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Abstract: Finance is one of the fastest developing areas in the modern banking and corporate world. In this paper, we apply the
Reduced Differential Transform Method (RDTM) for solving Black-Scholese equation for European option valuation.
The same algorithm can be used for European put option. The results show that this method is very effective and
simple.
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1. Introduction

Financial securities have become essential tools for corporations and investors over the past few decades. Op-
tions can be used, for example, to hedge assets and portfolios in order to control the risk due to the movement in stock
prices. In 1973, Fischer Black and Myron Scholes proposed a formula to find the price of financial options, which is
called the Black-Scholes equation [2, 4] by Robert Merton. For their contributions, Scholes Merton received the Nobel
prize of economy, unfortunately Fisher Black passed away and could not receive it [4]. This together with the sophis-
tication of modern financial products provides a rapidly growing impetus for new mathematical models and modern
mathematical methods.

In recent years, some works have been done in order to find the analytical/approximate solution of the Black-
Scholes equation such as Adomian decomposition method (ADM), Modified ADM, Variational iteration method
(VIM), modified VIM, Homtopy perturbation method (HPM), modified HPM and Homotopy Analysis Method [5–11].

In last three decades, new semiâĂŞanalytical method known as the ADM, HPM , VIM, differential transform
method (DTM) has been presented for solving both ordinary differential equations and partial differential equations
of various forms. Also it is shown that these methods to be effective, reliable and easier in application when compared
to other analytical methods [1, 4, 6, 8–14].

In this paper, we will use the reduced differential transform method (RDTM) to study the Black-Sholes equations
for a European option pricing problem.
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2. The Black -Scholes equation

The Black-Scholes model is used for European or American option. We denote byV the values of an option;
when the distinction is important we use C (s, t ) and P (s, t ) to denote a call and put options, respectively. This value is
a function of the current value of the underlying asset, S and time t: V =V (s, t ). The value of the option also depends
on the following parameters:

• δ , the volatility of the underlying asset,

• E , the exercise price,

• T , the expiry,

• r , the risk-free interest rate.

If the option is to buy the asset, it is called option C , if it is to sell asset, it is a put as option P .
The Black-Scholes equation and boundary conditions for a European call with values C(s, t) are, as described in.

∂C

∂t
+ 1

2
σ2S2 ∂C 2

∂S2 + r S
∂C

∂S
− rC = 0 (1)

with

C (0, t ) = 0, C (S, t ) ∼ S, asS −→∞ (2)

and

C (S, t ) = M ax(S −E ,0) (3)

The first thing to do is to get rid of the awkward S and S2 terms multiplying
∂C

∂S
and

∂2C

∂S2 . At the same time we take

the opportunity of making the equation dimensionless as defined in the technical point below, and we turn it in to a
forward equation. We set:

S = Eex , t = T − τ
1
2C 2

, C = Eν(x, t ) (4)

This result in the equation

∂v

∂t
= ∂v2

∂x2 + (k −1)
∂v

∂x
−kv (5)

Where k = 2r

δ2 the initial condition becomes

v(x,0) = max(ex −1,0) (6)

Notice that this system of equations contains just two dimensionless parameters k = 2r

δ2 which k represents the bal-

ance between the rate of interest and the variability of stock returns and the dimensionless time to expiry
1

2
δ2t , even

though there are four dimensional parameters, E , T , δ2 and r , in the original statement of the problem.

3. Analysis of the method

In this section we present a breif review of the reduced differential transform method.

Definition 3.1.
If the function u(x, t ) is analytic and differentiated continuously with respect to time t and space x in the domain of
interest, then let

Um(x) = 1

m!

[∂mu(x, t )

∂t m

]
(7)

where the t-dimensional spectrum function is the transformed function Um(x).

In this paper, the lowercase u(x, t ) represent the original function while the uppercase Um(x) stand for the trans-
formed function.
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Definition 3.2.
The differential inverse transform of Um(x) is defined as follows:

u(x, t ) =
∞∑

m=0
Um(x)t m (8)

Then combining Eqs. (7) and (8) we write

u(x, t ) =
∞∑

m=0

1

m!

[∂mu(x, t )

∂t m

]
t m . (9)

From the above definitions, it can be found that the concept of the reduced differential transform is derived from the
power series expansion. The fundamental mathematical operations performed by RDTM can be readily obtained and
are listed in Table 1.

Table 1. Reduced differential transform

Functional Form Transformed Form

w(x, t ) = u(x, t )∓ v(x, t ) Wm (x) =Um (x)∓Vm (x)

w(x, t ) =αu(x, t ) W (x) =αUm (x)

w(x) = ∂r

∂t r u(x, t ) Wm (x) = (m + r )!

m!
Um+r (x),m ≥ 0

w(x) = u(x, t )v(x, t ) Wm (x) =
m∑

r=0
V(r )U (m − r ) =

m∑
r=0

U(r )V (m − r ),m ≥ 0

w(x, t ) = xs t n Wm (x) = xsδ(m −n) =
{

1 m = n,

0 m 6= n.

w(x, t ) = xs t n u(x, t ) Wm (x) = xsU (m −n)

w(x, t ) = ∂

∂x
u(x, t ) Wm (x) = ∂

∂x
Um (x)

4. Solving the Black-Scholes equation with RDTM

We considered the following Black-Scholes equation [4]

∂v

∂t
= ∂v2

∂x2 + (k −1)
∂v

∂x
−kv, (10)

with initial condition

V (x,0) = max(ex −1,0) (11)

To solve Eq. (10) by RDTM, in view of Table 1, we obtain the following recurrence formula

(m +1)Vm+1(x) = ∂2

∂x2 Vm(x)+ (k −1)
∂

∂x
Vm(x)−kVm(x), m = 0,1,2, · · · ,

also from (11) we have

V0 = max(ex −1,0). (12)

Now for m = 0, 1, 2, · · · we calculate Vm :

m = 0, V1 = ∂2

x2 V0(x)+ (k −1)
∂

∂x
V0(x)−kV0(x) (13)

= ∂2

∂x2 max(ex −1,0)+ (k −1)
∂

∂x
max(ex −1,0)−k max(ex −1,0) = k

{
0, x < 1,

1, otherwise.
(14)

m = 1, 2V2 = ∂2

x2 V1(x)+ (k −1)
∂

∂x
V1(x)−kVn(x) =−k2

2!

{
0, x < 1,

1, otherwise.
(15)
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m = 2, 3V3 = ∂2

x2 V2(x)+ (k −1)
∂

∂x
V2(x)−kVn(x) = k3

3!

{
0, x < 1,

1, otherwise.
(16)

m = 3, 4V4 = ∂2

x4 Vn(x)+ (k −1)
∂

∂x
V4(x)−kV4(x) =−k4

4!

{
0, x < 1,

1, otherwise.
(17)

and so on.
Hence we have

v(x, t ) = max(ex −1,0)+
∞∑

n=1
(−1)n+1 (tk)n

n!

{
0, x < 1,

1, otherwise.
(18)

Eq. (18) is the exact solution of (10)

5. Conclusion

In this paper, we use the RDTM to solve the Black-Scholes equation for a simple European Option. Using this
method, we obtained a new efficient recurrent relation to solve Black-Scholes equation. The RDTM is more efficient
and better than DTM since less computational is involved. This method could also be useful for solving other Partial
differential equations of financial mathematics.
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