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Abstract: We provide a new characterization of the symmetric Banzhaf value via the coalitional neutral player, intracoalitional
balanced contributions and coalitional transfer invariance axioms. The latter axiom says that a union’s total payoff
is invariant to a transfer of worth between two coalitions he or she belongs to, provided that such coalitions do not
contain subsets of any union.
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1. Introduction

The Shapley value [1] and the Banzhaf value [2] are the most popular values in games with transferable utilities
(or TU-games). Both values assign to each player the sum of weighted marginal contributions. In the Banzhaf value
each player has the same probability to enter any coalition and on the Shapley value this probability depends on the
number of elements of a coalition. These two values have been extended to TU-games with a coalition structure [3, 4]
or a coalition configuration [5, 6], TU-games on antimatroids [7, 8], and TU-games on convex geometries [9, 10], etc.

Alonso-Meijide and Fiestras-Janeiro [11] proposed another extension of the Banzhaf value to TU-games with
a coalition structure, called the symmetric Banzhaf value. This value is the composition of the Banzhaf value and
the Shapley value in the following sense: suppose that in a TU-game with a union system there are two levels of
negotiation; first, between unions and then between players of the same union. The distribution between unions is
done by assigning to each union their Banzhaf value in the quotient game. The amount assigned to each union in this
first share is divided between the players of each union using the Shapley value of each union’s TU-game.

We provide a new and concise characterization of the extension given by Alonso-Meijide and Fiestras-Janeiro
in [11] of the Banzhaf value for TU-games with a coalition structure by means of three axioms. The first one is the
well-known intracoalitional balanced contribution axiom. The second axiom, called coalitional neutral player, indi-
cates that if a union is a neutral player in the quotient game, then the payoff to that union is what its members obtain
on their own in the TU-game. The third axiom, called coalitional transfer invariance, says that a union’s total payoff
is invariant to a transfer of worth between two coalitions he or she belongs to, provided that such coalitions do not
contain subsets of any union. This means that if the worth of a coalition varies a certain amount and, at the same
time, the worth of another coalition varies by the opposite amount, then for unions whose members belong to both
coalitions the total payoff allocation does not change, provided that such coalitions do not contain subsets of any
union. The result so achieved is therefore placeable into the crossing zone between Operations research and manage-
ment science through a suitable application of decision theory. Due to this feature, the treatment pursued in this work
concerns applied mathematics and, for the arguments and disciplines herein involved, it has been kindly accepted by
the new IJAMM which has already published many papers drawn up upon the same cross-disciplinary area in which
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Operations research and management science fruitfully intertwine amongst them. See for instance from [12], [13],
[14] and [15].

The rest of this paper is organized as follows. section 2 contains the notation and basic definitions and intro-
duces the axiom of coalitional transfer invariance and coalitional neutral player. Equation 3 is devoted to the proof of
the main result of the article.

2. Preliminaries

2.1. TU-game

The cardinality of a finite set T will be denoted by a lowercase letter t and the power set of T by 2T . For simplicity
of notation, we write i instead of {i }. A cooperative game with transferable utilities (or simply, TU-game) is a pair (N , v),
where N is the set of players and v : 2N →Rwith v(;) = 0. We denote by GN the set of TU-games on N . For any pair of
TU-games v, w ∈GN and any α ∈ R, the TU-game αv +w is defined as: (αv +w)(S) =αv(S)+w(S), for all S ⊆ N . For
each non-empty coalition T ⊆ N , the Dirac TU-game δT ∈ GN is defined as: δT (S) = 1 if S = T and δT (S) = 0 for any
other S ⊆ N . A player i ∈ N is a neutral player in (N , v) if ∀S 3 i , v(S)− v(S \ i ) = v(i ).

A value φ in GN is a mapping φ : GN → Rn which uniquely determines, for all (N , v) ∈GN and all i ∈ N , a payoff
φi (N , v) ∈R for participating in this TU-game (N , v) ∈GN .

Dummy player axiom (DP) A valueφ satisfies DP if, for each i ∈ N such that i is a neutral player in (N , v), it holds
that: φi (N , v) = v(i ).

Two values in GN that satisfy DP are the Shapley value [1] and the Banzhaf value [2]. The Shapley value is the
mapping Sh that assigns to each TU-game (N , v) ∈GN and each i ∈ N the real number Shi (N , v) ∈R given by

Shi (N , v) = ∑
S3i

(s −1)!(n − s)!

n!
[v(S)− v(S \ i )].

The Banzhaf value is the mapping B z that assigns to each TU-game (N , v) ∈ GN and each i ∈ N the real number
B zi (N , v) ∈R given by

B zi (N , v) = ∑
S3i

1

2n−1 [v(S)− v(S \ i )].

For further information about the meaning and properties of the Shapley value and the Banzhaf value, refer to [1] and
[16], respectively.

2.2. TU-games with a coalition structure

A coalition structure over the set of players, N , is a partition of N , that is, B = {B1, . . . ,Bm} is a coalition structure if
it satisfies that

⋃
1≤l≤m

Bl = N and Bk∩Bl =; if k = l . We also assume Bl 6= ; for all l . The sets Bl ∈B are called “unions"

or “blocks". We denote by B(N ) the set of all coalition structures over N . A TU-game with a coalition structure is a
triplet (N ,B, v), where (N , v) ∈GN and B ∈B(N ). The coalition structure B gives an a priori structure of cooperation
among players. We denote by ΓN the set of TU-games with a coalition structure.

If (N ,B, v) ∈ ΓN with B = {Bl : l ∈ M := {1, . . . ,m}} ∈ B(N ), the quotient game (M , vB) is a TU-game played by
the unions, i.e,

(M , vB) ∈GM and vB(K ) = v

( ⋃
k∈K

Bk

)
∀K ⊆ M .

A value f in ΓN is a mapping f : ΓN → Rn which uniquely determines, for all (N ,B, v) ∈ ΓN and all i ∈ N , a payoff
fi (N ,B, v) ∈R for participating in this TU-game with a coalition structure (N ,B, v) ∈ ΓN .

For a value f in ΓN and S ⊆ N , let f (N ,B, v)[S] = ∑
i∈S

fi (N ,B, v). For all l ∈ M with bl > 1 and i ∈ Bl , define

B−i = {B1, . . . ,Bl \ i , . . .Bm}, that is, B−i is the new coalition structure when the player i leaves the TU-game.
Our interest is focused on the value proposed in [11], for TU-games with a coalition structure, called the sym-

metric Banzhaf value. Given a TU-game with a coalition structure (N ,B, v) ∈ ΓN , this value assigns to each player
i ∈ N the real number

Πi (N ,B, v) = ∑
K3k

∑
S3i

S⊆Bk

1

2m−1

(s −1)!(bk − s)!

bk !
[v(QK ∪S)− v(QK ∪S \ i )]

where Bk ∈B is the union containing i (i ∈ Bk ) and where we set QR = ⋃
r∈K

Br .

Since Π(N ,B, v)[Bl ] = B zl (M , vB) for all l ∈ M and the Banzhaf value satisfies DP, then the symmetric Banzhaf
value,Π, satisfies the following axiom:
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Coalitional neutral player (CNP) A value f in ΓN satisfies CNP if, for all (N ,B, v) ∈ ΓN and all l ∈ M such that l
is a neutral player in (M , vB), it holds that: f (N ,B, v)[Bl ] = v(Bl ).

We note that given B ∈ B(N ) and (N , v), (N , w) ∈ GN the quotient game of (N ,B, (v +w)) is (M ,B, vB +wB).
From this linearity, the equation Π(N ,B, v)[Bl ] = B zl (M , vB), ∀l ∈ M , the equality δB

QK
(R) = δK (R) for all R ∈ 2M and

all K ∈ 2M \;, plus the fact that B zl (M , vB) only depends on the sum of the marginal contributions of coalitions of
unions that contain l , we obtain that the symmetric Banzhaf value,Π, satisfies the following axiom:

Coalitional transfer invariance (CTI) A value f in ΓN satisfies CTI if, for all (N ,B, v) ∈ ΓN , all α ∈ R and all
K ,R ∈ 2M \;, it holds that: f (N ,B, v)[Bl ] = f (N ,B, v +α(δQK −δQR ))[Bl ],∀l ∈ K ∩R.

3. Results

It turns out that the combination of CNP, CTI and the following axiom characterizesΠ on ΓN .
Intracoalitional balanced contributions (IBC) A value f in ΓN satisfies IBC if, for all (N ,B, v), for all l ∈ M and

all {i , j } ⊆ Bl , it holds that:

fi (N ,B, v)− fi (N \ j ,B− j , v) = f j (N ,B, v)− f j (N \ i ,B−i , v).

The IBC axiom indicates that if two players i , j ∈ N belong to the same union, then the contribution of player j to the
payoff of i is equal to the contribution of player i to the payoff of j .

The characterization theorem is:

Theorem 3.1.
The only value defined in ΓN that satisfies CNP, CTI and IBC is the symmetric Banzhaf value.

Proof. Existence. In section 2 we saw that the value Π satisfies CNP and CTI. From the results of Myerson [17] and
since the valueΠ is written as

Πi (N ,B, v) = 1

2m−1

∑
K3k

Shi (Bk , vQK ) ∀i ∈ N ,

where vQK (S) = v(QK ∪S)− v(QK ) for all S ⊆ Bk , we deduce that the valueΠ satisfies IBC.
Uniqueness. Let (N ,B, v) ∈ ΓN be a TU-game with a coalition structure, f a value in ΓN satisfying the ax-

ioms listed in the hypotheses, and q = (qS )S∈2N such that qS ∈ R and q; = 0. Let us first prove that f (N ,B, v)[Bl ] =
Π(N ,B, v)[Bl ] for all l ∈ M . To do this, we define a value ϕq in GM such that for all (M , w) ∈ GM and all l ∈ M ,
ϕ

q
l (M , w) = f (N ,B, w)[Bl ], where for all S ⊆ N , w(S) = w(T ) if S =QT and w(S) = qS otherwise. As f is a value in ΓN ,

then ϕq is a value in GM .
We next prove that ϕq satisfies DP and strong transfer invariance (STI) in GM .
DP. Let l ∈ M such that l is a neutral player in the TU-game (M , w) ∈ GM . Given that the quotient game of

the TU-game with a coalition structure (N ,B, w) ∈ ΓN is precisely (M , w) ∈GM and f satisfies CDP, then ϕ
q
l (M , w) =

f (N ,B, w)[Bl ] = w(Bl ) = w(l ). This implies that ϕq satisfies DP in GM .
STI. Let l ∈ M and (K +,K −,α) be a transfer with l ∈ K + ∩K −. Since the TU-game w +α(δK + −δK − ) ∈ GN co-

incides with the TU-game w +α(δQK+ −δQK− ) ∈ GN we obtain that ϕq
l (M , w +α(δK + −δK − )) = f (N ,B, w +α(δQK+ −

δQK− )[Bl ].
Given that l ∈ K +∩K − and f satisfies CTI, then ϕ

q
l (M , w +α(δK + −δK − )) = f (N ,B, w +α(δQK+ −δQK− )[Bl ] =

f (N ,B, w)[Bl ] =ϕq
l (M , w), which implies that ϕq satisfies STI in GM .

Béal et al. [18] proved that the Banzhaf value is the only value in GM that satisfies DP and STI. Hence, ϕq = B z
in GM .

Consider q such that qS = v(S) for all S ∈ 2N . Now, it is trivial to deduce that

B zl (M , vB) = f (N ,B, v)[Bl ] ∀l ∈ M . (1)

From (1) and the fact thatΠ(N ,B, v)[Bl ] = B zl (M , vB), for all l ∈ M , we conclude that

f (N ,B, v)[Bl ] =Π(N ,B, v)[Bl ]. (2)

Let l ∈ M . We next prove that fi (N ,B, v) =Πi (N ,B, v) for all i ∈ Bl , by induction on bl . If Bl = { j }, then the equality
(2) implies that f j (N ,B, v) =Π j (N ,B, v). Let us assume that bl ≥ 2. By IBC for each {i , j } ⊆ Bl it holds that

fi (N ,B, v)− fi (N \ j ,B− j , v) = f j (N ,B, v)− f j (N \ i ,B−i , v). (3)

Using the induction hypothesis, we have fi (N \ j ,B− j , v) = Πi (N \ j ,B− j , v) and f j (N \ i ,B−i , v) = Π j (N \ j ,B− j , v).
By (3) we obtain that fi (N ,B, v)− f j (N ,B, v) = Πi (N \ j ,B− j , v)−Π j (N \ i ,B−i , v). This implies that fi (N ,B, v)−
f j (N ,B, v) = Πi (N ,B, v) −Π j (N ,B, v). Adding over all j ∈ Bl in the above equality and using (2) we obtain that
bl fi (N ,B, v) = blΠi (N ,B, v). From this equality and since bl ≥ 2 we conclude that fi (N ,B, v) = Πi (N ,B, v) for all
i ∈ Bl .
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