).

∞∑
n=0

G−2n zn = 5z2 +4z

16−24z +9z2 − z3 ,

∞∑
n=0

H−2n zn = 9z2 −48z +48

16−24z +9z2 − z3 ,

∞∑
n=0

R−2n zn = 7z2 −16

16−24z +9z2 − z3 ,

∞∑
n=0

C−2n zn = 9z2 −16z +16

16−24z +9z2 − z3 .
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(f ) (m =−2, j = 1, |z| < ∣∣γ∣∣2 = 1).
∞∑

n=0
G−2n+1zn = 17z2 −24z +16

16−24z +9z2 − z3 ,

∞∑
n=0

H−2n+1zn = 17z2 −88z +80

16−24z +9z2 − z3 ,

∞∑
n=0

R−2n+1zn = 23z2 −48z +16

16−24z +9z2 − z3 ,

∞∑
n=0

C−2n+1z = 25z2 −64z +48

16−24z +9z2 − z3 .

From the last corollary, we obtain the following results for special cases of z.

Corollary 3.45.
We have the following infinite sums .

(a) z = 1
4 .

∞∑
n=0

Gn

4n = 4

3
,

∞∑
n=0

Hn

4n = 16

3
,

∞∑
n=0

Rn

4n = 2

3
,

∞∑
n=0

Cn

4n = 10

3
.

(b) z = 1
8 .

∞∑
n=0

G2n

8n = 22

7
,

∞∑
n=0

H2n

8n = 36

7
,

∞∑
n=0

R2n

8n = 20

7
,

∞∑
n=0

C2n

8n = 36

7
.

(c) z = 1
8 .

∞∑
n=0

G2n+1

8n = 64

7
,

∞∑
n=0

H2n+1

8n = 64

7
,

∞∑
n=0

R2n+1

8n = 76

7
,

∞∑
n=0

C2n+1

8n = 92

7
.

(d) z = 1
2 .

∞∑
n=0

G−n

2n = 2

9
,

∞∑
n=0

H−n

2n = 14

3
,

∞∑
n=0

R−n

2n = −22

9
,

∞∑
n=0

C−n

2n = 14

9
.
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(e) z = 1
2 .

∞∑
n=0

G−2n

2n = 26

49
,

∞∑
n=0

H−2n

2n = 30

7
,

∞∑
n=0

R−2n

2n = −114

49
,

∞∑
n=0

C−2n

2n = 82

49
.

(f ) z = 1
2 .

∞∑
n=0

G−2n+1

2n = 66

49
,

∞∑
n=0

H−2n+1

2n = 46

7
,

∞∑
n=0

R−2n+1

2n = −18

49
,

∞∑
n=0

C−2n+1

2n = −18

49
.
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[9] Soykan, Y., Okumuş, İ., Bilgin, N.G., On Generalized Bigollo Numbers, Asian Research Journal of Mathematics,

19(8), 72-88, 2023. DOI: 10.9734/ARJOM/2023/v19i8690
[10] Soykan, Y., Generalized Guglielmo Numbers: An Investigation of Properties of Triangular, Oblong and Pentagonal

Numbers via Their Third Order Linear Recurrence Relations, Earthline Journal of Mathematical Sciences, 9(1), 1-
39, 2022. https://doi.org/10.34198/ejms.9122.139
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