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1. Introduction

For a measurable complex valued and locally bounded function defined on [0, c0), Lupas and Miiller [1] defined
and studied some approximation properties of Gamma operators {G,} defined by

R n
Gn(f;x)=fO gn(x,u)f(;)du,

where

n+1
e—xu un,
n!

gnlx,u) = x>0.

In [2], Mazhar gives an important modifications of the Gamma operators using the same g, (x, u)

Fn(f;x)=f0 fO gn(x,u)gn-1(u, D) f(H)dudt

(2")!xn+1 's) tn—l
= PTCEETT fo o t)2n+1f(t)dt, n>1,x>0.

Recently, by using the techniques due to Mazhar, Izgi and Biiyiikyazici [3], Karsli [4] independently considered
the following Gamma type linear and positive operators

Ln(f;x):/(; /0 Enro(x,u)gn(u, ) f(H)dudt

(2n+3)1x"*3 oo "
T T an+2)! fo i e (Bl x>0,

and obtained some approximation results.
In [5], Karsli and Ozarslan obtained some local and global approximation results for the operators L, (f;x). Global

* Corresponding author.
E-mail address: alokkpma@gmail.com (Alok Kumar), dkvishwa007@gmail.com (D. K. Vishwakarma)


http://www.ijaamm.com/
https://creativecommons.org/licenses/by-nc-nd/3.0/
mailto:alokkpma@gmail.com
mailto:dkvishwa007@gmail.com

78 Global approximation theorems for general Gamma type Operators

approximation results for different operators were examined in many papers, for example in [6], [7] and [8].
In 2007, Mao [9] define the following generalised Gamma type linear and positive operators

(0] (0]
M,k (f; %) =f0 fo gn(x, g, 1) f(Hdudt
_ @n-k+ D! foo =k
B nl(n-k)! 0 (x+1)2n—k+2
which includes the operators F,,(f;x) for k=1and L,_»(f;x) for k =2.

Some approximation properties of M,,  were studied in [10], [11] and [12].
We can rewrite the operators M, r(f;x) as

f(ndt, x>0,

My (f; ) = fo Knilx, 0 f(0d1, M
where

Ko (x t)_(Zn—k+1)!x”+1 gk 1€ (0.00)

TG I T ) e A o0l

In this paper, we study some global approximation results of the operators M, . Let p € Ny(set of non-negative
integers), f € Cp, where Cp, is a polynomial weighted space with the weight function w),

1
wp(x) =1, wp(x)=m, p>0, )

and C,, is the set of all real valued functions f for which wy, f is uniformly continuous and bounded on [0, 00).
The norm on Cy, is defined by the formula

Ifllp= sup wy()|f(x)l

x€[0,00)

We also consider the following Lipschitz classes:

w5 (f;8) = sup IAFfll,,
he(0,0]

A% f(x) = f(x+2h)—2f(x+h) + f(x),

0, (f;8) = sup |A,fllp,
he(0,0]

Apf)=fx+h) - f(x),

Lipj,a = {f € Cp[0,00) : w5 (f;8) = 0(6%) asé — 07},

where i > 0and a € (0,2].
From the above it follows that

lim ol (f;8) =0, lim w?(f;6)=0,
5LI¥)1+ wp (f ) 51,]%1+ (Up (f )

for every f € Cp[0,00).

2. Auxiliary results

In this section we give some preliminary results which will be used in the main part of this paper.
Let us consider

em(t) = tmr (Px,m(t) = (t_x)m) me NO) X, re (Oym)-

Lemma 2.1 ([11]).
For any m € Ny (set of non-negative integers), m< n—k

[n—k+m]mxm

(1]

My, i (875 %) = 3

wheren, ke N and [x],, = x(x—1)...(x —-m+1),[x]o=1,x € R.
In particular form =0, 1, 2... in (3) we get
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() Mpp(1x) =1,

.. n—-k+1
(i1) Mp i (t;x) = —,

(n—k+2)(n—k+1) ,
nn-1) ’

(iii) My, (%) =

Lemma 2.2 ([11]).
Let m € Ny and fixed x € (0,00), then

j nl(n—-k)!

i(_l)j(m) (n-m+Hn-k+m-—j) o
Jj=0

Mn,k((ﬂx,m? x) = (

Lemma 2.3.
Form=0,1,2,3,4, one has

(@) Mpi(@xo0;x) =1,

(ii) My, i (@x,15%) = Tx,

k?>-5k+2n+4 ,
(i) Mpp(@px2;X) = ————

)

nn-1)
(i) M, ( ) = k3 +12k% - 17k + n(18—12k)+24x3
nk\Px,35 X) = D=2 i

k* =22k + k?(143 +12n) — k(314 + 108n) + 12n* + 268n+192 ,
x5
nn-1)n-2)(n-3)

) My i (Qx,4;X) =

Wi) My i (@, m; %) = O (n~1MFD/21),
Proof. Using Lemma 2.2, we get Lemma 2.3. O

Theorem 2.1.
For the operators M, . and for fixed p € Ny, there exists a positive constant Ny, ;. depending only on the parameters p
and k such that

'x) = Np k- (4)

Wp(X) Mp i ( wp(t)’

Moreover for every f € Cpl0,00), we have

My i (f5 ) < Nyl fllp, 5)

which shows that My, i is a linear positive operator from the space Cy[0,00) into C,[0,00).

Proof. For p =0, (4) follows immediately. Using Lemma 2.1, we get

wp(x)Mn,k( ; ) = wp(x) (M, (e; X) + My, i (ep; X))

1
—,x
wp (1)
(n-pln-k+ p)!x,!J

nl(n-k)!
< Npxwp(®)(A+xP) =Ny,

= w,,(x)(1+

where

(n—p)ln-k+p)! }
nl(n—k)! ’
Observe that for all f € Cp, and every x € (0,00), we get

Np,k :max{SLrllp

2n—k+ 1)yl poo gk wp (1)
wp(x)IMn,k(f;x)Iswp(x)( n Sx fo P dr

n!(n-k)! (x+ t)Z"*’“Z'fml wp(1)

1
< IIfIIpwp(x)Mn,k(w—m;x)
p

< Nyl £l

Taking supremum over x € (0,00), we get (5). O
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Lemma 2.4.
For the operators My, ;. and fixed p € Ny, there exists a positive constant Ny, ;. depending only on the parameters p and k
such that

$2

Px,2
M — x| <Ny —.
Wp(x) nk ( wp(t) x) p'k n

Proof. Using Lemma 2.3, we can write

wo ()M k( Px2 )= k2—5k+2n+4x2
" wo ()’ nn-1)
x2
< Ny—,
n

which gives the result for p = 0.
Let p = 1. Then using Lemma 2.1 and Lemma 2.3, we get

Px2
My k (#(ﬂ x) = My k(eps2;%) = 2X My, k(€413 X) + X2 My, (€3 X) + My 1 (.23 %)
p

_ (n—]:1—2)!(n—lc+p+2)!xp+2_Z(n—;to—1)!(n—k+p+1)!xlg+2

nl(n-k)! nl(n-k)!
(n=pln—k+p! . k? —5k+2n+4 ,
nl(n-k)! nn-1)

2
x P
=< Np'k;(l'f'x )

-p-2n—-k+p)! k?>—5k+2n+4
(n—p=2)in P) xP n is a positive constant. This
(n=2)(k2-5k+2n+4) n-1

completes the proof. O

where N, = (1+ (k* -5k +6p +4p® — 4kp)

3. Direct results

The proof of direct theorems will follow from Jackson type inequality, the Steklov means and appropriate esti-
mates of the moments of the operators.
Let p € Ny. By C; [0,00), we denote the space of all functions f € Cp,[0,00) such that f*, f" € C,[0,00).

Theorem 3.1.
Letpe Ny and f € C;, [0,00), there exists a positive constant Ny, . depending only on the parameters p and k such that

Wy ()M (f; ) = F)] < Nyl f’||p%

forall x € (0,00) andne N.
Proof. Let x € (0,00) be fixed. Then for f € Crl, [0,00) and ¢ € (0,00), we have

t
f(r)—f(x):f flwdv.

By using linearity of M, ;. we get

t
Mn,k(f;X)_f(X)zM"'k(f f'(v)dv;x). ©
X
Remark that
t t dy 1 1
, . _av ! _ -
fxf(u)dusuf ||pfx wp(v)‘sufupn x'(wpm*w,,(x))'

From (6) we obtain

Wy (O My i (f; )= FOI=<1f"1p {Mn,k(|(Px,l|;x) + wp (X) My, i (%;X) }
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Using Cauchy-Schwarz inequality, we can write

My k(l9x1lx) < (Mn,k((Px,Z;x))l/z X (Mn,k((l)x,o;x))llzy

1/2 1/2
SNEREN R S
’ wp(t) ’ wp(t) ’ wp(t)

Using Lemma 2.3, Theorem 2.1 and Lemma 2.4, we obtain

1wy ()| My i (f3%) — F(2)] < Np,knf’up%.

O
Lemma 3.1.
Letpe Ny. If
1-k
Tn,k(f;x)=Mn,k(f;x)—f(x+ Tx)+f(x), 7

then there exists a positive constant Ny k such that for all x € (0,00) and n € N, we have

2
X
Wp(x)| T (g5 ) — g(x)| < Np,k"g”"pg

for any function g € Cf,.

Proof. From Lemma 2.1, we observe that the operators T, ;. are linear and reproduce the linear functions.
Hence

Ty k(@x1;x) =0.
Letge Cf,. By the Taylor formula one can write
t
g —-gx)=(-xg"(x +f (t-v)g"(w)dv, te€(0,00).
X

Then,

| Ty, k(85 X) — 80| = T,k (g — g(x)); x| =

t
Thx (f (t— v)g”(v)dv;x)
X

1-k
n

t X+—Xx 1-k
My, k (f (t—v)g"(v)dv;x)—f (x+ Tx—v) g'wdv|.
X X

Since

=

IIg”IIp(t—x)Z( 1,1 )
2 wp(x)  wp(l)

t
f (t-v)g"(wdv
X

and

1-k

X+ 1-— " 1-— 2
f (x+ —kx—v)g”(v)dv s@(—kx) ,
x n 2wp()\ n

we get

"

Ig"lp Px,2 Ig"llp (1-k \?
Wp (X)) Ty (g x) —g(X)| = 5 (Mn,k(q)x'g;xﬂwp(x)Mn'k(w:(t);x))+T(Tx) .

Hence by Lemma 2.4, we obtain

2
X
wp (01 T k(850 ~ g0) < Np gl p—

for any function g € C;. The Lemma is proved. O
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Theorem 3.2.
Letp € Ny, n€ N and f € Cy[0,00), there exists a positive constant Ny, x. depending only on the parameters p and k such
that

1-k
Wp () | My (f:0) = ()] < Ny (f%) +ol (f, Tx).

Furthermore, if f € Li pf,a for some a € (0,2], then

x2 al2 1-k
Wy (X) | Mk (f; %) = f(X)| < Np (7) +w}7 (f,Tx),

holds.

Proof. Let p € Ny, f € Cy[0,00) and x € (0,00) be fixed. We consider the Steklov means of f by f, and given by the
formula

4 hi2 phl2
fh(x):ﬁf f 2f(x+s+1)—f(x+2(s+1)}dsdt,
o Jo

for h, x € (0,00). We have

4 hi2 phl2 )
f(X)_fh(X):ﬁfo fo AL f(x)dsdt,
which gives
1f = full p < 03 (f, ). ®)
Furthermore, we have
" 1
F () = 15 (B o f () = AL (),

and
" 9 ,
”fh“psﬁwp(frh)- 9)

From (8) and (9) we conclude that fj € Cfa [0,00) if f € Cp[0,00).
Moreover

My i (f;2) = F(0)] < Tk (1 f () = fr(0; x1) + 1 F () = fro( + 1Tk (f; %) = frn ()] +

’

f(x+ %x)—f(x)

where T, . is defined in (7).
Since fj € Cf, [0,00) by the above, it follows from Theorem 2.1 and Lemma 3.1 that

2
wp () [ My (30 = FGO| < (A + DIF = Fillp + Nyl fy Ip = ()

1-k
f(x+ Tx) -fx
By (8) and (9), the last inequality yields that

: 2 p La®) oy, 1=k
wp (%) | My i (f5%) = f(0)] < Nppws, (f5 h) L+ — |+ f,Tx )

Thus, choosing h = %, the first part of the proof is completed.
n

The proof of second part can be easily obtained from the definition of the space Li pf,a. O
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