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Abstract: Inour research we will study the existence of weak solutions to the problem

[M(Ulullf P (A, utlulP2u)= flx, W)l ull, +J k(x,y)H(u)dy inQ.

Q

with no-flux boundary condition on a bounded smooth domain of R*?, 1 < p < N; M, f, k and H are given
functions. By means of the Galerkin method and using of the Brouwer Fixed Point theorem we get our results.The
uniqueness of a weak solution is also considered.
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1. Introduction and Preliminaries

The equation
2%u (P,
pﬁ_(h 2L |8x\ )6x2 0 @

presented by Kirchhoff in 1883 [16], is an extension of the classical D’Alembert’s wave equation by considering the
effects of the changes in the length of the string during the vibrations. The parameters in (1) have the following
meanings: L is the length of the string, & is the area of the cross-section, E is the Young modulus of the material, p
is the mass density and PO is the initial tension. A distinguishing feature of equation (1) is that the equation contains

a nonlocal coefﬁcient + 57 fo | “|? d x which depends on the average 57 f 0 | “|?d x, and hence the equation is
no longer a pointwise identlty Some early classical studies of Kirchhoff equatlons were Bernstein [7] and Pohozaev
[21]. The equation

—{a+b | VuPdx)Au=f(x,u) inQ,
( L| 2 dx)Au=flx,u) o

u=0 ondQ,

is related to the stationary analogue of the equation (1) and received much attention only after Lions [22] proposed
an abstract framework to the problem. Problems like (2) can be used for modelling several physical and biological
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systems where u describes a process which depends on the average of it self,such as the population density, see [13]
and its references therein. Some important and interesting results can be found, for example,in [3, 12, 20]. Recently
Alves et al. [4] and Ma and Rivera [25] obtained positive solutions of such problems by variational methods.

An interesting generalization of problem (2) is

—[M(||u||’f,p)]p_lApuzf(x,u) inQ,
u=0, ondQ,

where Q is a bounded domain in RV with smooth boundary 99, and —A,u is the p-Laplacian: —A,u :=
div(]Vu|P~2Vu) . Correa and Nascimento [9], Liu et al [26], Yang and Chang [30], Correa and Figueiredo [10] and
recently Molica Bisci and Radulescu [19] studied questions on the existence of positive solutions.

In [30] Yang and Zhang studied the following problem

M(ul?,)] Apu=2f(x,u) ine,

ou

2y 0, ond,
where p < N, they established existence and multiplicity of solutions for the problem under suitable assumptions
on M and f.
The question of existence of positive solutions for a class of nonvariational elliptic system with nonlocal source term
is studied by Chen and Gao [17], via Galerkin methods.
In this paper we are interested in the following semilinear integro-differential equation of p-Kirchhoff type

[M(talt? )] (- utuP2u) = flx,u) | u ||;+f k(x, pH(u(y)dy in®,
Q

u(x)=constant, xe€dqQ, 3)

2
f wu2 2 as—o,
20 v

with the following conditions:

M) the function M : R* — R is a continuous function and there is a constant 1, > 0 such that

M(t)>m, for all t>0

F) f(x,t):QxR— Risa continuous function and satisfies the subcritical condition

Np .

—= ifN>3
x| < et +1 for some <g<p*={N"r -

If(x, )l < at] ) p<q<p {+c>o N =12

H) H € C(R) satisfying

IH(s)I<clsl”,  re(lp-1).

K)
k(x,y) is anon-positive LP(Q2x Q) function

The nonlocal term fQ k(x,y)H(u)dy,with k = k(x) appears in numerous physical models such systems of particles
in thermodynamical equilibrium via gravitational (Coulomb) potential, 2-D fully turbulent behavior of real flow,
thermal runaway in Ohmic Heating, shear bands in metal deformed under high strain rates, see [24] for references
of these applications. The nonlocal boundary conditions in (1) have been studied by Berestycki and Brezis [8],
Ortega [27] and more recently Zhao [31]. They arise from certain models in plasma physics: specifically, a model
describing the equilibrium of a plasma confined in a toroidal cavity, called a Tokamak machine. A detailed descrip-
tion of this problem can be found in the appendix of [28]. Semilinear integro-differential equations have become
an active area of research, for example in the framework of control theory as well in order to solve noncooperative
system,arisen in the classical FitzHugh-Nagumo systems , see e.g. [2, 5, 14, 15, 18, 29]. In case that the kernel k=
k(x,y) is symmetric (and H(s)=s) , the problem is of variational type and a solution can be found by the Mountain
Pass Theorem if the L? x L?P norm is sufficiently small,see [6] for p = 2. Motivated by the above papers and the
results in [18, 19, 31], we consider (3) to study the existence of weak solutions, but with non-symmetric kernels,
then the problem has no variational structure; so, the most usual variational techniques can not be used to study.
To attack problem (3) we will use the Galerkin method through the following version of the Brouwer fixed -point
Theorem whose proof may found in Lions (see Lemma 4.3 [23]).
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Proposition 1.1.
Suppose that F : R™ — R™ is a continuous function such that (F(£),&) > 0 on |E| = r, where (-,-) is the usual inner

product inR™ and |-| its related norm. Then, there exists z, € B,(0) such that F(zy)=0.

2. Main results and proofs

Let WP (Q)={u € LP(R): Vu €[LP(Q)]"} be endowed with the norm

1/p
wa=mmeprmemwdﬂ : 3)
Q
Let
V={ueW'"(Q): ulyq = constant}.
With a straightforward adaptation of Lemma 2.1 [31], it is easy to get the following lemma

Lemma 2.1.
(V, ||.||1'p) is a separable and reflexive Banach space.

Since we are preoccupied with the existence of weak solutions of problem (3) we begin by giving of such solutions.

Definition 2.1.
A weak solution of problem (3) is any u € V such that

[l |

(IVuI”_ZVu.VUHuI”_Zuv)dx=||ullif f(x,u)vdx+f
0 )

Q

(f (k(x, y)H(u(y))dy)vdx
0
forallve V.

Our main result is given by the following theorem

Theorem 2.1.
Let us assume that conditions (M)-(F)-(H) and (K) hold. If ||k||.r@xq) is sufficiently small and the function f satisfies

N
f(x,u)u<alulP +blul, ,1< B <min{p—t,a} ,1<a<N_p @)
for some constants a, b > 0 with mg_l_“Céjﬂ—|k|Lp(ng]C,rp,Cp/cg>0, %4_%:1

where c;: is the corresponding embedding Sobolev constant; then problem (3) has at least one weak solution. Besides
, any solution of (3) satisfies the estimate

pet 1/(p—t—-1)

lully < Ry =max] 1 L ®

Lp =M= N B .
m, —acy —Ilep(Qchrp,cp/cz

Proof. Let {w,},>1 a Schauder’s basis for V, which is a separable and reflexive Banach space with the restricted
norm of (3) .For each m €N consider the finite dimensional space

V. =span{w,,..., w,}.
Since (V,,, | -1I1,,) and (R™, |- |) are isometric and isomorphic, we make the identification
m
=D Ewje—E=(E1 &), lully =18
=1

We will show that for each m there is u,, € V,,, an approximate solution of (3), satisfying

hMmmﬁWlf

(VP VU Vw; + P2 upw;) dx =l up, ||; f O, up)w; dx+J
Q Q

{f(kUbyﬂfUmﬁdy)wjdx
QJQ
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(6)

j=123,...,m.
To solve this algebraic system we consider the function F : R™ — R given by

F(&)=(R(E),-.., Eu(E))

Fj(g)z[M(||u||’f,p)]p_lL(Nuw—ZVu.ij+|u|l’—2uwj)dx—||u||;JQf(x,u)wjdx—

f ( f (k(x, y)H(u(y)dy)w; dx
QJQ

where j=1,2,3,...,m.and u eV,
We note that F is continuous from the continuity of M, f(x, u) with respect to u and fﬂ k(x,y)H(u)dy.
Therefore, from the hypotheses we have

p—1 +t 1 1 1
(F(u), uy=m) " ull}, —acl |ully = bey o Nl —lklv@a ey ey cllully >0 @)

if|lull, , = R, for R large enough . Thus, because of Proposition 1 thereis u,, €V,,, [|u,ll;,, < R, R does not depend
on m such that u,, is solution of (6).

Let us prove that the sequence (u,,),,>; € V has a convergent subsequence which converges to a solution of (3).
Indeed, since (u,,) is bounded there exists a subsequence, still denoted by (#,,,), such that

llull} ,, — y.for some y,

Un,—u, in WP(Q),

u,—u, in LI(Q), 1<g<p* (8)
el — Nl 9)
U, —u, a.e in Q.

Jgeli(Q)) : |u,(x)<glx) a.e. in Q.

In view of continuity of M

[M(llumllf )P~ — M ()P (10)
and the continuity of the Nemytskii map

flun)— f(,u) in LI(Q). (11)

But under the assumption (K) we have
Ik(x,y)l,g:(fIk(x,y)l”dy)”<+<>0; i.e, k(x,y)e LP(©)
Q

for fixed x €2 . Also, noting that (H(u,,)),,»; is bounded in LP'(), L+ % =1, we obtain up to subsequence that

1
»
H(u,,)— H(u)in L” () (12)

Therefore, for x € Q we get

f k(x,y)H(um(y))dy—>f k(x,y)H(u(y)dy, a.e.
Q Q

Also, we can easily prove that

If k(x, y)H(u(y)dylpy o < +00.
Q

then by [23], Lemma 2.1 we have

J k(x,y)H(un,(y)dy éf k(x,y)H(u(y)dy. (13)
Q Q
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weakly in L?' ().
Furthermore, by using the Lebesgue dominated convergence theorem we easily obtain

f Iumlp_zumwjdx—>J |u|”’_2uwjdx (14)
Q Q
From of Theory of Monotone Operators, we get
[M(||Um||fp)]p_1f Vi, P2 Vu,, Vwdx — [M()f)]p_lf IVulP*VuVwdx (15)
Q Q

YweV.
We now fix I <m, V; €V, letting m — +00 in (6) and using (10)-(15), we conclude that

[M(T))]’Hf (IVulP?Vuvw, +ulP?uw;) dx=||u||f1f f(x,u)w,dx+f (J k(x,y)H(u)dy)w,dx;, (16)
Q Q QJQ

1=1,2,...
From the completeness of {w, },~1, identity (16) holds with w; replaced by any w € V.
In particular, when w = u we get

(M) Hlull? , = IIUIIQJ flx, u)udX+J (f k(x,y)H(u)dy)udx a7
Q QJQ

On the other hand, taking w i = Up, in (6) and passing to the limit, we obtain

[M(T))]”_17=Ilullﬁ,f f(x,U)uderf(f k(x,y)H(u)dy)udx (18)
Q QJQ

and comparing equations (17) and (18) we get

My =IMEP iy,

Then we conclude y = || ullf_p
This together with (8) , taking into account that V' is uniformly convex, yields

Up—u in WP (Q)

But V is a closed subspace of W'?(£2) and (u,,) € V, hence u € V. Thus, from (16) (with w; = w € V)

M(Ilullf,p)]”_lf

(IVulP?VuVw +|ulP?uw) dx = ||ullfxf flx, w)w dx+f
Q Q

(f k(x,y)H(u(y))dy)wdx (19)
QJO

for all w € V, which shows that u is a weak solution of (3).
Finally, if u is any solution of (3),then

M(lully P Nl = IIUIIQJ flx, u)udx+f (J k(x, y)H(u(y))dy)udx,
Q QJQ

Therefore, either ||u|l; , <1 or

r+l1

_1 /
mg Nl , < acl* ully , +be | ullf s} + 1kl poxay e, e callulll

Lp — 1,p

then

p—1 p 1/p’ 1
(my ™ —aclt —Iklguac!, cpeo )l < DI ¢! llulllt

and (5) follows. O
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3. Uniqueness of weak solutions

In this section , we are going to consider problem (3) when the exponent p satisfies
2N

2+ N
To establish the uniqueness of weak solutions,we need the following well known Lemma

<p<2, t=0. (20)

Lemma 3.1.
Ifp €ll1,2] ,then it hold

D |lz|P2z—|y|P2y| < Blz—y|P!
p=2
P

i) (|2P2z =y [Pyl z—y) 2 (p =Dz =y P(lzlP +1y1?)
forally,z eRN with  independentof y and z.

Theorem 3.1.
Let the assumptions of Theorem 2.1 hold with (4) replaced by
(f(x,u)—f(x,v))(u—v)so VxeVuvekR 21

Let us in addition that M is Lipschitz on [0, Rf’] where R, is definedin (5) and H isa C'-function such that |H'(s)| <
c3]s|™Y, ¢3>0. Then if the Lipschitz constant Ly, of M is small enough, problem (3) has exactly one solution.

Proof.  'We will follow some ideas in [1],adapted to our case.
The part of existence follows from Theorem 2.1. Now, let u; and u, be two solutions to problem . Introduce the
function u = u; — u, . Taking it for the test-function in the integral identities for u; and u,, we obtain the relation

[M(” ul”’ip)]p_lf [(|VU1|p_2Vu1 — |Vu2|p—2Vu2)(Vu1 —Vu2)+(|u1|/"—2 u;—| uz|lﬁ’—2 uz)(ul — uz)] dx =
Q
f (f (e, ur)— f (e, ua))(uy — uz)derf f k(x, y)(H(u,(y)— H(uo(y))wy —uy)dy dx
Q aJao

M, ) = (M, )} L [IV a2V (V1 =V 1) + |l 11— 1) d ¢

Now, using the hypotheses on M, H, K and Lemma 3.1, after some calculations we have

m " (p—1 )f[wm (Il +1Vul?) ™ Clul (unl +usl?) ™ ]dx <
(22)
— — - -1
cgf ke, (1™ + Lol ) uP dy dx -+ BLY p[Ulally + el el 17 1wl
QJ0

where f = max M(s). It follows from Holder’s inequality and the Sobolev immersions that
s€0, R ]

ff k(e Yl ulPdy dx
Q

with ZLp’ > %— % . Similar inequality is obtained for u,.
Let us take a constant g € (E 1) (zzﬁ\, , 1) Using the inverse Holder’s inequality in (22) , we obtain

2
< ll o lenl{ 1l < €575 el a7 el

p2p|

1 2-p q ql

p—1) fqulzqu )'( f(|Vu1|p+|Vu2|p)””d x)

_ (23)
+(f'”'2qu)”(J('“1"’+|uz|”)”n"q“dﬂq“l] (22 2, Ikl BT 42272 R 2 Cy Lygml ™) ul,,
Q Q

Since p < 2¢g < 2, again using Holder’s inequality , the Sobolev embedding W'?9 «— WP | [24 — LP and noting
that Z2.7%- <1, we obtain

(m =002 R, < (26007 6l Il R 422 R CoLagml )1l »
e e
wr[hG—l— q . Hence it follows that
(e o—el)nuul,,,:o (25)
Therefore, if [|k||;» and L), are small enough, we conclude that ||u||, , =0, and so u =0. O
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