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Abstract: This paper applies the local fractional variational iteration method (LFVIM) to find the analytical approximate so-
lution of linear and nonlinear wave equation on Cantor sets within local fractional operators. The LFVIM has been
found to be particularly valuable as a tool for the solution of differential equations in engineering, science, and ap-
plied mathematics. To illustrate the simplicity and reliability of the method, two examples are provided. The results
obtained reveal that the method is capable and easy to apply.
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1. Introduction

The local fractional calculus [1–3], as a new branch of fractional calculus, was successfully applied to describe
the fractal problems from science and engineering. For example, the local fractional diffusion equations defined
on Cantor sets [4, 5], the local fractional Fokker Planck equation defined on Cantor sets [6, 7], the local fractional
SchrÃűdinger equation [8], local fractional Navier-Stokes equations on cantor sets [9], the local fractional Laplace
equation [10, 11], the local fractional heat-conduction equation [12–16] were discussed.
There are a variety of problems in physics, chemistry and biology have their mathematical setting as linear and non-
linear ordinary or partial differential equations. Many of the phenomena that arise in mathematical physics and
engineering fields can be described by partial differential equations (PDEs). In physics for example, the heat flow and
the wave propagation phenomena are well described by partial differential equations. Moreover, most physical phe-
nomena of fluid dynamics, quantum mechanics, electricity, plasma physics, propagation of shallow water waves, and
many other models are formulated by partial differential equations [17].
In this paper, we consider the linear and nonlinear wave equation defined on Cantor sets with local fractional deriva-
tive given by

L(2α)
t t u(x, t )−L(2α)

xx u(x, t )+ f (u) = g (x, t ),0 <α≤ 1, (1)

L(2α)
t t u(x, t )−L(2α)

xx u(x, t )+F (u) = g (x, t ),0 <α≤ 1,0 < x ≤ l , t > 0, (2)

with the initial-boundary conditions

u(x,0) =ϕ(x),

∂αu(x,0)

∂tα
=ψ(x), (3)

u(0, t ) = κ(t ),u(l , t ) = γ(t )

where f (u) and F (u)are linear and nonlinear functions respectively, g (x, t ) is source term of nondifferentiable func-
tion, andϕ(x),ψ(x),κ(t ),γ(t ) are continuous functions. The main aim of this paper is to discuss the linear and nonlin-
ear wave equation defined on Cantor sets by the local fractional variational iteration method. The paper is organized
as follows. In Section 2, we give analysis of the methods used. In Section 3, we present the applications for the wave
equation defined on Cantor sets. Finally, in Section 4, we present our conclusions.

∗ E-mail address: hassan.kamil28@yahoo.com

http://www.ijaamm.com/
https://creativecommons.org/licenses/by-nc-nd/3.0/
mailto:hassan.kamil28@yahoo.com


58 Analytical approximate solution for inhomogeneous wave equation on cantor sets ...

2. Local Fractional Variational Iteration Method

We consider a general nonlinear local fractional partial differential equation:

Lαu(x, t )+Rαu(x, t )+Nαu(x, t ) = g (x, t ), (4)

where Lα denotes linear local fractional derivative operator of order 2α , Rα denotes a lower order local fractional
derivative operator, Nα denotes nonlinear local fractional operator, and g (x, t ) is the nondifferentiable source term.
According to the rule of local fractional variational iteration method, the correction local fractional functional for (4)
is constructed as [12, 15]:

un+1(x, t ) = un(x, t )+ 1

Γ(1+α)

∫ t

0

λ(ξ)α

Γ(1+α)

{
Lαun(x,ξ)+Rαun(x,ξ)+Nαun(x,ξ)− g (x,ξ)

}
(dξ)α, (5)

where
λ(ξ)α

Γ(1+α)
is a fractal Lagrange multiplier.

Making the local fractional variation, we get

δαun+1(x, t ) = δαun(x, t )+δα 1

Γ(1+α)

∫ t

0

λ(ξ)α

Γ(1+α)

{
Lαun(x,ξ)+Rαun(x,ξ)+Nαun(x,ξ)− g (x,ξ)

}
(dξ)α. (6)

The extremum condition of un+1(x, t ) is given by

δαun+1(x, t ) = 0. (7)

In view of (7), we have the following stationary conditions:

1−
[
λ(ξ)α

Γ(1+α
](α)

|ξ=t= 0,
λ(ξ)α

Γ(1+α |ξ=t= 0,

[
λ(ξ)α

Γ(1+α
](2α)

|ξ=t= 0. (8)

So, from(??), we get

λ(ξ)α

Γ(1+α = (ξ− t )α

Γ(1+α)
(9)

The initial value u0(x, t ) is given by

u0(x, t ) = u(x,0)+ tα

Γ(1+α)
u(α)(x,0). (10)

In view of (9), we have

un+1(x, t ) = un(x, t )+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
Lαun(x,ξ)+Rαun(x,ξ)+Nαun(x,ξ)− g (x,ξ)

}
(dξ)α, (11)

Finally, from(11), we obtain the solution of (4) as follows:

u(x, t ) = lim
n→∞un(x, t ) (12)

3. Illustrative Examples

In this section, we given some illustrative examples for solving the linear and nonlinear wave equation on Cantor
sets within local fractional operator by using local fractional variational iteration method.

Example 3.1.
Let us consider the following wave equation on Cantor sets with local fractional operator

L(2α)
t t u(x, t )−L(2α)

xx u(x, t ) = sinα(xα),0 < x ≤π, t > 0, (13)

with the initial-boundary conditions

u(x,0) = sinα(xα),

∂αu(x,0)

∂tα
= sinα(xα), (14)

u(0, t ) = u(π, t ) = 0
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In view of (11), we have the correction functional

un+1(x, t ) = un(x, t )+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
∂2αun(x,ξ)

∂ξ2α − ∂2αun(x,ξ)

∂x2α − sinα(xα)

}
(dξ)α. (15)

Considering the given initial values, we can select u0(x, t ) = sinα(xα)+ tα

Γ(1+α)
sinα(xα) .Using this selection into (15),

we obtain the following successive approximations

u0(x, t ) =sinα(xα)+ tα

Γ(1+α)
sinα(xα), (16)

u1(x, t ) =u0(x, t )+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
∂2αu0(x,ξ)

∂ξ2α − ∂2αu0(x,ξ)

∂x2α − sinα(xα)

}
(dξ)α

=sinα(xα)+ tα

Γ(1+α)
sinα(xα)+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
ξα

Γ(1+α)
sinα(xα)

}
(dξ)α

=sinα(xα)+ tα

Γ(1+α)
sinα(xα)− t 3α

Γ(1+3α)
sinα(xα), (17)

u2(x, t ) =u1(x, t )+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
∂2αu1(x,ξ)

∂ξ2α − ∂2αu1(x,ξ)

∂x2α − sinα(xα)

}
(dξ)α

=sinα(xα)+ tα

Γ(1+α)
sinα(xα)+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
− ξ3α

Γ(1+3α)
sinα(xα)

}
(dξ)α

=sinα(xα)+ tα

Γ(1+α)
sinα(xα)− t 3α

Γ(1+3α)
sinα(xα)+ t 5α

Γ(1+5α)
sinα(xα), (18)

...

un(x, t ) =sinα(xα)+ sinα(xα)

[
n∑

k=0
(−1)k t (2k+1)α

Γ(1+ (2k +1)α)

]
. (19)

Finally, the solution is

u(x, t ) = lim
n→∞un(x, t )

=sinα(xα)+ sinα(xα)

[ ∞∑
k=0

(−1)k t (2k+1)α

Γ(1+ (2k +1)α)

]
=sinα(xα)+ sinα(xα)sinα(tα). (20)

Example 3.2.
Consider the following wave equation on Cantor sets with local fractional operator

L(2α)
t t u(x, t )−L(2α)

xx u(x, t )+u(x, t ) = 2sinα(xα),0 < x ≤π, t > 0, (21)

with the initial-boundary conditions

u(x,0) = sinα(xα),

∂αu(x,0)

∂tα
= 1, (22)

u(0, t ) = sinα(tα),

u(π, t ) = sinα(tα).

In view of (11), we have the correction functional

un+1(x, t ) = un(x, t )+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
∂2αun(x,ξ)

∂ξ2α − ∂2αun(x,ξ)

∂x2α +un(x, t )−2sinα(xα)

}
(dξ)α. (23)

Considering the given initial values, we can select u0(x, t ) = sinα(xα)+ tα

Γ(1+α)
.Using this selection into (23), we
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obtain the following successive approximations

u0(x, t ) =sinα(xα)+ tα

Γ(1+α)
, (24)

u1(x, t ) =u0(x, t )+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
∂2αu0(x,ξ)

∂ξ2α − ∂2αu0(x,ξ)

∂x2α +u0(x, t )−2sinα(xα)

}
(dξ)α

=sinα(xα)+ tα

Γ(1+α)
+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
ξα

Γ(1+α)

}
(dξ)α

=sinα(xα)+ tα

Γ(1+α)
− t 3α

Γ(1+3α)
, (25)

u2(x, t ) =u1(x, t )+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
∂2αu1(x,ξ)

∂ξ2α − ∂2αu1(x,ξ)

∂x2α +u1(x, t )−2sinα(xα)

}
(dξ)α

=sinα(xα)+ tα

Γ(1+α)
+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)

{
− ξ3α

Γ(1+3α)

}
(dξ)α

=sinα(xα)+ tα

Γ(1+α)
− t 3α

Γ(1+3α)
+ t 5α

Γ(1+5α)
, (26)

...

un(x, t ) =sinα(xα)+
n∑

k=0
(−1)k t (2k+1)α

Γ(1+ (2k +1)α)
. (27)

Hence, we obtain the solution of (21) as

u(x, t ) = lim
n→∞un(x, t )

=sinα(xα)+
∞∑

k=0
(−1)k t (2k+1)α

Γ(1+ (2k +1)α)

=sinα(xα)+ sinα(tα). (28)

Example 3.3.
Consider the following nonlinear wave equation on Cantor sets with local fractional operator

L(2α)
t t u(x, t )−L(2α)

xx u(x, t )−u(x, t )−u2(x, t ) =− xα

Γ(1+α)

tα

Γ(1+α)
− x2α

Γ2(1+α)

t 2α

Γ2(1+α)
,0 < x ≤π, t > 0, (29)

subject to the initial-boundary conditions

u(x,0) = 0,

∂αu(x,0)

∂tα
= xα

Γ(1+α)
, (30)

u(0, t ) = 0,

u(π, t ) = πα

Γ(1+α)

tα

Γ(1+α)
.

In view of (11) the local fractional iteration algorithm can be written as follows:

un+1(x, t ) = un(x, t )+ 1

Γ(1+α)

∫ t

0

(ξ− t )α

Γ(1+α)


∂2αun(x,ξ)

∂ξ2α − ∂2αun(x,ξ)

∂x2α −un(x,ξ)−u2
n(x,ξ)+

xα

Γ(1+α)

ξα

Γ(1+α)
+ x2α

Γ2(1+α)

ξ2α

Γ2(1+α)

 (dξ)α.

Considering the given initial values, we can select u0(x, t ) = xα

Γ(1+α)

tα

Γ(1+α)
.Using this selection into above formula,

we obtain the following successive approximations

u0(x, t ) = xα

Γ(1+α)

tα

Γ(1+α)
,

u1(x, t ) = xα

Γ(1+α)

tα

Γ(1+α)
,

u2(x, t ) = xα

Γ(1+α)

tα

Γ(1+α)
, (31)

...

un(x, t ) = xα

Γ(1+α)

tα

Γ(1+α)
.
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Hence, we obtain the solution of (29) as

u(x, t ) = lim
n→∞un(x, t )

= xα

Γ(1+α)

tα

Γ(1+α)
. (32)

4. Conclusions

In this work, the local fractional variational iteration method has been successfully applied to obtain the ana-
lytical solution of linear and nonlinear wave equation within local fractional operator. It is clearly seen that the used
method is straightforward, powerful and efficient.
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