L

Int. J. Adv. Appl. Math. and Mech. 3(1) (2015) 41 - 48 (ISSN: 2347-2529) IJAAMM

Journal homepage: www.ijaamm.com v
International Journal of Advances in Applied Mathematics and Mechanics

Complete controllability of nonlocal fractional stochastic differential
evolution equations with Poisson jumps in Hilbert spaces

Research Article

Kerboua Mourad® * Debbouche Amar®

8 Department of Mathematics, Guelma University, 24000, Guelma, Algeria

b Department of Mathematics, Guelma University, 24000, Guelma, Algeria

Received 16 May 2015; accepted (in revised version) 20 August 2015

Abstract: The objective of this paper is to investigate the complete controllability property of a nonlinear nonlocal fractional
stochastic control system with poisson jumps in a separable Hilbert space. By employing a fixed point technique,
fractional calculus, stochastic analysis and methods adopted directly from deterministic control problems for the
main results. In particular, we discuss the complete controllability of nonlinear nonlocal control system under the as-
sumption that the corresponding linear system is completely controllable. Finally, an example is provided to illustrate
the effectiveness of the obtained result.
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1. Introduction

During the past three decades, fractional differential equations and their applications have gained a lot of im-
portance, mainly because this field has become a powerful tool in modeling several complex phenomena in numerous
seemingly diverse and widespread fields of science and engineering [1-8] .

Stochastic differential equations have attracted great interest due to its applications in various fields of science
and engineering. There are many interesting results on the theory and applications of stochastic differential equa-
tions, (see [9-14] ) and the references therein). To build more realistic models in economics, social sciences, chem-
istry, finance, physics and other areas, stochastic effects need to be taken into account. Therefore, many real world
problems can be modeled by stochastic differential equations. The deterministic models often fluctuate due to noise,
so we must move from deterministic control to stochastic control problems. Recently, there is observed an increasing
interest in the study of stochastic differential equations with jumps [15, 16] . Luo and Liu [17] established the exis-
tence and uniqueness theory of mild solutions to stochastic partial functional differential equations with Markovian
switching and Poisson jumps, R. Sakthivel and Y. Ren [18] studied the complete controllability property of a nonlinear
stochastic control system with jumps in a separable Hilbert space. It should be noted that most of the literature in this
direction was mainly concerned with results on controllability of stochastic equations without jumps.

To the best of our knowledge, the complete controllability for a class of nonlinear nonlocal fractional stochastic
dynamical systems with jumps is an untreated topic in the literature and this fact is the motivation of the present
work.

The paper is organized as follows: in Section 2, we present some essential facts in fractional calculus, semigroup
theory, stochastic analysis and control theory that will be used to obtain our main results. In Section 3, we formulate
and prove sufficient conditions for ensuring the complete controllability for nonlinear nonlocal fractional stochastic
control systems with jumps. Finally, in Section 4, an example is provided to illustrate the abstract theory.
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2. Formulation of the problem

Let X be a separable Hilbert space with norm |-| x. Let Y be another Hilbert space with norm ||-|y. We denote by
L(Y, X) the set of all linear bounded operators from Y into X which is equipped with the usual operator norm ||-|| .Let
(Q,T, P) be a complete probability space equipped with some filtration {I';};, f € [0, b], satisfying the usual conditions
(i.e. it is right continuous and I'y contains all P null-sets). Let {w(?) : ¢ = 0} denote a Y-valued Wiener process defined
on the probability space (Q,T, P) with covariance operator Q,that is E{w(z),x)y (w(s),y)y = (£ A 5){(Qx,y)y, for all
x,y € Y, where Q is a positive, self-adjoint, trace-class operator on Y. In particular, we denote by w(t) a Y-valued Q-
Wiener process with respect to {I's} ;9. Let 8, (#)(n =1,2,3,...) be a sequence of real-valued one-dimensional standard
Brownian motions mutually independent on

(Q,T,{T'¢} =0, P). Now, w(t) can be defined by [19]

w@® =Y VAuPnten, te], ecy,
n=1

here 1,, are eigenvalues of Q and e, n € N are the corresponding eigenvectors, i.e. Qe, = A,e,, n=1,2,...,

In order to define stochastic integrals with respect to the Q-Wiener process w(f) we introduce the subspace
Yo = Q'/2(Y) of Y which is endowed with the inner product (vy, v2)y, = (Q™?v;, Q72 v2)y. Moreover, it is a Hilbert
space.

Let Lg = L,(Yy, X) denote the space of all Hilbert-Schmidt operators from Yj into X. It turns out to be a separable

Hilbert space equipped with the norm ||,u||io = tr((,qu/z) (,qu/z) *)forany u e Lg. Clearly for any bounded operators
2
pe L(Y, X) this norm reduces to H,u”io = tr(uQu™).
2

t
Lety:[0,b] — Lg be a predictable, I';,-adapted process such thatf E ||)((5) ||io ds < oo. Then we can define an X-
0 2

t
valued stochastic integral f x(s)dw(s) which is a continuous square-integrable martingale. Let g = (q(1)), t € Dy, be
0

a stationary I';-Poisson point process with characteristic measure A. Let N(dt, dn) be the Poisson counting measure
associated with g, i.e. N(¢,2) = Z I7(q(s)) with measurable set Z € B(Y — {0}), which denotes the Borel o-field

s€Dg,s<t

of Y —{0}. Let N(dt,dn) = N(dt,dn) — dtA(dn) be the compensated Poisson measure that is independent of w(¢). Let
b
P2([0, b] x Z; X) be the space of all predictable mappings g : [0, b] x Z x Q — X for whichf f E|gtt,m ||§( dtAdn) <
0 Jz

b
oo. Then, we can define the X-valued stochastic integral f f g(t,n)N(dt,dn), which is a centred square-integrable
0 Jz

martingale.
In this paper, we consider a mathematical model given by the following fractional nonlocal stochastic differen-
tial equations with poisson jumps and control variable,

CDYx(t) = Ax(t)+Bu(t) + f(t,x() + o (t, x(1)) 248

N fzg(t,x(t),dnt)ﬁ(dt'd"), teJ=10,b], :

x(0) + h (x() = xo, 2

where 0 < g < 1,CD? denotes the Caputo fractional derivative operator of order q. Let X and Y be two Hilbert spaces
and the state x(-) takes its values X; A is the infinitesimal generator of a compact semigroup of uniformly bounded
linear operators {S(¢) = el ,t = 0} and we suppose that My = sup [|S(£)|l < co. The control function u(-) is given in

=0
L%([O, b], U) of admissible control functions, U is a Hilbert space. B is a bounded linear operator from U into X; f :
IxX—>X,g: JxXxZ—-X,0:JxX— Lg and h: C(J, X) — X are appropriate functions; xj is I'o measurable X-valued
random variables independent of w.

Definition 2.1.
The fractional integral of order 8 with the lower limit 0 for a function f is defined as

1 tof(s
(B) Jo (t=s)'F

Iﬁf(t):r ds, t>0, >0

provided the right-handside is pointwise defined on [0,00), where I'(-) is the gamma function.
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Definition 2.2.
Riemann-Liouville derivative of order  with lower limit zero for a function f : [0,00) — R can be written as

ds, t>0,n—-1<p<n.

1 an rt fs
Lph - - f _ S
f l"(n—ﬁ) dr Jo (t—s)pti-n

Definition 2.3.
The Caputo derivative of order g for a function : [0,00) — R can be written as

n—

1 +k
‘DPf(p) :LDﬁ(f(t)— y %f(")(())), t>0,n—-1<p<n.
k=0 ™*

Remark 2.1. (a) If f(¢) € C"[0,00), then

‘DPf() = ! ft O ds=1"Pfs), t>0,n-1<f<n
T(n=p)Jo (t-s)p+i-n P '

(b) The Caputo derivative of a constant is equal to zero.

(c) If f is an abstract function with values in E, then integrals which appear in Definitions 2.1 and 2.2 are taken in
Bochner’s sense.

The following results will be used through out this paper.

Lemma 2.1 ([20]).
b
LetG:[0,b] xQ — Lg be a strongly measurable mapping such thatf E| IG(t)IIfO dt <oco.Then
0 2

p t
E sLGf EIIG(s)IIdes
0 2

¢
f G(s)dw(s)
0

forall0 <t <bandp =2, where Lg is the constant involving p and b

Lemma 2.2.
Consider the following linear fractional stochastic system

DI x(t) = Ax(t)+ Bu)(t) +0 (1) 242, re[0,b], 3
x(0) = Xp

Let us now introduce the following operators.
Define the operator Lg : Lz([O, bl,U) — Lz(b, X), the controllability operator Hg : Lz(b, X) — Lz(b, X) associated

with (3), and the controllability operato W5 associated to the linear fractional stochastic system of (3) as

b
Lgu =[ (b-95)9"12(b-s)Bu(s)ds,
0

b
nse = fo (b-)?9"Vs(b-s)BB*#*(b—s)E(-| Ty ds,

b
Wl = f (b— 529D #(b - 5)BB* #* (b s)ds,
0

where B* denotes the adjoint of B and % * (1) is the adjoint of ().

Lemma 2.3 ([20]).
If the linear stochastic system (3) is completely controllable, then for somen >0,

E<ng,z> >nE|zl|?, for somen >0 and all z € L*(b, X),
and consequently

() <

E -
n

=
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3. Complete controllability

In this section, we formulate and prove conditions for the existence and the complete controllability results for
nonlocal fractional stochastic egs. (1)-(2) by using a fixed point approach. To prove the required results, we impose
some Lipschitz and linear growth conditions on the functions f,o, k and g.

Further, let L?(b, X) be the Banach space of all I',-measurable square integrable random variables with val-
ues in the Hilbert space X. Let D(J; L?(T, X)) be the Banach space of the cadlag (right continuous with left limit)

processes from J into L2(T, X) satisfying the condition sup E||x(£)[|? < co. Let Hy(J; X) be the closed subspace of
te]
D(J; L*(T, X)) consisting of measurable and I';-adapted X-valued process x € D(J; L*(T, X)) endowed with the norm

1/2
Ilxl g, = (supEnx(tn@) :
te]

Now, we present the mild solution of the problem (1)-(2).

Definition 3.1 ([21-23]).
A stochastic process x € H,([0, b], X) is a mild solution of (1)-(2) if for each u € le-([O, bl, U), it satisfies the following
integral equation,

t
x() =T (1) (xo—h(x))+f (t—s)q_ly(t—s)[Bu(s)+f(s,x(s))]ds
0

t
+f (t—9)9 1 - 8)a(s,x(s)dw(s)
0
t
+f f(t—s)q_lg(s,x(s),n)N(ds,dn),
0 JZ

o0 o0
where I () = f £40)S(t10)de; # (1) = q/ 0¢40)S(t70)d; # (1) is a Co-semigroup generated by a linear opera-
0 0

tor A on X; ¢ is a probability density function defined on (0, 00),that is §4(6) = 0, 6 € (0,00) and f $q(0)do =1.
0

Lemma 3.1 (see [24, 25]).
The operators {T(t)};=0 and {S(t)};=o are strongly continuous, i.e., for x € X and 0 < ) < &, < b, we have
T ()x—T(r)xll — 0 and||.F () x - S(n)xl| = 0 asf, — t.

We impose the following conditions on data of the problem.
(i) For any fixed ¢ = 0,9 (¢) and .#(¢) are bounded linear operators, i.e., for any x € X,

My
T (x|l = Mollxll, 1L @xll = ——Ilxll.
(g

(ii) The functions f, o and g are Borel measurable functions and satisfy the Lipschitz continuity condition and the
linear growth condition for some constant k > 0 and arbitrary x, y € X such that

I£t0=f 9]+ llote.0 - nlliy+ [ llgtxm gyl Adn=kllx=f,

|| (6, 0|5 + o, Sl +fZ||g(t, |5 A(dn) < k@ +11x113).

(ili) There exists a number Np > 0 and arbitrary x, y € X such that
11 G =Rk = Nollx =yl 11RO < No (1+11xI)

(iv) The linear stochastic system is completely controllable on J.

(v) There exists a number E > 0 such that for arbitrary x;, x; € X,

lelg(t,xl,n) —g(t,x2,m)||3 A (dn) < Lo (I1x1 - x211%),

[ llgtxmlli A (dn) = T 1+ i)
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Definition 3.2.
System (1)-(2) is completely controllable on [0, b] if R(b) = L2(T » X), where
R(b) = {x(b) = x(b, u) : ue LE([0,b), )},

here L%([O, b], U), is the closed subspace of L%([O, b] x Q; U), consisting of all I'; adapted, U-valued stochastic
processes.

The following lemma is required to define the control function.The reader can refer to [7] for the proof.
Using the assumptions, for an arbitrary process x(-), define the control process

u(t,x) = B*(b— 7" *(b— HE{II)) " (T () (xo — h (x) — f§ (b— )9 LF(b—5) f (5, x(8))ds
— =99 L (b= 5)a(s,x(s)dw(s) - [y [,(b—3)T"g(s,x(s),n) N(ds,dn)) T}

Now, let us state and prove the following lemma, which will be used in the proof of the main results.

Lemma 3.2.
There exists positive real constants Ly, Ly such that for all x, y € H, we have

Ellu(t,x)-u(t,y)|* < L.E|x(0) -

2 1 2
Ellu(t, )l SLz(E+E||x(t)|I )

Proof. Letx,ye€ H,. From 2.2 and the conditions on the data, we obtain

2
Ellutt,0 - u(t,y)|* <4E| {B*0— 077 b~ 0@~ T (D) (x(1) ~ h(y(0) 1T}
t 2
+4E‘HB*(b_t)q_ly*(b_”(ng)_lf (b-9)T"'F (b3 [f(s,x(s))—f(s,y(S))]dsll“t}

2
+4EH{B (b— 0T ™ (b- n(IIE)” f (b-97"1F(b-39) [o(s,x(s) —0a(s,y(s)] dw(s) | T, }

+4EH{B (b-1) * (b- @™ f f(b—s)q‘ly(b—s)q‘l
0 JZ

x g (s x(8),m) - g (5, y(9),m)] N (ds,dn) I T }|*
=h+Db+3+1,
where,

4 2 __
h=s IBI (b)27-2 MZ( NoE || x(0) -y

Mo
F(q)

b2 q-1 t 2
5 1 fo E||x(s)—y(s)“ ds
1

4
I < 72 IBII? (b)29~2 (r @

|
k=
ikz

q-
2q1

My
( E||x(s) y(s) || ds

4 b
Iy< = IBI? (b)ZH(
T 2
y bGZIq 1 )
f f Ellg (5.x9m) — g (5, () m) |2 A (dn) ds

4 _
I < n—anuz(b)Z‘7 Z(W,

4 2q 1 . 1/2
*%”B”Z(b)zﬂ(r(q)) ( f f E| g (s x(),1m) ~g (s, y(s),n)|* A(dn) ds
(]
= IBI® (b r@) 20-1 E||x(s) y)|*ds )

2 2q2(M0) p*a-! ~U ~ )1
= IBI (b) @ 2q_l\/Lo A E|x(s)-y(9]" ds

i 20~ Z(MO )2 p*a! ( ~)ft BT
" IBI* (b ) 2a-1 k+\/;0 X E||x(s)-y(s)|"ds

Finally, we get

E|lutt,x) - u(t,y)|* < LE|x(t) -y

4 M 2 qu—l
where L; = = IBII? (b)292 (—")

T) 2q-1 (N:) +2k+kLs+1\/ fa) . The proof of the second inequality is similar

to the first one. This completes the proof of the lemma. O
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Theorem 3.1.
Assume that the conditions (i)-(v) hold. Further, if the inequality

|BII? Ly + k+ kL + (k+ \/LT))

is satisfied, then the stochastic control system (1)-(2) is completely controllable on [0, b].

<1

M, )2 p2a-1

Proof. We will show that, using the control, the operator F : H, — H; defined by

Fx(t) = T (1) (xo—h(x))+f0t(t—s)q‘ly(t—s)[Bu(s,x)+f(s,x(s))]ds

+ [{(t=9T L (t—s)a (s, x()dw(s) + [l [,(t—)T"g(s,x(s),n) N(ds,dn), “

has a fixed point in H>. As mentioned in [26] , to prove the complete controllability, it is enough to show that the
operator F has a fixed point in H». The proof is carried through by the Banach fixed point technique. First, we show
that the operator F maps H; into itself. Let x € H,, from (4) we obtain

E|Fx(Dl3, <5 supE 1T () (x0 — B (X)) 1? + sup Z E|nF o] (5)
te] i=1
Using conditions (i)-(v), 2.2, and with the standard computations, we have
sup i, B[t (1 12 < a2 ) 2 yBi2 L} + 102,
(6)

rafn )’ gjl‘(mu +(k+f))(1+||x|| )-

Hence supE |7 () (xo — h (x))I> < M; [ xoll* + No (1+11xI1*)] together with (6) imply that E[|Fx(1)ll%, < oco.
te]
Thus, F maps H; into itself. Next, we show that F is a contraction in H.

For any x, y € Hy, then

E||(Fx) (1) - (Fy) (0 <4supZE||H"(t) ! ()°

te] i=1

2 1,2g-1
— B 2 [ Mo\ b4 ) ~ )
<4NoMZE || x(0) - y(0)| +4(r( )) 291 IBII* LaE || x(8) - y(®) |
My 2 p2a-1 My 2 p2a-1
(r) ol +o(r) T
I(g)) 2q-1 L(q)) 2g-1

My \* b*a-1 — ,
4(@) 2q—1(k+\/;0)’3||x(t)—y(t)||

kLo E||x(t) - y(0 |

— My \* b?97! ) =

Hence we obtain a positive real number D = 4Ny M + 4 (Tq)) 20-1 [IIBII Ly+k+kLy+ (k + Lo) <1

such that

supE||(Fx) (1) - (Fy) (1)||* < DsupE | x(1) - y(0||* (7)

te] te]

for any x, y € H. So, F is a contraction mapping and hence there exists a unique fixed point x in H,. Thus the
fractional stochastic control system (1)-(2) is completely controllable on J. This completes the proof. O
4. Example

Consider the fractional stochastic system with a stochastic process x(t, z) and Poisson jumps in the following
form

DIx(t,2) = L2LD 1 (1, 2) + x(, 2)

o2
0 x(t,2)nN(dt, dn)

®)
+ (1, x(t,2) 420 4 ud

x(0,2) + XL, ckx (2, 1) = xo(2), z€[0,7],

x(t,0) x(t,m)=0, te], ©)
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where0<g<1,0<# <--- <ty =band c are positive constants, k = 1,..., m, w(t) is a two sided and standard one
dimensional Brownian motion defined on the filtered probability space (Q2,T', P) and N (-,-), is a compensated Poisson

o0
measure on [1,o00] with parameter A(dn)dt such that f n(dn) < co. . To write the above system into the abstract
1

form of (1)-(2),let X =U = ? [0, 7]. Define the operator A: X — X by Ax = x" with domain
D(A) = {x € X;x,x’ are absolutely continuous, x” € X and x(0) = x(7r) = 0}.

o0
Ax =Y n*(x,xp)xn, x€D(A),

n=1

2
where x,(s) = \/ —sin(ns), n = 1,2,... is the orthogonal set of eigen vectors in A. It is well known that A generates a
7

compact, analytic semigroup {S(¢), ¢ = 0} in X and

Styx=)_ e (x, x,) %0, 1S < e forall £=0.

n=1

m
Define x(t)(z) = x(t, z), o(t,x(t))(z) =6 (t,x(t,z)) and h(x(1))(z) = Z ckx (z, tg). The bounded linear operator B: U —
k=1
X by Bu(f)(z) = fi(t,z), 0 < z<m, uec U. Assume that the operator Lg be defined by

b
(L6u) 2= fo (b=9)T"1e™ =9 (s, 2)ds,

On the other hand, it can be easily seen that the deterministic linear fractiona Icontrol system corresponding
to (8)-(9) is completely controllable [27] . Therefore, with the above choices, the system (8)-(9) can bewritten to the
abstract form (1)-(2) and all the conditions of Theorem 3.1 are satisfied. Thus by Theorem 3.1, fractional stochastic
control system (8)-(9) is completely controllable on [0, b]..

References

[1] D. Baleanu, K. Diethelm, E. Scalas, J. ] Trujillo, Models and Numerical Methods, World Scientific 3 (2012) 10-16.

[2] A. Debbouche, Fractional evolution integro-differential systems with nonlocal conditions, Adv. Dyn. Syst. Appl
5(1)(2010) 49-60.

[3] A. Debbouche, J. J Nieto, Sobolev type fractional abstract evolution equations with nonlocal conditions and opti-
mal multi-controls. Applied Mathematics and Computation 245 (2014) 74-85.

[4] M. Feckan, J. Wang, Y. Zhou, Controllability of fractional functional evolution equations of Sobolev type via char-
acteristic solution operators. Journal of Optimization Theory and Applications, 156(1)(2013) 79-95.

[5] E Mainardi, Fractional calculus, Springer Vienna (1997) 291-348.

[6] A.B.Malinowska, D. E M. Torres, Fractional Calculus of Variations. Imperial College Press, Singapore, 2012.

[7]1 N. Nyamoradi, D. Baleanu, T. Bashiri, Positive solutions to fractional boundary value problems with nonlinear
boundary conditions. In Abstract and Applied Analysis Article ID 579740 (2013) 1-20.

[8] 1. A. Salehbhai, M. G. Timol, On the solution of some fractional differential equations, International Journal of
Advances in Applied Mathematics and Mechanics 1(2) (2013) 157-163.

[9] A. E. Bashirov, N. I. Mahmudov, On concepts of controllability for deterministic and stochastic systems, SIAM
Journal on Control and Optimization 37(6)(1999) 1808-1821.

[10] J. Cao, Q. Yang, Z. Huang, On almost periodic mild solutions for stochastic functional differential equations,
Nonlinear Analysis: Real World Applications 13(1) (2012) 275-286.

[11] Y. K. Chang, Z. H. Zhao, G. M.N’Guérékata, R. Ma, Stepanov-like almost automorphy for stochastic processes
and applications to stochastic differential equations, Nonlinear Analysis: Real World Applications 12(2) (2011)
1130-1139.

[12] X. Mao, Stochastic differential equations and applications. Elsevier 2007.

[13] R. Sakthivel, P. Revathi, Y. Ren, Existence of solutions for nonlinear fractional stochastic differential equations,
Nonlinear Analysis: Theory, Methods & Applications 81(2013) 70-86.

[14] M. Nadeem, J. Dabas, Controllability result of impulsive stochastic fractional functional differential equation with
infinite delay, International Journal of Advances in Applied Mathematics and Mechanics 2(1) (2014) 9-18.

[15] B. Boufoussi, S. Hajji, Successive approximation of neutral functional stochastic differential equations with
jumps, Statistics & probability letters 80(5) (2010) 324-332.

[16] H. Zhao, On existence and uniqueness of stochastic evolution equation with Poisson jumps. Statistics & Proba-
bility Letters 79(22)(2009) 2367-2373.



48 Complete controllability of nonlocal fractional stochastic differential evolution equations ...

[17] J.Luo, K. Liu, Stability of infinite dimensional stochastic evolution equations with memory and Markovian jumps,
Stochastic Processes and Their Applications 118(5)(2008) 864-895.

[18] R. Sakthivel, Y. Ren, Y, Complete controllability of stochastic evolution equations with jumps, Reports on Mathe-
matical Physics 68(2)(2011) 163-174.

[19] G. Da Prato, J. Zabczyk Stochastic equations in infinite dimensions, Cambridge university press 152 (2014).

[20] N.I. Mahmudov, Approximate controllability of semilinear deterministic and stochastic evolution equations in
abstract spaces, SIAM journal on control and optimization 42(5)(2003) 1604-1622.

[21] A.Debbouche, M.M. El-Borai, Weak almost periodic and optimal mild solutions of fractional evolution equations,
Electronic Journal of Differential Equations 46(2009) 1-8.

[22] Y. Zhou, E Jiao, Existence of mild solutions for fractional neutral evolution equations, Computers & Mathematics
with Applications 59(3)(2010) 1063-1077.

[23] M.M. El-Borai, Some probability densities and fundamental solutions of fractional evolution equations, Chaos,
Solitons & Fractals 14(3) (2002) 433-440.

[24] Z.Yan, Approximate controllability of partial neutral functional differential systems of fractional order with state-
dependent delay, International Journal of Control 85(8) (2012) 1051-1062.

[25] Z.Yan, Approximate controllability of fractional neutral integro-differential inclusions with state-dependent de-
lay in Hilbert spaces, IMA Journal of Mathematical Control and Information (2012) dns033.

[26] N.I. Mahmudov, Controllability of semilinear stochastic systems in Hilbert spaces, Journal of Mathematical Anal-
ysis and Applications 288(1)(2003) 197-211.

[27] N.I. Mahmudov, Controllability of linear stochastic systems in Hilbert spaces, Journal of mathematical Analysis
and Applications 259(1) (2001) 64-82.

[28] M. Kerboua, A. Debbouche, D. Baleanu, Approximate controllability of Sobolev type nonlocal fractional stochas-
tic dynamic systems in Hilbert spaces, In Abstract and Applied Analysis Article ID 262191(2013) 1-10.

[29] A. Pazy, Semigroups of linear operators and applications to partial differential equations, New York: Springer
44(1983).

[30] R. Sakthivel, S. Suganya, S.M. Anthoni, Approximate controllability of fractional stochastic evolution equations,
Computers & Mathematics with Applications 63(3)(2012) 660-668.

[31] M. Kerboua, A. Debbouche, D. Baleanu, Approximate controllability of Sobolev type fractional stochastic non-
local nonlinear differential equations in Hilbert spaces, Electronic Journal of Qualitative Theory of Differential
Equations 58(2014) 1-16.

[32] 1. Podlubny, Fractional differential equations: an introduction to fractional derivatives, fractional differential
equations, to methods of their solution and some of their applications, Academic press 198(1998).

[33] S.Dhanalakshmi, R. Murugesu, Existence of fractional ordermixed type functional integro-differential equations
with nonlocal conditions, International Journal of Advances in Applied Mathematics and Mechanics 1(3) (2014)
83-95.



	Introduction
	Formulation of the problem
	Complete controllability
	Example
	References

