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Abstract: In this article we apply optimal control theory to one-strain tuberculosis model that incorporates vaccination
and treatment. In this model the control mechanisms associated with chemoprophylaxis of latently infected
with TB and education campaign are incorporated in order to reduce the number of latently and actively in-
fected population with TB through application of Pontryagin’s Maximum Principle. Numerical simulations are
carried out by using both forward and backward in time fourth order Runge-Kutta schemes. The results show
that education campaign control measure alone is more effective in curbing TB transmissions and infections
than chemoprophylaxis of latently infected. Furthermore the combination of the two measures has desirable
effect of reducing the number of infected individuals with TB than when a single control is used. We suggest that
for total eradication of TB from the community, the emphasis of education campaign should be the focal point
and chemoprophylaxis of latently infected individuals control strategy has to be paired with treatment of actively
infected TB individuals.
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1. Introduction

Tuberculosis (TB) is a chronic airborne disease caused by pathogen Mycobacterium tuberculosis with more than
one-third of the world human population as its reservoir [4, 11, 19]. A global annual estimate of 8.6 million people
develop Tuberculosis, of which 1.3 million die from disease. It is reported in [29] that, the burden of disease caused
by TB is high in developing world where poor nutrition, congested accommodation and emergency of HIV are
manifested. The global estimates of incidence, prevalence and mortality rates per 100,000 population in 2012 were
respectively 255, 303 and 26 and Tanzania incidence, prevalence and mortality rates per 100,000 population were
165, 176 and 13 respectively as per [29]. It therefore raises a quest to find desirable means to curtail TB morbidity
and mortality rates.

Tuberculosis disease is mainly of two types: pulmonary and extra-pulmonary TB. Pulmonary TB is a common form
of TB that affects lung while extra-pulmonary TB affects other parts of body and organs including central nervous
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system and bone [28]. This particular study focuses on pulmonary TB. Tuberculosis is a disease that spreads in the
air when the infectious person with pulmonary TB expel bacteria by coughing, singing, sneezing, speaking and so
on [8]. An individual with active TB has usual symptoms which are general weakness or tiredness, fever, weight loss,
loss of appetite and night sweats. Further symptoms are coughing, coughing up of sputum and/ or blood, short-
ness of breath and chest pains if the infection in the lung get worse [9]. TB draws back economics of the world and
Tanzania in particular as it affects men than women and especially the productive working group [28]. A small pro-
portion of about 10% of infected individuals with Mycobacterium tuberculosis develop TB and become infectious
within two years upon infected [25]. Most become latent for the rest of their lives as long as their immune system is
not compromised [8]. The recovered individuals from TB do not acquire the permanent immunity. Some of them
become latently infected again. Even with treatment interventions, the rates of reinfection TB are higher than those
of new TB [25]. Unlike other diseases, TB has complex dynamics to the extent that even reducing the threshold,
effective reproduction number, Re below one does not guarantee clearance of the disease from the community [30].
Mathematical modeling of epidemiology of Tuberculosis has recently become the powerful tool to study the dy-
namics of the disease and impact of various intervention strategies in order to advise public health policy makers
to construct suitable intervention programs to combat TB infections. Agusto [2] formulated a tuberculosis model
that incorporates treatment of infectious and chemoprophylaxis (administration of medication to prevent latently
infected individual to progress to active TB) of latently infected individuals. In his modeling, he introduced the
controls in treatment, chemoprophylaxis and relapse in order to reduce the number of active TB and latently in-
fected individuals. His study shows that the control programs which follow these strategies can effectively reduce
the population that is actively and latently infected with TB. Adekunle [1] incorporates controls representing chemo-
prophylaxis and treatment to SEIR model of TB proposed by Bhunu et al. [3] in order to reduce latently infected as
well as actively infected population by using Pontryagin Maximum Principle of optimal control theory. The results
of work show that chemoprophylaxis is more effective in controlling disease in population when used alone than
applying treatment only. Furthermore, results suggest that the use of both controls concurrently stand out as an
effective strategy of reducing the number of infected individuals than to use only one measure at a time. Bowong [7]
introduced the control term to the basic SEI (Susceptible-Exposed-Infectious) model of TB for ’case finding’ that
represents the effort on chemoprophylaxis parameter on reducing the number of individuals who may become in-
fectious. The results show that the control mechanism boosts up the efforts of chemoprophylaxis in controlling
exogenous reinfection an hence reduces the number of actively infected individuals with TB. In this article we con-
sider time dependent control mechanisms associated with education campaign and chemoprophylaxis of latently
infected individual to one-strain tuberculosis model that incorporates treatment and vaccination as intervention
strategies so as to boost their efforts toward reducing the number of latently and actively infected with TB. The op-
timality system is derived by aid of Pontryagin’s Maximum Principle [24]. Numerical simulation is carried out by
using forward and backward in time fourth order Runge-Kutta schemes.

2. Optimal Control Model Formulation

In this section we construct a continuous time deterministic one-strain tuberculosis model with control term by
modifying the model of Mlay et al. [20]. The control terms u1 and u2 are added as shown in Fig. 1. The full descrip-
tions of variables and parameters which appear in Fig. 1 are in Table 1 and Table 2 respectively.

Table 1. Description of variables of the model

Variable Descriptions

S (t ) The Susceptible individuals who are at risk of being infected at time t
L (t ) The latently infected individuals at time t
V (t ) Vaccinated individuals at time t
I1(t ) Individuals who are severely infected with TB at time t
I2(t ) Individuals who are mildly infected with TB at time t
T (t ) Individuals Treated against TB at time t

We aim at introducing control measures which are education campaign and chemoprophylaxis of latently infected
individuals to the basic model of Mlay et al. [20] to boost the efforts played by intervention strategies (vaccination
and treatment) so as to lower TB infections in the community as well as minimizing the cost of administering these
controls.

Education campaign denoted by u1(t ) is introduced to the basic model as a control term that will sensitize
parents and guardians to vaccinate more babies and hence increasing the proportion of vaccinated babies by
(1+ u1)ρ . That is if education campaign is 100% effective then proportion of vaccinated babies will be doubled.
Consequently education campaign provides awareness to community on how the disease is transmitted and
ways to reduce the probability of being infected. This information in turn reduces the number of susceptible
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Table 2. Description of Parameters of the model

Parameter Descriptions

λ Per capita birth rate.
β Per capita infection rate.
ρ Proportional of babies who are being vaccinated at birth.
θ The rate at which a vaccinated individual looses immunity.
ε The rate of progression from Latent class to both severely and mildly Infected classes.
η Proportional of Latently infected population progressing to mild infected class.
µ Per capita natural death rate.
δ1 Per capita additional death rate of severely infected class.
δ2 Per capita additional death rate of mildly infected class.
φ Proportional of mildly infected class who are treated.
ω The transferring rate of mildly infected to both severely infected and treatment classes.
ν The rate at which a severely infected candidate is transferred to treatment class.
γ The factor that reduces the level of reinfection.

individuals who join the class of latently infected individuals by decreasing the transmission rate to (1 − u1)β .
In addition the education campaign will reduce the number of mildly infected individuals who join severely
infected class as a result increases the rate of both infectious classes to treatment and reducing individuals who
relapse back to Latent group after treatment. That means if u1 is a control mechanism indicating the efforts played
by education campaign to curtail TB infections and transmissions then (1−u1) is a failure of the control mechanism.

On the other hand chemoprophylaxis of latently infected individuals denoted by control term u2 is introduced to the
basic model presented in Mlay et al. [20] so as to lower active TB cases of latently infected individuals. That is 1−u2(t )
is a failure of chemoprophylaxis to prevent the latent infected group from progressing to active TB. Jung et al. [14]
claim that, if u2(t ) is near to 1 then there is low treatment failure of chemoprophylaxis and high implementation
cost. The compartmental diagram with control mechanisms, education campaign, u1(t ) and chemoprophylaxis of
latently infected individuals with TB, u2(t ) is shown in Fig. 1.

Fig. 1. Schematic flow diagram showing dynamics of tuberculosis and control mechanisms u1 and u2 respectively, whereby
I = I1+ I2.

The state system that is one-strain tuberculosis model with two control variables u1 and u2 is obtained from Figure
1 as follows:
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d S

d t
= (1−ρ)λN − (1−u1(t ))βS

(I1+ I2)
N

−µS +θV , (1a)

d V

d t
= (1+u1(t ))ρλN − (µ+θ )V , (1b)

d L

d t
= (1−u1(t ))β

(I1+ I2)
N

(S +γT )− ((1−u2(t ))ε+µ)L , (1c)

d I1

d t
= (1−u2(t ))(1−η)εL + (1−u1(t ))(1−φ)ωI2

− (µ+δ1+ (1+u1(t ))ν)I1, (1d)

d I2

d t
= ((1−u2(t ))ηεL − ((1− (1−2φ)u1(t ))ω+µ+δ2)I2, (1e)

d T

d t
= (1+u1(t ))(νI1+φωI2)−

�

µ+ (1−u1(t ))γβ
(I1+ I2)

N

�

T . (1f)

2.1. Optimal Control Problem

In model (1) we assume that control functions u1(t ) and u2(t ) are Lebesgue integrable functions with 0 < u1, u2.
Our objective functional to be minimized is:

J (u1, u2) =

∫ t f

0

�

A1L (t ) +A2I1(t ) +A3I2(t ) +
B1

2
u1

2+
B2

2
u2

2
�

d t (2)

where we want to minimize latent and infectious (severely and mildly infected) groups with drug-sensitive strain
TB while keeping the costs of education campaign and chemoprophylaxis of latently infected group low. From
equation (2), t f is fixed final time, A1, A2 and A3 are positive weight constants of latently infected, severely
infected and mildly infected groups respectively while B1 and B2 are positive weight constants which balance the
cost factors associated with control mechanisms u1 and u2. The cost of each control mechanism is assumed to

be non-linear and take quadratic form. That is,
B1

2
u1

2 is cost of control mechanism associated with educating

the public (i.e. education campaign) about vaccinating their newly born children with TB vaccine, symptoms of

active TB and the need of sending infectious individuals to hospital while
B2

2
u2

2 is a cost of control mechanism

in latently infected group associated with administering of chemoprophylaxis that prevent them suffer the active TB.

We aim to find control pair,u1
? and u2

?, such that

J (u1
?, u2

?) =min
Γ

J (u1, u2) (3)

where {(u1, u2) ∈ L 1(0, t f ) : ai ≤ ui ≤ bi , i = 1, 2} and ai , bi , i = 1, 2 are fixed positive constants.

As basic framework, after formulating model (1) and the corresponding objective functional (2) the remaining tasks
according to Macki and Strauss [17], Sethi and Thompson [26] and Joshi et al. [13] is to:

1. prove existence of optimal control,

2. characterize the optimal control,

3. prove uniqueness of optimal control,

4. compute optimal control numerically,

5. investigate how optimal control depends on various parameters of the model.

2.2. Existence of an optimal control

In this section we state and prove the existence of an optimal control. We note that our objective functional in (2) has
no salvage term (i.e. the value of state at the fixed final time is zero). It falls under category of Mayer optimization
problem [6]. Therefore by applying the results in Theorem 4.1 of Fleming and Rishel [12] [pages 68-70], Lukes [16],
Lashari et al. [15] and proof outline presented by Mpeshe et al. [22] is sufficient enough to prove that an optimal
control exists. Before proving an existence of an optimal control, let us state the following theorem:
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Theorem 2.1.
Consider an optimal control problem with state equations (1). There exists optimal control pair (u1

?, u2
?) ∈ Γ such

that

min
Γ

J (u1, u2) = J (u1
?, u2

?) (4)

Proof. We begin our proof by following properties of existence of an optimal control presented in Mpeshe et al [22].
The control set together with corresponding state variables is non-empty by existential results in Lukes [16] [Theo-
rem 9.2.1 pg. 182]. Set of all control variables (u1, u2) ∈ Γ is convex by definition. Convexity of objective functional
in u1 and u2 is satisfied. Our optimal system is compact (i.e. closed and bounded) as a necessary condition for
existence of optimal control. That means state solution of state system (1) are bounded by a linear function. The

integrand of objective functional (2),A1L (t ) +A2I1(t ) +A3I2(t ) +
B1

2
u1

2 +
B2

2
u2

2 is convex on control set Γ . In addi-

tion, according to Lashari et al. [15], there exists a constant p > 1 and positive numbers q1, q2 such that objective

functional is bounded below by q1

�

|u1|2+ |u2|2
�p/2−q2. That is:

J (u1, u2)≥ q1

�

|u1|2+ |u2|2
�p/2−q2,

because, state variables are bounded, that completes the proof of existence of optimal control following the result
in Theorem 4.1 of Fleming and Rishel [12] [pages 68-70].

2.3. Characterization of the optimal control

In this section we derive necessary conditions on an optimal control, characterizing optimal control using upper
and lower bound technique and formulating optimality system that characterizes the optimal control. The optimal
pair should satisfy the necessary conditions that come from Pontryagin Maximum Principle [24], and which are also
discussed in [21]. This principle converts state system (1), objective functional (2) and control set (3) into minimal
value of Lagrangian of optimal problem. The Lagrangian of the optimal problem is given by:

L = A1L (t ) +A2I1(t ) +A3I2(t ) +
B1

2
u1

2+
B2

2
u2

2 (5)

In order to seek for minimum Lagrangian of optimal problem we define the Hamilitonian H for the control problem
with respect to u1 and u2 as

H = A1L (t ) +A2I1(t ) +A3I2(t ) +
B1

2
u1

2+
B2

2
u2

2+
6
∑

i=1

λi fi (6)

where fi is right hand side of the differential equation of i th state variable in system (1) and λi for i = 1, 2, · · · , 6 is
the set of adjoint functions. That means the Hamiltonian consists of integrand of objective functional and the inner
product of right hand side of state equations and corresponding adjoint variables (λ1,λ2, · · ·λ6). The expanded form
of Hamiltonian H in (6) is given by:

H = A1L (t ) +A2I1(t ) +A3I2(t ) +
B1

2
u1

2+
B2

2
u2

2

+λ1

�

(1−ρ)λN − (1−u1(t ))βS
(I1+ I2)

N
−µS +θV

�

+λ2

�

(1+u1(t ))ρλN − (µ+θ )V
�

+λ3

�

(1−u1(t ))β
(I1+ I2)

N
(S +γT )− ((1−u2(t ))ε+µ)L

�

+λ4

�

(1−u2(t ))(1−η)εL + (1−u1(t ))(1−φ)ωI2− (µ+δ1+ (1+u1(t ))ν)I1

�

+λ5

�

((1−u2(t ))ηεL − ((1− (1−2φ)u1(t ))ω+µ+δ2)I2

�

+λ6

�

(1+u1(t ))(νI1+φωI2)−
�

µ+ (1−u1(t ))γβ
(I1+ I2)

N

�

T .
�

(7)

Theorem 2.2.
There exists an optimal control pair (u1

?, u2
?) and the corresponding state solutions S ?, V ?, L ?, I1

?, I2
? and T ?, that

minimizes J (u1, u2) over Γ . Furthermore there exists adjoint functions, λ1,λ2, · · ·λ6 such that

dλ1

d t
=−

∂H

∂ S
,

dλ2

d t
=−

∂H

∂ V
, · · · ,

dλ6

d t
=−

∂H

∂ T
adjoint conditions, (8)
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λ1(t f ) =λ2(t f ) = · · ·=λ6(t f ) = 0 transversality conditions. (9)

and N = S ?+V ?+ L ?+ I1
?+ I2

?+T ?.

In addition,

∂H

∂ ui
= 0 at ui

? = 0, i = 1, 2 optimality conditions. (10)

Proof. The adjoint system is obtained by taking the negative partial derivative of Hamiltonian H with respect to
state variables. By using Pontryagin’s Maximum Principle the following adjoint system evaluated at optimal control
pair and corresponding state variables is hereunder:

dλ1

d t
=−

∂H

∂ S
= (λ1−λ3)(1−u1

?(t ))β
I1
?+ I2

?

N
+µλ1,

dλ2

d t
=−

∂H

∂ V
=µλ2+θ (λ2−λ1),

dλ3

d t
=−

∂H

∂ L
=−A1+µλ3+ (1−u2

?(t ))(λ3−λ4+η(λ4−λ5))ε,

dλ4

d t
=−

∂H

∂ I1
=−A2+λ4(µ+δ1) + (1−u1

?(t ))
�

β

N
(S ?(λ1−λ3) +γT ?(λ6−λ3)

�

+ (λ4−λ6)(1+u1
?(t ))ν,

dλ5

d t
=−

∂H

∂ I2
=−A3+λ5(2φωu1

?(t ) +µ+δ2)−λ6)(1+u1
?(t ))φω

+ (1−u1
?(t ))

�

β

N
(S ?(λ1−λ3) +γT ?(λ6−λ3) + (λ5−λ4(1−φ))ω

�

,

dλ6

d t
=−

∂H

∂ T
= (λ6−λ3)(1−u1

?(t ))γβ
I1
?+ I2

?

N
+µλ6.

N = S ?+V ?+ L ?+ I1
?+ I2

?+T ?. (11)

The optimal solution of Hamiltonian is obtained by taking partial derivative of H with respect to control
ui , i = 1, 2 and set it to zero. That is,

∂H

∂ u1
= B1u1+β

I1+ I2

N

�

(λ1−λ3)S + (λ6−λ3)γT
�

+λ2ρλN

+ωI2

�

(λ6+λ4−2λ5)φ+ (λ5−λ4)
�

+νI1(λ6−λ4), (12a)

∂H

∂ u2
= B2u2+

�

λ3−λ4+η(λ4−λ5)εL
�

(12b)

If we set
∂H

∂ ui
= 0 at ui

? we find that:

u1
? =

1

B1

�

β
I1+ I2

N
{(λ3−λ1)S + (λ3−λ6)γT }−λ2ρλN

+ ωI2{(2λ5−λ6−λ4)φ+ (λ4−λ5)}+νI1(λ4−λ6)
�

, (13a)

u2
? =

1

B2

�

λ4−λ3+η(λ5−λ4)εL
�

(13b)

Characterization of an optimal control is done by using technique involving control bounds ai ≤ ui ≤ bi and by
setting S = S ?, V =V ?, L = L ?, I1 = I1

?, I2 = I2
? and T = T ?.

Consider the control bound a1 ≤ u1 ≤ b1. That means our control u1 is bounded below by a1 and above by b1. Then
the characterization of an optimal control u1

? is given by:

u1
? =







a1 if X ≤ a1

X if a1 < X < b1

b1 if X ≥ b1

(14)
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whereby;

X =
1

B1

�

β
I1
?+ I2

?

N
{(λ3−λ1)S

?+ (λ3−λ6)γT ?}−λ2ρλN

+ ωI2
?{(2λ5−λ6−λ4)φ+ (λ4−λ5)}+νI1

?(λ4−λ6)
�

.

In more compact form u1
? can be written as

u1
? =min

§

max
§

a1,
1

B1

�

β
I1
?+ I2

?

N
{(λ3−λ1)S

?+ (λ3−λ6)γT ?}−λ2ρλN

+ωI2
?{(2λ5 −λ6 −λ4)φ + (λ4 −λ5)}+νI1

?(λ4 −λ6)]}, b1} (15)

Likewise considering the control bound a2 ≤ u2 ≤ b2, the control u2 is bounded below by a2 and bounded above by
b2. The characterization of an optimal control u2

? is given by

u2
? =







a2 if Y ≤ a2

Y if a2 < X < b2

b2 if Y ≥ b2

(16)

where Y =
1

B2

�

λ4−λ3+η(λ5−λ4)εL ?
�

. In more compact form u2
? can be written as

u2
? =min

§

max
§

a2,
1

B2

�

λ4−λ3+η(λ5−λ4)εL ?
�

ª

, b2

ª

. (17)

Our optimality system comprises of the state system (1) coupled with adjoint system (11) with initial and transversal
conditions together with characterization of optimal control.

We note that both
∂H

∂ u1
2
= B1 > 0 and

∂H

∂ u2
2
= B2 > 0. That means the second partial derivative of our Hamiltonian

H with respect to controls u1 and u2 are positive. Therefore the optimal problem is minimum at controls u1
? and

u2
?.

2.4. Uniqueness of an optimal control

In this section we prove the uniqueness of an optimal control. According to Joshi et al. [13], to show the uniqueness
of an optimal control is the same as to show the uniqueness of an optimality system. From (1) our system with
properties of optimality system can be written as:















































S
′
= p1(t ,S , V , L , I1, I2, T )

V
′
= p2(t ,S , V , L , I1, I2, T )

L
′
= p3(t ,S , V , L , I1, I2, T )

I1
′
= p4(t ,S , V , L , I1, I2, T )

I2
′
= p5(t ,S , V , L , I1, I2, T )

T
′
= p6(t ,S , V , L , I1, I2, T )
S (0), V (0), L (0), I1(0), I2(0), T (0) given,

S (t f ), V (t f ), L (t f ), I1(t f ), I2(t f ), T (t f ) given and t f fixed.

(18)

where S ∈Rm1 , V ∈Rm2 , L ∈Rm3 , I1 ∈Rm4 , I2 ∈Rm5 , T ∈Rm6 , mi for i = 1, 2, · · · , 6 is a dimension of vector space Rmi

and

p1 :R×Rm1 ×Rm2 ×Rm3 ×Rm4 ×Rm5 ×Rm6 →Rm1

p2 :R×Rm1 ×Rm2 ×Rm3 ×Rm4 ×Rm5 ×Rm6 →Rm2

p3 :R×Rm1 ×Rm2 ×Rm3 ×Rm4 ×Rm5 ×Rm6 →Rm3

p4 :R×Rm1 ×Rm2 ×Rm3 ×Rm4 ×Rm5 ×Rm6 →Rm4

p5 :R×Rm1 ×Rm2 ×Rm3 ×Rm4 ×Rm5 ×Rm6 →Rm5

p6 :R×Rm1 ×Rm2 ×Rm3 ×Rm4 ×Rm5 ×Rm6 →Rm6

are continuous. Before proving for uniqueness of an optimal control we state the following theorem:
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Theorem 2.3.
Assume p1, p2, · · ·p6 are bounded and satisfy Lipschitz condition relative to S , V , L , I1, I2 and T with constant A > 0.
Then the solutions of system (18) are unique if the final time t f is sufficiently small.

Proof. Suppose (18) has two solutions (S1(t ), V1(t ), L1(t ), I1?(t ), I2?(t ), T1(t )) and
(S2(t ), V2(t ), L2(t ), I1??(t ), I2??(t ), T2(t )). Applying Lipschitz condition implied in [18] on p1 results to:

‖S1(t )−S2(t )‖ ≤
∫ t1

0

A(‖S1(r )−S2(r )‖+ ‖V1(r )−V2(r )‖+ ‖L1(r )− L2(r )‖+ ‖I1?(r )− I1??(r )‖

+ ‖I2?(r )− I2??(r )‖+ ‖T1(r )−T2(r )‖)d r (19)

A similar inequality holds for solutions V1(t ) and V2(t ) as follows:

‖V1(t )−V2(t )‖ ≤
∫ t2

t1

A(‖S1(r )−S2(r )‖+ ‖V1(r )−V2(r )‖+ ‖L1(r )− L2(r )‖+ ‖I1?(r )− I1??(r )‖

+ ‖I2?(r )− I2??(r )‖+ ‖T1(r )−T2(r )‖)d r (20)

Lipschitz condition on solutions L1(t ) and L2(t ) implies:

‖L1(t )− L2(t )‖ ≤
∫ t3

t2

A(‖S1(r )−S2(r )‖+ ‖V1(r )−V2(r )‖+ ‖L1(r )− L2(r )‖+ ‖I1?(r )− I1??(r )‖

+ ‖I2?(r )− I2??(r )‖+ ‖T1(r )−T2(r )‖)d r (21)

Lipschitz condition on solutions I1?(t ) and I1??(t ) results to:

‖I1?(t )− I1??(t )‖ ≤
∫ t4

t3

A(‖S1(r )−S2(r )‖+ ‖V1(r )−V2(r )‖+ ‖L1(r )− L2(r )‖+ ‖I1?(r )− I1??(r )‖

+ ‖I2?(r )− I2??(r )‖+ ‖T1(r )−T2(r )‖)d r (22)

Lipschitz condition on solutions I2?(t ) and I2??(t ) implies:

‖I2?(t )− I2??(t )‖ ≤
∫ t5

t4

A(‖S1(r )−S2(r )‖+ ‖V1(r )−V2(r )‖+ ‖L1(r )− L2(r )‖+ ‖I1?(r )− I1??(r )‖

+ ‖I2?(r )− I2??(r )‖+ ‖T1(r )−T2(r )‖)d r (23)

Finally Lipschitz condition on solutions T1(t ) and T2(t ), where t f is final time is given by:

‖T1(t )−T2(t )‖ ≤
∫ t f

t5

A(‖S1(r )−S2(r )‖+ ‖V1(r )−V2(r )‖+ ‖L1(r )− L2(r )‖+ ‖I1?(r )− I1??(r )‖

+ ‖I2?(r )− I2??(r )‖+ ‖T1(r )−T2(r )‖)d r (24)

Adding (19), (20), (21), (22), (23) and (24) together yields:

‖S1(t )−S2(t )‖+ ‖V1(t )−V2(t )‖+ ‖L1(t )− L2(t )‖+ ‖I1?(t )− I1??(t )‖+ ‖I2?(t )− I2??(t )‖

+ ‖T1(t )−T2(t )‖ ≤
∫ t f

0

A(‖S1(r )−S2(r )‖+ ‖V1(r )−V2(r )‖+ ‖L1(r )− L2(r )‖+ ‖I1?(r )− I1??(r )‖

+ ‖I2?(r )− I2??(r )‖+ ‖T1(r )−T2(r )‖)d r

Applying Mean Value Theorem (MVT) for Integrals, there exists a ξ, 0≤ ξ≤ t f , such that

‖S1(t )−S2(t )‖+ ‖V1(t )−V2(t )‖+ ‖L1(t )− L2(t )‖+ ‖I1?(t )− I1??(t )‖+ ‖I2?(t )− I2??(t )‖
+ ‖T1(t )−T2(t )‖ ≤ A · t f · (‖S1(ξ)−S2(ξ)‖+ ‖V1(ξ)−V2(ξ)‖+ ‖L1(ξ)− L2(ξ)‖+ ‖I1?(ξ)− I1??(ξ)‖

+ ‖I2?(ξ)− I2??(ξ)‖+ ‖T1(ξ)−T2(ξ)‖)

for all t ∈ [0, t f ]. If t f is small enough that A · t f < 1 we arrive at a contradiction, completing our proof.
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3. Numerical Analysis of Optimal Control Model

In this section we analyze numerically optimal chemoprophylaxis of latently infected population and education
campaign strategies of our one-strain tuberculosis model (1). We solve the optimality system consisting of twelve
ordinary differential equations from state and adjoint equations by using iterative method known as Runge-Kutta
scheme.

State system is solved first by using forward in time fourth order Runge-Kutta method with initial conditions
N (0) = 240,S (0) = 144, V (0) = 12, L (0) = 24, I1(0) = 24, I2(0) = 24 and T (0) = 12. These initial conditions are esti-
mates implied from Jung et al. [14] for the purpose of demonstrations. Since the terminal condition of our opti-
mality system is λ1(t f ) = λ2(t f ) = · · ·λ6(t f ) = 0, where t f = 10 years then the adjoint system is solved by back-
ward fourth order Runge-Kutta scheme by using current iterated solution of state system. The time step during the
simulation process will be h = 0.02 years. We then update controls by using suitable convex combination of pre-
vious controls and the values of characterization of optimal controls u1

? and u2
?. We repeat this process several

times with stopping criteria that the previous solution is very close to the current iterative solution. We assume
our controls to be bounded in the interval [0, 1]. The weights of objective functional are theoretically chosen to be
A1 = 0.1, A2 = A3 = 1000, B1 = 1000 and B2 = 500. The theoretical choice of weights is purposeful for this particular
intended study because calculation of real weights is very demanding and need to be acquainted with a lot of in-
formation. Parameters used in simulation together with their descriptions are shown in Table 3. We investigate the
impact of one control at a time and both controls u1 and u2 in reducing the infected population with TB.

Table 3. Parameter values for optimal model (1) of Tuberculosis

Symbol Value/range(yr−1) Source

λ 0.05 Estimated.
β 2.58 Estimated.
ρ 0.4 Estimated.
θ 0.1 Estimated.
ε 0.03 [10]
η 0.7 (0.7-0.95) [23]
µ 0.01923 (0.01-0.04) [5]
δ1 0.3 (0.07-0.365) [27]
δ2 0.2 (0.07-0.365) [27]
φ 0.6 Estimated.
ω 0.2 Estimated.
ν 0.3 Estimated.
γ 0.2 Estimated.

3.1. Optimal education campaign strategy

With education campaign strategy, the optimal control u1 associated with an increase of public awareness of tuber-
culosis disease and means of eradicating it from community is used to optimize the objective functional (2). In this
case the optimal control u2 is set to zero. The panel D of Fig. 2 shows that the trajectory u1(t ) is at upper bound
from t = 0 to 4.98 years and gradually decreases to lower bound zero at final time t = 10. At this period from t = 0 to
t = 4.98 years, substantial investment in educating the public about tuberculosis disease and means of curbing it is
highly needed due to presence of large number of infected individuals in the community. Onwards from t = 4.98 to
final time t = 10, less investment in educating public can be used since the number of infected will be considerably
reduced by earlier investment within the period of t = 0 to t = 4.98 years. Panels A, B and C of Fig. 2 show that
there is significant difference in the number of infected with and without control u1. This means that effective use
of education campaign may be valuable even without use of chemoprophylaxis of latently infected with TB strategy.

3.2. Optimal Chemoprophylaxis of Latently Infected with TB strategy

With this strategy, the optimal control u2 associated with administering of chemoprophylaxis to Latently infected
individuals with TB, preventing them to progress to active TB is used to optimize the objective functional J in (2)
while setting u1 to zero. The panel D of Fig. 3 shows that the control u2 is at upper bound for the period of 9.84 years.
According to Jung et al. [14], if u2(t ) is near to upper bound 1 for a long period of time then there is low treatment
failure of chemoprophylaxis and high implementation cost. This means that although it reduces significantly the
number of severely and mildly infected individuals as shown in panel B and C respectively with time, it is not alone
regarded as effective control to curb TB if not coupled with other controls.
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Fig. 2. Infected with control u1

Fig. 3. Infected with control u2

3.3. Optimal education campaign and Chemoprophylaxis of Latently Infected strategy

With this strategy, both controls u1 and u2 are used to optimize the objective functional J in (2). The panel D of Fig. 4
shows that, the control u1 is at upper bound for a period of 3.66 years before gradually drops to zero at final time while
control u2 is at upper bound for a period of 9.14 years before sharply drops to zero at final time. This is improved
trend compared to those in Fig. 2D and Fig. 3D respectively. In addition, panels A,B and C of Fig. 4 show that there
is significant difference in the number of infected with and without control. This is similar numerical result as when
education campaign strategy is used alone in Section 3.1. That is the optimal combination of controls u1 and u2

is effective in reducing the number of infected individuals with TB as well as minimizing the cost of implementing
them.
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Fig. 4. Infected with controls u1 and u2

4. Conclusion

In this article we intended to assess the impact of education campaign and chemoprophylaxis of latently infected
individuals as control measures in dynamics of TB by using optimal control techniques. The results show that these
control measures have enviable effect of reducing the number of infected individuals with TB and the combination
of the two controls has desirable effect than when one control is taken at a time. However, results show that the use of
education campaign alone has desirable effect of reducing the number of infected individuals from community than
when chemoprophylaxis of latently infected is used alone. This is due to the fact that chemoprophylaxis of latently
infected individuals is not cost effective. For positive impact, chemoprophylaxis of latently infected strategy has to
be coupled with other control measures such as treatment of active TB individuals.
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