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Abstract: In this paper, we investigate solutions of one-dimensional and two-dimensional diffusion and wave equations on
Cantor sets within the local fractional derivatives by using local fractional variational iteration transform method.
This method is coupled by the Yang-Laplace transform and variational iteration method. Illustrative examples are
included to demonstrate the validity and applicability of the presented method.
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1. Introduction

The local fractional calculus was successfully applied to describe the non-differentiable problems arising in
mathematical physics [1, 2], such as the diffusion and wave equations on Cantor sets. These problems were studied by
several authors by using local fractional decomposition method [3-5], local fractional variational iteration method [5-
71, local fractional series expansion method [8], local fractional functional decomposition method [9], local fractional
Laplace variational iteration method [10], and local fractional Laplace decomposition method [11]. In this paper,
our aims are to present the coupling method of local fractional Laplace transform and variational iteration method,
which is called as the local fractional variational iteration transform method, and to use it to solve diffusion and wave
equations with local fractional derivative.

2. Local fractional variational iteration Transform Method

To illustrate the basic idea of the LFVITM for the local fractional partial differential equation as:

Lou(x, t) + Reu(x, t) = g(x, 1), (1)
na

a tna
derivative operator and g(x, #) is the nondifferentiable source term.

Applying the Yang-Laplace transform on both sides of (1), we get

where L, = ,n € N is the linear local fractional derivative operator, R, denotes a lower order local fractional

La{Lau(x, 0} + Lo {Rqu(x, 0)} = La {g(x, D)} @)
Using the property of the Yang-Laplace transform, we have

s" Lalulx, 1)} — s V%(x,0) — s 7294 (x,0) — - — u VD (5, 0) + Ly (R ulx, 1)} = Lo lg(x, 1)}, 3)
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or
7 1 ! @ l (-va 1 = 1 =
Lodu(x, D} = Z ulx, 00+ 2w (x, 0) +---+ Sz u 6,00+ 57 Lalg(x, D} = 5 La {Rq ulx, 1)} (4)

Operating with the Yang-Laplace inverse on both sides on Eq. (4) gives

t[n—l)a

u(x,t) = M(x,0)+"'+m

~ 1 -
u(=Da) (o) 4 L;l (sn_aL“ {g(x,t) = Rqul(x, t)}) . 5)
605
Derivative by 3@ both side Eq. (5), we have
0% ot t(n—Z)a 0% 1 -
__lﬂf_).:l;aMx;0)+...+ u«n—nakx;0)+-——-L‘1(ga;La{g(x,n-—Raldx,ﬂ}) (6)

ore rl+n-2)a) ore ¢
We now structure the correctional local fractional function in the form

0%um(x,§) 0% (1
u (x 5) _ L l(sn_aLa {g(x,f) —Rauln(x)f)})

1 LA aca aga e
Umn+1 (X, 1) = U (x, 1) + f ¢ ¢ ¢ (n—-2)a @ao*.
F(l-i—af) 0 r(1+a) u(a)(x 0)+“'+ 6 u((n_l)a)(x 0)
men rl+mn-2a " '
Making the local fractional variation, we get
0%upm(x,&) 0% (1
, « Pmx0) _ —L;' (—La {g(x,&) - Raum(x,rf)})
. . . 1 AQ) ogaoga @ \sna o
8%Upa1(x, 1) = 8%y, (x, )+6 _2 o). 8
F(l+a) 0 F(1+a) _u(a)(x 0)+”‘+ f(" )a u((n—l)a)(x 0)
men ra+mn-2)a) " '
The extremum condition of u,,+ (x, #) is given by
6%Upmi1(x, 1) =0. 9
In view of (9), we have the following stationary conditions:
A~ AT @
— |;==0, | —— —;=0. 10
rave == Tara) & (10)
This is turn gives
/’l a
() - (11)
I'l+a
Substituting (11) into (7), we obtained
0%um(x,&) 0% (1
1 ‘ amT_a{_a . Sn—aLa{g(X,f)—Raum(X,f)}
Umn+1 (X, 1) = U (x, 1) — f (n—2)a @ao*. 12)
IF+a)Jo _u(a)(x 0)+---+ S u((n—l)a)(x 0)
mer ra+mn-2)a) " '
Finally, the solution u(x, t) is given by
u(x, 1) = nlll_I_noo Um(x,1) (13)

3. Illustrative examples

In this section several examples for diffusion and wave equations on Cantor sets is presented in order to demon-
strate the simplicity and the efficiency of the above method.

Example 3.1.
Let us consider the following one-dimensional diffusion equation with local fractional derivative in the form

0%ulx,n)  0*ulx, 1) _ 0 (14)
are oxxa
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subject to the initial value

a

u(x,0) = + €084 (x%). (15)

I'l+a

In view of (12) and (14) the local fractional iteration algorithm can be written as follows:

1 0% (x, &) 0% (1~ {62“um(x,é) }”
N 1) — - —1L — Loy ————— dd)*, m=0. 16
Um+1(X, 1) = U (X, 1) r(1+a)fo aea jea L (s“ a FYT do)®,m (16)
xlx
We can use the initial condition to select ug(x, t) = m +cosq (x%) . Using this selection into the correction func-
a

tional (16) gives the following successive approximations

a

Uup(x, 1) = s +cos4 (x%) (17
oW, L) = F(1+a) a ’
~ 1 10%up(x,6) 0% ~ (1 ~ {az“uo(x,f)})] «
ul(x) t) - uo(xr t) I"(1+a:)j(; aé.a afa La (Sa L(l axza (df)
a « tll
“Tara TS Iy | (18)

1 0% (x,8) 0% ~_1( 1+ (0°%ui(x,$) N
up(x, 1) = ur(x, 1) 1“(1+a)f0 oea afaL“ (SaLa{ 320 }) (dé)
xa ta t2a
= +cosg(x%) [1— +
rl+a) I'l+a) TQ+2a)
_ 1 0%up(x,&) 0% ~_1( 1~ {62au2(xy'f)})
ug(x,t) = up(x, 1) 1“(1+a)f0 dea afaL“ L o0
a ta t2a t3a

= 4 cose(x®) |1- + -
ri+a I'l+a) TI'l+2a) TI'(Q1+3a)

, (19)

~

sa 9

do”

) (20)

a m tka

+cosq (x%) Z (-1)k

X
rad+a) = 7 TU+ka) @D

Um (-xy t) =

Finally, the solution is

00 ka

k-
,CZ:O( Y ke

a

“Ta+a)

a

+ 054 (x%)

— _ @) a
= GET) + Eq(—t™ cosg(x7). (22)

Example 3.2.
Consider the following two-dimensional diffusion equation with local fractional derivative in the form

0% 2a 2a
ux,,y,t) 1(0%ux,y,t) 0 ulxy0) _ 0, 23)
ote 2 0x2 ay2®

and the initial condition
u(x,y,0) = Eq(x*+ y%). (24)
Applying Egs. (12) and (23), we obtain the correction function can be written as follows:

um+l(xry) t) :um(x;y) t)

1 t
_r(1+a)fo

« a 2a 2a
0 un(;(x»yvé) _ 0 z_l( 1 za{l(d um(nyyf) + 0 um(xyyrf))})] (df)a (25)

ca aga @ a2 ax2a ay2a
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We can use the initial condition to select ug(x, y, 1) = Eq (x* + y®) . Using this selection into the correction functional
(25) gives the following successive approximations

up(x,,1) = Eq(x*+y%),
_ “ug(x, 3,9 ﬁ~_1(i~ {1(62“uo(x,y,«f) 52““0(%%5))})] «
u(x,y,1) = up(x,y,1) - r(1+a) f 9&a OE“L“ walay3 P ra 5y2a (dé)
(1
- e |
_ 0% u1 (x, ,8) ﬁ~_1(i~ {l(azaul(x,y,s‘) 62“u1(x,y,6))})] «
u(x,y,1) = w(x,y1)- 1"(1+a)/ 3ea 6506L“ walay3 FYra— 5y2a (dé)
a tZa
= E4 + +
F(1+a) I'(1+2a)
_ 0% up(x, ,¢) ﬁ~,1(i~ {l(azauz(x,y,f) Gzauz(x,y,ff))})] «
us(x,y,0) = uz(x,y,1)- r(1+a) f 9ea ,5aLa ala)s a2a T 572 (ds)
% tZa tSa
= Eq(x*+yM) |1+ + + ,
I(l+a) T(1+2a) T'(1+3a)
a a m tha
Un(x,3,t) = Eq(x™+y%) kzzom .

Finally, the solution is

ulx,y, ) = lim um(x,y, 1)

o o (e} tka
=E,(x% + S
oY) kgor(uka)
=B, (x% + y%) + 19, (26)

Example 3.3.
Let us consider the one-dimensional wave equation involving local fractional operator

%u(x,t) 0*@u(x,t) _

or2e  gx2a @7
subject to the initial value
u(x,0) =0, Fux0) Eq(x%). (28)
ot«
In view of (12) and (27) the local fractional iteration algorithm can be written as follows:
e (6, 1) = 6, 1)~ 1 +a) f ””;Ef .0 66;, L' (%Za{%}) - Eq(x) | (dO)°, 29)

a

I'li+a

We can use the initial condition to select ug(x, t) = E,(x%) . Using this selection into the correction functional
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(29) gives the following successive approximations

a

0 = Eq(x%),
Ut = gy bt
L10%up(x,&) 0% ~_;( 1 ~ [0°%up(x,&)
u(x, 1) = uo(x, t)_l“(1+a),[) dea _ﬁL"‘ (sz_“La{ax—Za})_E“(xa) @y®
a t3a
= Ea(xa) + ’
'l+a) TI'l1+3a)
1 0% (x,8) 0%~ 1 ~ [0°%uy(x,8)
up(x, 1) = u(x, t)_l“(1+a).[o dea —@La (sz_“La{ax—Z“})_Ea(xa) do”
a t3a t5a
= Equ(x%) + + ,
'l+a) T'AQ+3a) T'(Q+5a)
1 t aaul(xrf) o¢ F-1 1 - azauz(x)f)
us(x,0) = up(x, 1) — F(1+a)fo Sea _WL“ (sz_aL“{—axZa })—Ea(xa) d§)®
% t3a tSa
= Equ(x%) + + + ,
'l+a) T'A+3a) TQ+5a) T'l+7a)
m (Ck+Da
1) = Eg(x* e ——
Um0 = Ea) | ) o )
Finally, the solution is
u(x,t)= lim u;y(x, 0
m—oo
) 2k+Da
=F,(x% _
N L T ek D)
=FE,(x%) sinhgy (£%). (30)
Example 3.4.
Consider the following two-dimensional wave equation with local fractional derivative in the form
a 2a 20
0u(x,, y, 1) (0 u(x,y,t) 07ulx,y, t))zo, 31)
oria Ox2a ayZa
and the initial condition
0%u(x,y,0
u(x, y,0) = sing (x*) sing (y%), u((’%y) =0. (32)
Applying Egs. (12) and (31), we obtain the correction function can be written as follows:
Um+1(X, Y, 1) =um(x »i)
um(x $8) 0%~ ( 1~ { (Ozaum(x,y,f) 02“um(x,y,€))}) o
— L, == 2 a&)*. (33
F(l +a) fa aca ™ | s2a ¢ ox?® " ay2a (@¢)". 33)

We can use the initial condition to select ug(x, y, ) = sing (x%) sing (y*) . Using this selection into the correction func-
tional (33) gives the following successive approximations

uO(xyyr t) = Sina(xa)Sina(ya))

1 % up(x,1,8) 0% ~ (1 ~ [ (0%Ue(x,0E) 0% ug(x, 1, E)
w(x, 0 = uo(x,y,t)—r(l_'_a)fO Oafay _af_aLal(sz_aLa{z( anZay + aOyZay )}) d)*
412%
= sing (x%)sing (y%) 1_m ’
0%wm 1) 0% (1~ [ (P mxyd) 0 uxy,0)
Us(x,y,1) = ul(x’y’t)_l“(1+a)fo oea _(%_“L“ (sz_“ a{ ( dx2a + oy )}) (d§)”
4[2a 8t4oc
= sinaGsina V) | 1= 55 * v |
22kt2ka
um(_x,y,l') = Sina(xa)Sina(ya) Z(_ Y o I‘(1+2ka)
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Finally, the solution is

ulx, y, 1) = im um(x,y, 1)
(e e] k 22kt2ka
i o « k2
sing (x%) sing (y*) I;)( ) TaT2ka)

=sing (x%) sing (y*) cosy (21%). (34)

4. Conclusions
In this work the diffusion and wave equations on Cantor sets within the local fractional differential operators
had been analyzed using the local fractional variational iteration transform method. The non-differentiable solutions

are obtained. The present method is a powerful tool for solving many differential equations on Cantor sets within the
local fractional derivative.
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