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1. Introduction

The flow over a stretching sheet has been premeditated
because of its numerous industrial applications such as in-
dustrialized of polymer sheet, filaments and wires, through
the mechanized process. The stirring sheet is assumed
to extend on its own plane and the protracted surface in-
teracts with ambient fluid both impulsively and thermally.
Sakiadas [1] was the first who discuss the boundary layer
flow over a surface. He discussed numerical solutions of
laminar boundary-layer behavior on a moving continuous
flat surface. Experimental and analytical behavior of this
problem was presented by Tsou et al. [2] to show that
such a flow is physically by validating Sakiadas [1] work.
Crane [3] extended the work of Sakiadas [1] for both lin-
early and exponentially stretching sheet considering steady
two-dimensional viscous flow. Free convective on a ver-
tical stretching surface was discussed by Wang [4]. Heat
transfer analysis over an exponentially stretching continu-
ous surface with suction was presented by Elbashbeshy [5].
He obtained similarity solutions of the laminar boundary
layer equations describing heat and flow in a quiescent fluid
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driven by an exponentially stretching surface with suction.
Viscoelastic MHD flow heat and mass transfer over a stretch-
ing sheet with dissipation of energy and stress work was dis-
cussed by Khan et al. [6]. Ishak et al. [7] studied heat transfer
over a stretching surface with variable heat flux in microp-
olar fluids. Nadeem et al. [8] coated boundary layer flow
of a Jeffrey fluid over an exponential stretching surface with
radiation effects. Recently Nadeem et al. [9] investigated
the MHD boundary layer flow of a Casson fluid over an ex-
ponentially permeable stretching sheet. Many researchers
such as Gupta and Gupta [10] , Datta et al. [11] and Chen
and Char [12] extended the work of Crane [3] by including
the effect of heat and mass transfer analysis under different
physical situations. On the other hand, Gupta and Gupta
[13] stressed that realistically, stretching surface is not nec-
essarily continuous. Most of the available literature deals
with the study of boundary layer flow over a stretching sur-
face where the velocity of the stretching surface is assumed
linearly proportional to the distance from the fixed origin.
However, it is often argued that [13] realistically stretching
of plastic sheet may not necessarily be linear. This situa-
tion was beautifully dealt by Kumaran and Ramanaiah [14]
in their work on boundary layer fluid flow where, proba-
bly first time, a general quadratic stretching sheet has been
assumed. Recently, various aspects of such problem have
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Nomenclature

M Magnetic parameter

Pr Prandtl number

S Suction/Injection parameter

St Stratification parameter

T Temperature of the fluid

Tw (x) Prescribed surface temperature

T∞ (x) Variable free-stream temperature

u, v Component of velocity in x− and y− directions

Rd Radiation parameter

k1 Permeability parameter

k∗ Absorption coefficient

Nu Local Nusselt number

Greek symbols

η Similarity variable

κ The coefficient of thermal conductivity

µ Dynamic viscosity

σ Stefan-Boltzman constant

ν Kinematic viscosity

ψ Stream function

ρ Density of the fluid

θ Non-dimensionless temperature

been investigated by many authors such as Xu and Liao [15]
, Cortell [16, 17] , Hayat et al. [18] , and Hayat and Sajid [19].
Mandal and Mukhopadhyay [20, 21] studied the heat trans-
fer analysis over an exponentially stretching sheet through
porous and stratified medium.

Suction or injection (blowing) of a fluid through the
bounding surface can significantly change the flow field. In
general, suction tends to increase the skin friction whereas
injection acts in the opposite manner. Injection or with-
drawal of fluid through a porous bounding wall is of general
interest in practical problems involving boundary layer con-
trol applications such as film cooling, polymer fiber coating,
coating of wires, etc. The process of suction and blowing has
also its importance in many engineering activities such as in
the design of thrust bearing and radial diffusers, and ther-
mal oil recovery. Suction is applied to chemical processes to
remove reactants. Blowing is used to add reactants, cool the
surface, prevent corrosion or scaling and reduce the drag.

One of the important aspects in this study is the inves-
tigation of heat transfer processes. This is due to the fact
that the rate of cooling influences a lot to the quality of the
product with desired characteristics. Continuous surface
heat transfer problems have many practical applications
in industrial manufacturing processes. Such processes are
hot rolling, wire drawing and glass fiber production. Prob-
lems with variable surface heat flux have been introduced in
many other studies [22, 23]. In modeling the boundary layer
flow and heat transfer of these problems, the boundary con-
ditions that are usually applied are either a specified surface
temperature or a specified surface heat flux.

Homotopy analysis method (HAM), proposed by Liao
[24–26], is a very powerful method and has been em-

ployed by numerous researchers in various physical phe-
nomena [27–32]. Recent works on the Newtonian and non-
Newtonian fluids with different geometries can be found in
[33–38]. The purpose of this present work is to extend the
flow and heat transfer analysis in boundary layer over an ex-
ponentially stretching sheet with radiation embedded in a
stratified medium. Using suitable transformations, a third
order ordinary differential equation corresponding to the
momentum equation and a second order differential equa-
tion corresponding to the heat equation are derived.

2. Mathematical formulations

Let us consider the flow of an incompressible viscous
fluid past a flat sheet coinciding with the plane y = 0 in
a porous medium with a non-uniform permeability k. In
this analysis of the flow in the porous medium, the dif-
ferential equation governing the fluid motion is based on
DarcyâĂŹs law, which accounts for the drag exerted by the
porous medium [39, 40]. In a fluid flow through porous
medium, the pressure drop caused by the frictional drag
is directly proportional to the velocity for low speed flow.
This is the familiar Darcy’s law. At higher velocities, iner-
tial effects become appreciable, causing an increase in the
form drag [41]. Here the effects of a solid boundary and
the inertial effects have been neglected. These effects be-
come more significant near the boundary and in a media
with high porosity [42, 43]. It is assumed that the sheet is

Fig. 1. Schamatic diagram of the problem.

subjected to a variable heat flux (VHF) qw (x).The fluid flow
is confined to y > 0. Two equal and opposite forces are ap-
plied along the x-axis so that the wall is stretched keeping
the origin fixed. The effect of these two equal and opposite
forces cause a symmetric boundary at the center (the origin
as shown in Fig. 1) of the porous medium. A variable mag-
netic field B(x) = B0e

x
2L is applied normal to the sheet, B0

being a constant. The sheet of temperature Tw (x) and is em-
bedded in a thermally stratified medium of variable ambi-
ent temperature T∞(x) where Tw (x) > T∞(x). It is assumed
that Tw (x) = T0 + c e

x
2L where T0 is the reference tempera-

ture, b > 0, c > 0 are constants.

The continuity, momentum and energy equations gov-
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erning such type of flow are written as

∂u

∂x
+ ∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
= ∂2u

∂y2 − υ

k
u − σB 2

ρ
u, (2)

u
∂T

∂x
+ v

∂T

∂y
= κ

ρcp

∂2T

∂y2 − 1

ρcp

∂qr

∂y
, (3)

with the following boundary conditions

u =U , v =−V (x),

T = Tw (x),
∂T

∂y
=−qw (x)

κ

 at y = 0; (4)

u → 0, T → T∞ as y →∞. (5)

where and are the components of velocity respectively in
the x and y directions, υ = µ

ρ is the kinematics viscosity, ρ
is fluid density, µ is the coefficient of fluid viscosity, cp is
specific heat at constant pressure and κ is the thermal con-
ductivity of the fluid. U = U0e

x
L is the stretching velocity,

U0 is reference velocity, V (x) > 0 is velocity of suction and
V (x) < 0 is velocity of blowing, V (x) =V0 e

x
2L , a special type

of velocity at the wall is considered. V0 is the initial strength
of suction.

Following Rosseland approximation [1972] the radiative
heat flux q is modeled as

qr =− 4σ

3k∗
∂T 4

∂y
(6)

where σ is the Stefan-Boltzman constant, and k∗ is the ab-
sorption coefficient.

Assuming that the differences in the temperature within
the flow are such that T 4 can be expressed as a linear com-
bination of the temperature, one can expand T 4 in a Taylor’s
series about T∞ as follows.

T 4 = T 4
∞+4T 3

∞(T −T∞)+6T 2
∞(T −T∞)2 + . . . (7)

By neglecting the higher order terms beyond the first degree
in (T −T∞), we get

T 4 = 4T 3
∞T −3T 4

∞, (8)

Substituting in (6), we get

qr =−16σT 3∞
3k∗

∂T

∂y
. (9)

On differentiation we get

∂qr

∂y
=−16σT 3∞

3k∗
∂2T

∂y2 . (10)

The following relation are now introduced for u, v and θ(η)
as

u = ∂ψ

∂y
, v =−∂ψ

∂x
, θ(η) = T −T∞

Tw −T∞

where ψ(x, y)is the stream function.

Using the similarity transformation

η=
√

U0

2vL
e

N x
2L y,

u =U0e
N x
L f ′(η), v =−N

√
υU0

2vL
e

N x
L

{
f (η)+η f ′(η)

}
,

T = qw0

κ
T0e

N x
L θ

(
η
)

,


(11)

Now substituting Eqs.(6)-(11) in Eq.(2) and (3), the govern-
ing equations transform to

f ′′′+N f f ′′−2N f ′2 − (k1 +M) f ′ = 0, (12)(
1+ 4

3
Rd

)
θ′′+Pr( f θ′−θ f ′)−PrSt f ′ = 0. (13)

with the following boundary conditions

f ′ = 1, f = S, θ = 1−St at η= 0; (14)

f ′ → 0, θ→ 0 as η→∞. (15)

Where the prime denotes differentiation with respect to η ,

M = 2σB0
2L

ρU0
is the magnetic parameter, S = v0√

U0 v
2L

> 0(or < 0)

is the suction (blowing) parameter, St = c
b is the stratifica-

tion parameter and Pr = µcp

κ is the Prandtl number, Rd =
16T 3∞σ

3k k∗ is the radiative parameter , N is the exponentially

stretching sheet parameter, k1 = 2vL
k0U0

is the permeability
parameter, St > 0 implies a stably stratified environment,
while St = 0 corresponds to an unstratified environment.

The physical quantities of interest in this problem as
reported by Lai and Kulacki [44] are the skin friction coeffi-
cient and the Nusselt number which are defined as

Skin friction coefficient:

C f =− U0

x
p

2

(
∂u

∂y

)
y=0

= f ′′(0) (16)

Nusselt number:

Nu = xqw

k(Tw −T∞)
=−θ′(0) (17)

3. Homotopy analysis solutions

We express f (η) and θ(η) by a set of base functions [45]

f (η) = a0
0,0 +

∞∑
n=0

∞∑
k=0

ak
m,nη

k exp(−nη), (18)

θ(η) =
∞∑

n=0

∞∑
k=0

bk
m,nη

k exp(−nη). (19)

In which ak
m,n and bk

m,n are the coefficients. By rule of solu-
tion expressions and the boundary conditions (14)-(15), the
initial guesses f0 and θ0 are selected as

f0(η) = 1+S +exp(−η), (20)

θ0(η) = (1−St )exp(−η). (21)

With the linear operators as

L f =
d 3 f

dη3 − d f

dη
, (22)
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Lθ =
d 2θ

dη2 −θ, (23)

With the property that

L f
[
C1 +C2 exp(−η)+C3 exp(η)

]= 0, (24)

Lθ
[
C4 exp(−η)+C5 exp(η)

]= 0. (25)

Where Ci , i = 1..5 are arbitrary constants.
The zeroth order deformation problems can be written as

(1−p)L f [ f̂ (η; p)− f0(η)] = p ~ f N f [ f̂ (η; p)], (26)

(1−p)Lθ[θ̂(η; p)−θ0(η)] = p ~θNθ[ f̂ (η; p), θ̂(η; p)]. (27)

With the boundary conditions

f ′(0; p) = 1, f (0; p) = S, θ(0; p) = 1−St

f ′(∞; p) = 0, θ(∞; p) = 0

}
(28)

Where p ∈ [0,1] indicates the embedding parameter and ~ f

and ~θ the nonzero auxiliary parameters. Moreover the non-
linear operators N f and Nθ are prescribed as

N f [ f̂ (η; p)] = ∂3 f̂ (η; p)

∂η3 +N f̂ (η; p)
∂2 f̂ (η; p)

∂η2 −2N

(
∂ f̂ (η; p)

∂η

)2

− (k1 +M)
∂ f̂ (η; p)

∂η
, (29)

Nθ[ f̂ (η; p), θ̂(η; p)] =
(
1+ 4

3
Rd

)
∂2θ̂(η; p)

∂η2 +Pr

(
N
∂θ̂(η; p)

∂η
f̂ (η; p)−N

∂ f̂ (η; p)

∂η
θ̂(η; p)

)
−PrSt

∂ f̂ (η; p)

∂η
. (30)

For p = 0 and p = 1 we have

f̂ (η;0) = f0(η), f̂ (η;1) = f (η), (31)

θ̂(η;0) = θ0(η), θ̂(η;1) = θ(η). (32)

By means of Taylor’s series we have

f̂ (η; p) = f0(η)+
∞∑

m=1
fm(η)pm , (33)

θ̂(η; p) = θ0(η)+
∞∑

m=1
θm(η)pm . (34)

fm(η) = 1

m!

(
∂m f (η; p)

∂ηm

)
p=0

,

θm(η) = 1

m!

(
∂mθ(η; p)

∂ηm

)
p=0

.

 (35)

The auxiliary parameters are so properly chosen that se-
ries (33)-(34) converges when p = 1 and thus

f (η) = f0(η)+
∞∑

m=1
fm(η), (36)

θ(η) = θ0(η)+
∞∑

m=1
θm(η). (37)

The resulting problems at the mth-order deformation are

L f [ fm(η)−χm fm−1(η)] = ~ f ℜ f
m(η), (38)

Lθ[θm(η)−χmθm−1(η)] = ~θℜθ
m(η), (39)

f ′
m(0) = 0, fm(0) = 0, θm(0) = 0. (40)

f ′
m(∞) = 0, θm(∞) = 0 (41)

With the following definitions

ℜ f
m(η) = f ′′′

m−1 +N
m−1∑
k=0

fk f ′′
m−1−k −2N

m−1∑
k=0

f ′
k f ′

m−1−k

− (k1 +M) f ′
m−1, (42)

ℜθ
m(η) =

(
1+ 4

3
Rd

)
θ′′m−1

+N Pr
m−1∑
k=0

(
fkθ

′
m−1−k − f ′

kθm−1−k
)−PrSt f ′

m−1. (43)

In which

χm =
{

0, m 6 1,

1, m > 1,
(44)

The general solutions of Eqs. (38)-(39) can be written as

fm(η) = f ∗
m(η)+C1 +C2 exp(−η)+C3 exp(η), (45)

θm(η) = θ∗m(η)+C4 exp(−η)+C5 exp(η). (46)

In which f ∗
m(η) and θ∗m(η) are the particular solutions of the

Eqs. (42)-(43). Note that the (42)-(43) can be solved by Math-
ematica, Maple and Matlab one after the other in the order
m = 1,2,3, . . .

3.1. Convergence of the homotopy solutions

It can be noticed that the series solutions (45)-(46) con-
tain the non-zero auxiliary parameters ~ f and ~θ. We can
adjust and control the convergence of the HAM solutions
with the help of these auxiliary parameters. Hence to com-
pute the range of admissible values of ~ f and ~θ , we dis-
play the ~ -curve of the functions f ′′(0) and θ′(0) of 15th-
order of approximations. Fig. 2 depicts that the range of
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admissible values of ~ f and ~θ are −1.8 6 ~ f 6 −0.15 and
−1.8 6 ~θ 6 −0.2. The series solution (45)-(46) converge in
the whole region of η when ~ f = ~θ =−1.2.

Table 1 indicates that 15th order approximation gives a
convergent series solution HAM solutions of for several val-
ues of Prandtl number Pr . Also in Table 2, numerical values
of skin friction coefficients for different parameters are de-
termined.

4. Results and discussion

Fig. 2. ~ f and ~θ curve for functions f and θ for 15th -order of
HAM approximations.

Fig. 3. Variation of velocity f ′(η) with η for several values of
exponential parameter N in absence of suction.

The main objective here is to study the variations of
emerging physical parameters on the fluid flow and heat
transfer. In order to provide a physical insight into the flow
problem, Figs. 3-19 are plotted for the velocity, temperature
and heat transfer. Fig. 3 depicts the dimensionless veloc-

Fig. 4. Variation of velocity f ′(η) with η for several values of
suction/blowing parameter S.

Fig. 5. Variation of temperature θ(η) with η for several values of
exponential parameter N in absence of suction.

Fig. 6. Variation of temperature θ(η) with η for several values of
suction/blowing parameter S.



6 Analytical study of MHD boundary layer flow and heat transfer...

Table 1. Comparison of HAM solutions of −θ′(0) for several values of Prandtl number.

Pr Magyari and Keller [13] Bidin and Nazar [22] El-Aziz [23] Ishak [7] Mandal and Mukhopadhyay [21] Present

1 0.9548 0.9547 0.9548 0.9548 0.9547 0.9547

2 1.4714 1.4715 1.4714 1.4714

3 1.8691 1.8691 1.8691 1.8691 1.8691 1.8691

5 2.5001 2.5001 2.5001 2.5001 2.5001

10 3.6604 3.6604 3.6604 3.6604 3.6604

Table 2. Numerical Values of skin friction coefficient f ′′(0) for
various parameters.

M S k1 N f ′′(0)

0.2 0.1 0.1 1 -1.17301

0.4 -1.25142

0.6 -1.28180

0.2 0.1 -1.17212

0.5 -1.12475

0.7 -1.07563

0.1 0.1 -1.14566

0.3 -1.23459

0.5 -1.35664

0.1 1 -1.25823

1.3 -1.34560

1.5 -1.28933

Fig. 7. Variation of velocity f ′(η) with η for several values of
permeability parameter k1 in absence of suction.

ity profiles of f ′(η) for several values of exponential param-
eter N. while Fig. 4 depicts the dimensionless velocity pro-
files of f ′(η) for several values of suction/injection param-
eter S. velocity is decreasing for both suction/injection pa-
rameter and exponential parameter N . In Fig. 4, the velocity
decreases significantly with increasing suction whereas fluid
velocity is found to be increase with blowing. It is observed
that, when the wall suction ( S > 0 ) is considered, this causes
a decrease in the boundary layer thickness and the veloc-
ity field is reduced. S = 0 represents the case of non-porous
stretching sheet. Opposite behavior is noted for blowing (

Fig. 8. Variation of velocity f ′(η) with η for several values of
permeability parameter k1 in presence of suction.

Fig. 9. Variation of temperature θ(η) with η for several values of
permeability parameter k1 in absence of suction.

S < 0 ) parameter. The physical explanation for such a be-
havior is that while stronger blowing is provided, the heated
fluid is pushed farther from the wall where due to less influ-
ence of the viscosity, the flow is accelerated. This effect acts
to increase maximum velocity within the boundary layer.
Figs. 5-6 depicts the effect of exponential parameter N and
suction/ injection parameters on temperature. From Fig. 5,
it is noted that the wall temperature decrease throughout in
the boundary layer for positive values of exponential param-
eter N . Fig. 6 represents the temperature profiles for vari-
able suction/ injection parameter S with variable heat flux.
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Fig. 10. Variation of temperature θ(η) with η for several values of
permeability parameter k1 in presence of suction.

Fig. 11. Skin friction coefficient f ′′(0) with permeability
parameter k1 for several values of suction/ injection parameter S.

Fig. 12. Variation of temperature θ(η) with η for several values of
stratified parameter St in presence of suction.

Fig. 13. Variation of temperature θ(η) with η for several values of
stratified parameter St in absence of suction S = 0.

Fig. 14. Variation of heat transfer coefficient −θ′(0) with η for
several values of Prandtl number in absence of suction S = 0.

Fig. 15. Variation of heat transfer coefficient −θ′(0) with η for
several values of Prandtl number in presence of suction S = 1.



8 Analytical study of MHD boundary layer flow and heat transfer...

Fig. 16. Variation of velocity f ′(η) with η for several values of
Lorentz force M in absence of suction S = 0.

Fig. 17. Variation of velocity f ′(η) with η for several values of
Lorentz force M in presence of suction S = 1.

Fig. 18. Variation of temperature θ(η) with η for several values of
Radiative parameter Rd in absence of suction S = 0.

Fig. 19. Variation of temperature θ(η) with η for several values of
Radiative parameter Rd in presence of suction S = 1.

It is seen that temperature decreases with increases suction
whereas it increases due to injection. The effect of suction
is to make the velocity and temperature distribution more
uniform within the boundary layer. The influence of per-
meability parameter k1 in the absence of suction S = 0 on
velocity profile and presence of suction S = 1 are exhibits
in Fig. 7 and 8 respectively. It is obvious that the presence
of a porous medium causes higher restriction to the fluid
flow which, in turn, slows its motion. Therefore the velocity
decreases due to porous medium parameter for both suc-
tion/injection. While in Fig. 9, the shear stress at the surface
increases with increases the permeability parameter k1 so
that the temperature has rise in the boundary layer. Fig. 10,
implies that Darcian body force improves the heat transfer
rate. It can thus be inferred that an increase in permeabil-
ity parameter decreases the boundary layer thickness and
consequently brings about an increase in the heat transfer
rate. Fig. 11 depicts the nature of skin friction coefficient
against the permeability parameter k1. Skin friction coef-
ficient [− f ′′(0)] increases with increasing permeability pa-
rameter. The increase of permeability parameter k1 leads
to increase the skin-friction. The permeability parameter k1

introduces an additional shear stress on the boundary. Next,
we present the effects of thermal stratification parameter St
on temperature and temperature gradient profiles in the ab-
sence and presence of suction at the boundary. Tempera-
ture profile θ(η) for different values of stratified parameter
in the presence of suction and absence of suction are pre-
sented by Fig. 12 and Fig. 13. It is found that the tempera-
ture decreases as the stratified parameter increases. Since
the increases of stratification parameter St means increase
in free-stream temperature or decrease in surface temper-
ature. Thermal boundary layer thickness is therefore also
decreased with increases values of thermal stratification pa-
rameter St . In Fig. 14 and Fig. 15, the variation of heat trans-
fer coefficient −θ(0) on the dimensionless quantity for dif-
ferent values of Prandtl number were plotted. This is shows
that the effect of Prandtl number on increasing temperature
is decreases. Prandtl number Pr signifies the ratio of mo-
mentum diffusivity to thermal diffusivity. In heat transfer
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problems, the Prandtl number controls the relative thick-
ness of the momentum and thermal boundary layers. When
Prandtl number Pr is small, heat diffuses quickly compared
to the velocity, which means that for liquids metals, the
thickness of the thermal boundary layer is much bigger than
the momentum boundary layer. Fluids with lower Prandtl
number have higher thermal conductivities so that heat can
be diffuse from the sheet faster than for higher Prandtl num-
ber fluids. Hence Prandtl number can be used to increase
the rate of cooling in conducting flows. Fig. 16 and Fig. 17
represents the effect of magnetic parameter M on the veloc-
ity profile with and without suction. The rate of transport
decreases with the increases of M as the Lorentz force is in-
creases. It is found that the velocity is decreases with the
increasing values of M. Fig. 18 and Fig. 19 depict that the
larger values of radiation parameter Rd shows an enhance-
ment in the temperature profile and its related boundary
layer thickness. Larger values of radiation parameter pro-
vide more heat to working fluid that shows an enhancement
in the temperature θ(η) on η for both suction and injection.

5. Conclusions

The series solution of MHD flow and heat transfer of
viscous incompressible fluid towards a porous exponential
sheet in presence of thermal radiation in stratified medium
is investigated. The behavior of embedding parameter is ex-
amined. An analytical technique well known as homotopy
analysis method (HAM) has been applied to determine the
solutions of the governing non-linear ordinary differential
Eqs. (24)-(25). Graphical illustrations were shown subse-
quent to the flow characteristics for the velocity and temper-
ature with the various associated physical parameters. Good
agreement of HAM solution is observed with those obtained
by numerical methods in Table 1. The effect of suction as
well as magnetic parameter on fluid is to suppress the ve-
locity field which turn causes the enhancement of the skin-
friction coefficient. Rate of transport is reduced with the
magnetic field. The temperature decreases with increases of
stratified parameter. All the numerical calculation has been
done in Maple-2015 built-in function dsolve.
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