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1. Introduction

In this paper we discuss the existence of weak solutions for the following Kirchhoff type problem

—M(f (A(x, Vu)+ Iulpm)dx)[dlv(a(x V) —ulPP2u) = fx, wlul' inQ,

s(x)

u = constant on 09, (1)

f a(x,Vu).vdl' =0.
00

where Q is a bounded domain in R” with a smooth boundary 6Q, and n > 1, p, s, t € C(Q) for any x € Q; M : R* — R*
is a continuous function, f is a Caratheodory function and div(a(x, Vu)) is a p(x)-Laplacian type operator. The study
of differential and partial differential equations with variable exponent has been received considerable attention in
recent years .This importance reflects directly into various range of applications.There are applications concerning
elastic mechanics [1], thermorheological and electrorheological fluids [2, 3], image restoration [4] and mathematical
biology [5]. Eq. (1) is called a nonlocal problem because of the term M, which implies that the equation in (1) is no
longer a pointwise equation. This causes some mathematical difficulties which make the study of such a problem
particularly interesting. Nonlocal differential equations are also called Kirchhoff-type equations because Kirchhoff [6]
investigated an equation of the form

u P() / | ~0 @
Por ™ ax2 '
which extends the classical D’Alembert’s wave equation, by considering the effect of the changing in the length of the

string during the vibration. A distinct feature is that the (2) contains a nonlocal coefﬁment — + — f |— |2 dx which
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1 (L 0u
depends on the average Y3 f | Ix |2 dx, and hence the equation is no longer a pointwise equation. The parameters in
0o 'Ox

(2) have the following meanings: L is the length of the string, & is the area of the cross-section, E is the Young modulus
of the material, p is the mass density and Py is the initial tension. Lions [38] has proposed an abstract framework
for the Kirchhoff-type equations. After the work by Lions [38], various equations of Kirchhoff-type have been studied
extensively, see e.g. [7, 8] and [9]-[17].The study of Kirchhoff type equations has already been extended to the case
involving the p-Laplacian (for details, see [9, 10, 12, 15, 17, 18]) and p(x)-Laplacian (see [11, 13, 14, 19, 20]).

In [21], Fan has discussed the nonlocal p(x) -Laplacian Dirichlet problem with non-variational form

—of (W) div(VulP92Vu) = Bu) f(x,u) inQ,
u=0 onodQ,

and nonlocal p(x)-Laplacian Dirichlet problem with variational form

—a(f LIVuI”(X) dx) div(|VulPP2vy) = b(f F(x, u)dx)f(x, u inQ,
a px) Q

u=0 onoQ,

respectively and has obtained the existence of solutions , where «,28 are two functional defined on WO1 P (X), and
t
F(x, 1) :f f(x,9)ds.
0
More recently, Yucedag et al.[22] , have dealt with Kirchhoff type problem
—M(f Alx, V) div (a(x, V) = m()|ul*2u i@,
Q
u=0 onodQ,

by variational methods.

The nonlocal boundary condition in (1) have been studied by Berestycki and Brezis [23], Ortega [24] , Amster
etal. [25], Zhao et al.[26], Boureanou et al.[27], Cabanillas L. et al. al.[28] and the references therein.They arise from
certain models in plasma physics:specifically,a model describing the equilibrium of a plasma confined in a toroidal
cavity, called a Tokamak machine. A detailed description of this model can be found in the Appendix of [29].

Motivated by the above papers and the results in [22], we consider (1) to study the existence of weak solutions.We
note that our problem has no variational structure , so the most usual variational techniques can not used to study it.
To attack it we will employ a Fredholm type theorem for a couple of nonlinear operators due to Dinca [16].

This paper is organized as follows. In Section 2, we present some necessary preliminary knowledge on variable expo-
nent Sobolev spaces.In Sections 3, we give some existence results of weak solutions of problem (1) and their proofs.

2. Preliminaries
To discuss problem (1), we need some theory on W' ) (Q) which is called variable exponent Sobolev space

(for detalils, see [30]). Denote by S(Q) the set of all measurable real functions defined on Q. Two functions in S(Q) are
considered as the same element of S(Q2) when they are equal almost everywhere. Write

C+(@) = {h: he C(Q), h(x)>1 for any x€Q},
h™:=minh(x), h*:=maxh(x) foreveryhe C.(Q).
a Q
Define
LPO Q) = {ueSQ): f ()" dx < +oofor p € C, ()}
Q
with the norm
) u(x)
|M|Lp(x)(Q) = |M|p(x) =inf{A >0 Zf |_|p(x) dx =<1},
a A
and
WLPE(Q) = fue LPP Q) : |Vu| € LPD (Q)}
with the norm

lull = [lul wlp Q) = |U|Lp(x)(Q) +IVulrpe Q-
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Proposition 2.1 ([30]).

The spaces LP™¥) (Q) and W'P™ (Q) are separable and reflexive Banach spaces.

Proposition 2.2 ([30]).
Set p(u) = / lux)|P® dx. For any ue LPY(Q), then
Q

(1) foru#0, |ulpx) = A if and only ifp(%) =1;

@) lulpxy <1 (=1;>1) ifandonly ifp(u) <1 (= 1;> 1);

p*

@) iflulp) > 1, then |u|§m <p <lul)

P~

. p* .
@ flulpe <1, thenluly, < pw) <lul), )

(5) lim |uglpx =0 ifandonlyif lim p(ug) =0;
k—+o00 k—+o0
(6) lim |ug|pw =+oo ifandonlyif lim p(ug) = +oo.
k—+o00 k—+o00
Propositi_on 2.3 ([30, 31]). .
Ifg € C.(Q) and q(x) < p* (x) (q(x) < p* (x)) for x € Q, then there is a continuous (compact) embedding W P® (Q) —

L19(Q), where

p*(x) = 1\1’\[—’0}9(2) ifp(x) <N,
+oo  ifp(x)=N.

Proposition 2.4 ([30, 32]).

1 1

The conjugate space of L™ (Q) is L9%(Q), where e el 1 holds a.e. in Q). Foranyu e LPY)(Q) and v e L9 (Q),
x) plx

we have the following Hélder-type inequality

1 1
uvdx|<(— +—)|u v .
‘fg | P~ q- | |p(x)| |q(x)

Theorem 2.1 ([16]).
Let X and Y be real Banach spaces and two nonlinear operators T,S : X — Y such that

1. T is bijective and T~ is continuous.
2. S is compact.
3. Let A #0 be a real number such that: ||(AT — S)(x)|| — +oo as || x|| — +oo;

4. Thereis a constant R > 0 such that s
AT -8) ) >0iflxll=R, dips- T_l(z),B(H,R),O) #0.

Then AI - S is suryective from X onto Y.
Here d;s(G, B,0) denotes the Leray-Schauder degree.
Throughout this paper, let

V ={ue WHP™(Q) : ulsq = constant}.

The space V is a closed subspace of the separable and reflexive Banach space W'?™(Q) (See [33]) ,s0 V is also sepa-
rable and reflexive Banach space with the usual norm of WP (Q).The space V is the space where we will try to find
weak solutions for problem (1).

Definition 2.1.
A function u € V is said to be a weak solution of (1) if

M(f (A(x,Vu)+L|u|P(X))dx)
Q p(x)

fa(x,Vu)Vvdx+f lulPP 2y dx
Q Q

:ff(x,u)lultmvdx ,
Q

s(x)

forallve V.



E. Cabanillas L. et. al/ Int. ]. Adv. Appl. Math. and Mech. 2(4) (2015) 64 - 72

__ We assume that a(x, ) :Q xRY — RY is the continuous derivative with respect to ¢ of the mapping
A: QxRN = R, A= A(x,$),i.e. a(x,&) = Ve A(x, ). Suppose that a and A satisfy the following assumptions:

67

(Al) a satisfies the growth condition |a(x,&)| < cy(ag(x) + Iél”m*l) forall xe Q, € [RN, for some constant ¢y > 0;
g

ag € LP'™ is a nonnegative function.
(A2) A(x,0)=0forall xeQ;

(A3) [¢1PY) < a(x,&)é < p(x) Ax, &) forall xe Q, Ee RN,

(A4) The monotonicity condition 0 < [a(x,71) — a(x,12) (11 —12)] , for all x € Q and all 1,7, € RY ,with equality if and

onlyifn; =ns,.
(F1) f:Q xR — Ris aCaratheodory function satisfying the following conditions
If(x, ) <c1+ Cls|®h) VxeQ,seR,
for some a € C,(Q) such that 1 < a(x) < p* (x) for x € Qand c;, ¢, are positive constants.
(MO0) M : [0, +oo[—]my,+oo[ is a continuous and nondecreasing function with my > 0.
3. Existence of solutions

In this section we will discuss the existence of weak solutions of (1). Our main result is as follows.

Theorem 3.1.
Assume that hypotheses (A1)-(A4), (F1) and (MO0) hold. Then (1) has a weak solutionin V.

Proof. 1In order to apply theorem (2.1), we take Y = V' and the operators T,S: V — V' in the following way

(Tu, v) = M(fQ(A(x,Vu) + ﬁlul”(”) dx)

fa(x,Vu)VvdJHf [ulPP 2y dx
Q Q

(Su, v) =f Fo,wlul™vdx
Q

s(x)
forall u,v € V Then u € V is a solution of (1) if and only if
Tu=Su inV'.
Next, we split the proof in several steps.

Stepl.We prove that T is an injection.
First we observe that

D(u) = M(f (A V) + —— P dx)
Q p(x)

is a continuously Gateaux differentiable function whose Gateaux derivative at the point u € V is the functional @’ (u) €

V' given by
(@' (w),v) =(T(w),v) forallueV.

On the other hand, we consider the functional L: V — R defined by

L(u) :f (A(x,Vu) + LIulp(’”)dx forallueV
Q p(x)

then Le C'(V,R and
(L'(u),v):f a(x,Vu)Vvdx+f [ulPW2ypdx forallu,veV.
Q Q

Using (A4) and taking into account the inequality [37, (2.2)]

Cplx—ylP ifp=2

C,— (1) #£(0,0) ifl<p<2
Pix+ypr2> OV 7 p=2

(xIP2x—|ylP 2y, x—y) = {

3
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for some for C;, >0 and forall x, y € [RN, we obtain forall u,ve V with u # v
L' (w)-L' (), u-v)>0

which means that L’ is strictly monotone. So, by [34, Prop. 25.10], L is strictly convex. Moreover, since M is nonde-
creasing, M is convex in [0, +oo[. Thus, for every u, v € X with u # v, and every s, t € (0,1) with s+ ¢t = 1, one has

M(L(su+ tv)) < M(sL(w) + tL(v)) < sM(L(w)) + tM(L(v)).

This shows that @ is strictly convex, and as ®'(u) = T(u) in V' we infer that T is strictly monotone in V', then T is an
injection.

Step2. We prove that the inverse 771 : V' — V of T is continuous.

For any u € V with ||u| > 1, one has

(T, w) M(fQ(A(x,Vu) + ﬁlulp("))dx) [Jqalx, Vi)Vudx + [o|ulP™ dx] _
— = zcollul” ',

llzell llzell

from which we have the coercivity of T.

Since T is the Fréchet derivative of @, T is continuous.Thus in view of the well known Minty Browder theorem T is a
surjection and so T7!: V' — V and it is bounded.

Now we prove the continuity of 77",

First, we verify that T is of type (S4).In fact, if u, — u in V (so there exists R > 0 such that ||u,| < R ) and the strict
monotonicity of T we have

0 =limsup({Tu, — Tu, u, —u) = lim (Tu, — Tu, u, — u)
V—00 V—oo

Then
lim (Tu,,u,—u)=0
V=00

That is

lim M(fQ(A(x,VuV) + ﬁmw”“‘))dx)

V—00

/a(x,Vuv)V(uv—u)dx+f luy PP 20, (uy —u)dx| =0 4)
Q Q
Now, for any x € Q and { € R” we have

A0 =f01%A(x, t()dtzfol a(x, 1)L dt
Then using (A1) , we get

A, <calll+ PP forallxeQ, (eR"
The above inequality implies

A(x,Vuy) < c1[Viy| + eV, [PX) 5)
By (5), propositions(2.2), (2.4) and the continuous embedding WP (Q) — LP™ we infer that (fQ(A(x,VuV) dx +
LIuvl’jm) dx)VZl is bounded .

p(x)

Then, since M is continuous, up to a subsequence there is y = 0 such that
1
M(f (ACx, Vi) dx + —— |uy|PD) dx) —~ M(t)=my asv—oo
Q p(x)
This and (4) imply

lim [[ a(x,Vuv)V(uv—u)dx+f lu PP 2 4, (uy — wdx| =0
Q Q

V=00

Using, again, the compact embedding W™ (Q) — LP™, we have

lim f luy PP 20, (uy — u) dx =0
Q

V—00
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Thus

lim | a(x,Vu,)V(u,—u)dx=0.
V—00 Q

By [35, theorem 4.1] we get that
u, — u stronglyin W@ Q) as v — oo

Since (u,) €V and V is a closed subspace of whP® () ,wehave ue V,sou, - uin V.
Let (gy)v>1 be a sequence of V' such that g, — gin V'letu, = T_lgv, u= T_lg ,then Tu, =g,, Tu=g.
By the coercivity of T , we deduce that (u,),>] is bounded in V ;up to a subsequence , we can assume that u, — u in

V. Since g, — &,

nliIPoo<Tu" —Tu,uy,—uy = nlirfm<g" -gu,—u)=0.

Since T is of type (S4), U, — u, so T~ is continuous.

Step3 We prove that S is a compact operator.
1.- Sis well defined.Indeed,using (f1) and ¢ € C(Q) ,for all u, v in V we have

(Su, v>|sfg|f(x,u)||u|§§§§|v|dx

=Clf(x, )| _aw _[Vlaw < CIf(x, u)| _aw_llV]l <00
a(x)-1 a(x)-1

2.- Sis continuous on V.
Let u, — w in V. Then proposition (2.3) implies that 1, — u in L (Q) and L¥¥ (Q)
(6)

So, up to a subsequence we deduce
(7

uy—uae. in Q
Iy (0] < k(x) ae. xeQ forsome keL'(Q)

Since te CQ)

0 e xeQ.

t(x) _ |u|s(x)

|uv|s(x)

Furthermore

fouy) — flx,u) ae. xeQ,

Thus , we have

1) xeQ.

Feu)lu Il — fox,wlulll)  ae.

But, it follows from (f1) and (7) that
) 0|¥® _ @) @yt (@
— flxwlul gy =C2 [f Q6 u) ™ +1f (x, w)l

| Fee ulun 14
< C( +k(x) + |u|%9)

Note that C(1 + k(x) + Iula(')) erL! (Q) . Then, applying the Dominated Convergence Theorem , we obtain

a'(x)

. t(x) _ t(x) —
Jim [ [t et - s onaiy | ax=o
This implies that
t(x) —f(x, ”)W&g o — 8)

lim ‘ Fou)luyl ()

Hence by direct computations we get

|(Stty, v) = (Su, v>|5f0|f(x, w)luy |36y = £ e wlully) [1vldx
t(x) _ £(x)
flowlulggy| 1ol

< | e w1
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therefore,from (8)

1Sty — Sul < C| f(x, u)luy ") = fr, wlul™™@| -0 9)

s(x) s(x) a' (%)

So, Su, — Suin V',
3.- Every bounded sequence (u,), has a subsequence (still denoted by (u,), ) for which (Su,), converges.
Let (u#,)y be abounded sequence of V, there exists a subsequence again denoted by (u,), and u in V', such that

u, — u weakly in WP Q)

and by the compact embedding W?™(Q) — L*¥(Q) , we have
uy—u in L*™(Q).

Hence,similarly to the proof of (9)we get

_ 1(x) _ t(x)
|Suy = Sul < C| f(x, w)luyl gy — Fx, wlul -

So Su, — Su.
Step4

I(T-38) (W) — oo as|lull oo forueV.
In fact, after some computations we get
I Tuell 2C0||u||"’:l forall ueVv with |ul >1
and
ISull < Cillul® +C,  forall ueV, forsome f€la” —1,a"~1]
Combining the above inequalities,we obtain
(T =)Wl = | Tull - |Sull = Collul” ' - C} lul® -y (10)
Since
lim (Cot” ™' = Cj1% T = Cy) = 00
and from (10) we conclude that [[(T' = S)(#)[| = oo as [lull — oco.

Moreover, there exists ro > 1 such that ||(T — S)(u)|| > 1 for all u € V, with || ull > rp.
Step5 Set

W={ueV:3te(0,1] suchthat u=tT"'(Su)}
Next,we prove that W is bounded in V.
Forue W\0,i.e. u=tT ' (Su) for some r € [0,1] we have

||T(§)|| = |Sull < C1ull® + Cowith >0 (1)

Then there exist two constants a, b > 0 such that

+7 — .
molull” ‘<alul® '+b ifOo<]|ul<t,

-1

molull” ‘<alul® '+b ifr<|ul<1,

- +_ .
Vealul® Y+b  if 1<|ul

mollull”
Let g1,82:10,1] — R and g3 :]1,00[— R be defined by
1

+_
1 a l—b.

g =mot” N —ar® = b, g (1) = mt? ' —ar® ' —b, g3() = met” ' —at

The sets {t€[0,1]: g1(£) <0},{r€[0,1]: g2(¢) < 0} and {t €]1,00[: g3(t) < 0} are bounded in R.
From the above inequalities and (11) we infer that W is bounded in V, so

W< B(,r;) for some r; >0

Now, taking r = max{ry, 71}, it follows from [36, theorem 1.8] that
drs(I—tT~(8),B(0,1),0) =1 forall r€[0,1].

In particular
dis(I-T7'(S),B(0,r),0)=1

Thus, the couple of nonlinear operators (7, S) satisfies the hypotheses of theorem (2.1) for A=1.Then T-S:V — V'is
surjective.Therefore, there exists u € V such that

(T-Su=0 inV’
This completes the proof. O
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