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Abstract: In this research,we study Lie algebraic properties of first integrals of simplest second-, third and higher-order ordinary
differential equations. Symmetries of the first integrals for simplest second-order ODEs which are linear or lineariz-
able by point transformations have already been obtained. Firstly we show how one can determine the relationship
between the point symmetries and the first integrals of linear or linearizable simplest ODEs of second order. Secondly,
a complete classification of point symmetries of first integrals of such linear ODEs is studied. As a consequence, we
provide a counting theorem for the point symmetries of first integrals of scalar linearizable second-order ODEs.We
show that there exists the 0, 1 and 2 point symmetry cases. By use of Lie symmetry group methods we further analyze
the relationship between the first integrals of the simplest linear third-order ODEs and their point symmetries. The
simplest scalar linear third-order equation has seven point symmetries. We obtain the classifying relation between
the symmetry and the first integral for the simplest equation. In the case of sub-maximal linear higher-order ODEs,
we show that their full Lie algebras can be generated by the subalgebras of certain basic integrals. For the 7 + 2 sym-
metry class, the symmetries of the first integral I> and a two-dimensional subalgebra of I; generate the symmetry
algebra and for the n + 1 symmetry class, the full algebra is generated by the symmetries of I; and a two-dimensional
subalgebra of the quotient I3/ 5.
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1. Introduction

The Lie algebraic classification of such differential equations is now well-known from the works of Lie [7] as well
as recently Mahomed and Leach [8]. However, the algebraic properties of first integrals are not known except in the
maximal cases for the basic first integrals and some of their quotients. In this research we investigate the complete
problem for simplest second-order and maximal symmetry classes of higher-order ODEs using Lie algebras and Lie
symmetry methods. More than a century ago, the Norwegian mathematician Sophus Lie put forward many of the
fundamental ideas behind symmetry methods. This method is very successfully used in several branches of physics
such as quantum filed theory,classical mechanics and physical chemistry. In our research we give complete classifi-
cation of point symmetries for the first integrals of scalar linear second-order ODEs and the relationship between the
symmetries and first integrals. For this purpose we use the projective transformations to find the different cases of
symmetries for the first integrals of simplest second-order ODEs are linear or linearizable by point transformations.
Since all scalar second-order ODEs which are linear or linearizable by point transformations are transformable to the
free particle equation, we utilize this as our base ODE. We find that there are: the no symmetry, one symmetry, two
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symmetry.
It is well -known of first integrals for scalar linearizable second -order ODE [1, 6]

o,y =0, (1

is invariant under the infinitesimal generator :

X=€(x,y)i+17(x,y)i 2)
0x o0y
if and only if
X[Z](p |¢=0: 0, (3)

where X!?! is the second-order extended of Eq.(2) namely

0 0 0 0
21 _ m @
X —E(x,y)ax+n(x,y) 6y+( 3y +( 3y" @
0 0
) ¥

in which

(W =Dy -y Dx(&)
=nNx+ My — fx)y, - fy(y')Z,

(® =D, - y'Dx(&)
=MNxx+ }’, (any - fxx) + (y')2 (nyy - foy) - fyy(y,)s + (ny =285 — 3£yy,) va

such that ¢! is the linearized symmetry condition of second-order ODE and {? is the linearized symmetry condition
of second-order ODE and Dy, is the total differentiation operator.
Now Eq.(2) can be considered as a point symmetry of Eq.(1) while in the case of first integrals, the first integral

I=h(x,yy),
of the ODE (1), is exterminate by X, such that X is the symmetry generator of
I=hxyy)
if and only if
xWr=o,

where X1 is the first-order extended of Eq.(2) namely

0 0 0
XM =¢y) 5=+ y) 5+ .
$x Vgt 3y +¢ 3y

2. Symmetries of the first integrals

We consider the simplest second-order ODE as follows :
y' =0, )

now we show that the Eq.(5) has the maximum number of symmetries by using the Linearized symmetry condition
for Eq.(5) is

{® =0when y" =0,
that leave us with
(@ = Nax+Y (277xy —&xx) + (.V,)Z (nyy _foy) - fyy(y,)s + (ny —28x _3fyy’) y'=0,

since y” = 0 so this part
(le —28x— 35)/}’,) )
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is canceled. So we get
(P =+ ¥ 202y = Exx) + O (yy = 262y) = &5y ) =0,

then
Nxx + yl (any - fxx) + (y')2 (nyy - foy) _Eyy(y’)3 =0.

As &é(x, y) and 1(x, y) independent of ' then we can be split into a system of four equations

Nxx =0, (6)
2Nxy —Sxx =0, @)
Myy=26xy =0, 8)
¢yy =0, 9

we integrate Eq.(9) with respect to y twice result in

¢(x,y) = A(x)y + B(x),

since
fxy = A'(x),

then substitute ¢y, = A’(x) into Eq.(8) yields
nyy=2A"(x), (10)
integrate Eq.(10) with respect to y twice result in
n(x,y) = A'(X)y* + C(x)y + D(x).
We need to find 7yy,§xx and 7.y

Nxy=2A")y+C (),
Exx=A"(x0)y+B"(x),
Nex = A" () y? +C"(x)y+ D" (x).

Now substituting ¢(x, y) and n(x, y) into Egs.(6),(7) yields

25y —Exx =2(2A"(0)y+C'(x)) - (A" (x)y + B" ()
=3A"(x)y+2C"(x)-B"(x) =0. (1)

Since 1y = 0 then
A"x)y?+C"(x)y+D"(x) =0. (12)

Then from Egs.(11),(12) we can determine that A”(x) =0, C"(x) =0, D" (x) = 0 and B” (x) = 2C'(x) by integrate A" (x) =
0, C"(x) =0 and D" (x) = 0 twice respectively we get the general solutions for A(x), B(x) and C(x)

Ax)=c1x+co,
C(x) = c3x+ ¢y,

D(x) = c5x+ cg,

where cy,- -+, cg are constant.
Since B"(x) =2C’(x) and C’(x) = C3 then

B"(x) =2c¢3, (13)
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Integrate Eq.(13) twice we get B(x) = c3 x%+ c7X +Ccg,
now substituting A(x), B(x) ,C(x), and D(x) into ¢(x, y) and n(x, y) yields

¢(x,y) = Ax)y+B(x)

=C1+C3Xx+C5)y+ C7x2 + Cg X},

and
n(x,y) = A'(x)y* + C(x)y + D(x)
= Co+Cay+ CoX + CrXY + Cg)P,
where ¢}, -+, cg are constant.

Hence, the infinitesimal operator

8
X= Z CiXi,
i=1

then
X=cXi+cXo+---+cgXg.

Now by substituting Eqs.(14) and (15) in generator X =¢(x, y) % +1(x,y) % we get

0 0
X=(c1+c3x+csy+ C7X2+Csxy)a +(c2+cay+ 06x+07xy+03y2)5

=c i+c i+cxi+c i+cxi+c i+c(xzi+x =)
~ox 26y 3 ox 4y6y Say Gyax ™ ox yay

o ,0
tay gy g

The maximum number of symmetries [3] are

Xi =i,
0x

Xz—i,
dy

X3=xi,

0x

0
X4:J/a;

0
X5=Xa,

0
XGZJ/@,
X7:x23+xyi,

0x oy

0 , 0
Xg:xya +y E

23

(14)

(15)

Now by reference to simplest second -order ODE (5) we note that it has two functionally independent first integral ,

we find this by integrate Eq.(5) with respect to y get the first integrals, termed fundamental [4]
L=y,
and integrate again yields
hx=y+ 1D,
then

L=hLx-y
=xy' -,

(16)

a7
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that means
xW) =o,

i.e.

o6 o6 o6
X[l] I :( (1) )
(h) 56X+n0y +( 3y

oy’ oy’
(2% e 2]

IfX; = % then é(x,y) =1and n(x,y) =0,
now we find () when é(x, y) = 1 and (x, y) = 0 then

(M =D,m) -y Dy (&)

=D (0) - y'D[1]
= 0,
then
xMay =o.
Now If X, = f—y then ¢(x,y) =0and n(x,y) =1
([1] = Dx(r]) - y,Dx(f)
=D,(1) - y'Dx(0)
=0,
then
xMa) =o.

If X5 = x% +y% thené(x,y)=xandn(x,y) =y

(W=D, -y D)
=D,(y)—¥'Dyx(x)
= 0'

therefore

Xi=x—,
! 0x

Xo=x—,
2 xc")y

0
X3=xz+y—,
3Ty
can be considered a symmetry of I;.
Now we find the symmetry of I,. So we must check the condition

xWp) =0,

since

a 0 )
[1] — e8] — (1)
xM(r) = fax+"ay+( 5 Y -y =&y + W -

I, has three symmetries [1, 3]

0
H;

:xa’
H. —xa
2= 6)
0

0
Hy=x*~+xy—,
0 o0y

(18)

(19)
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if Hy = x% then ¢ = x and n = 0 we get

(W = Dy(m) - Dy (&)
=Dy (0) - Dy(x)

:—y’

then

XU (1,) = &y + x¢W -
=xy' -xy' -0
=0.

Ing:xaa—x then ¢ = 0 and n = x and we get

(Y =D,(m) - Dy (&)
= Dy (x) — Dx(0)
= 1,

then

XU =&y + 5V -7
=0y +x(1)—x
=X—X
=0.

If H3 = XZ% + xy% then {(x, y) = x% and n(x, y) = xy this leads directly to

([1] = Dx(n) - y,Dx(f)

= Dy (xy) - ' Dx(x?)
=y+xy -2xy
=y-xy,
since
XMW =&y +x(V -n
then

XU (1) =%y + x(y - xy") - xy
=x2y +xy-x*y —xy
=0,
therefore H; , H, , Hs can be considered a symmetry of .

Its clear that the symmetry of the first integral of I; are the same as that of I if we multiply the symmetry of I; by x.
Also the quotient of the first integrals I;, I, has symmetries, which means

I
22 (20)
11 y’
the quotient Eq.(20) of the first integrals I; and I, has three symmetries:
Vi = 0
1= yax)
v, = 0
2= yay;
Y- 9 +y? 9 1)
=XV— -
3=Xy ox y ay

which are the same as the symmetries Eq.(18) if we multiply the symmetries of I; by y that the Lie algebras of the
symmetries of the first integrals I1, I> and their quotient I,/ I; are isomorphic.
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3. Classifying relation for the symmetries

In section 2 we finding the symmetries of the functionally independent first integrals I; and I, or their quotient of
the simplest second-order ODE. Now we look at the study of symmetry properties of product I; I,. So we need to find
them by using symmetry condition. Instead of doing this each time by using symmetry condition A relationship can
be found between symmetries and first integrations. The benefit of having such a relation enables us to also classify
the first integrals of simplest second-order ODE equation in terms of their point symmetries.

Let F be an arbitrary function of I and I, in other words F = (I, I,). The symmetry of this general function of the first
integrals is

oF oF
xWp=xWpy— 4 xty =0, 22
1o, % e T 22)
in which
B 4
xWy) = (f—a X3y (W —,) y'=¢W,
X[”(IZ):("E c‘“ )(xy =&y +x(W-n, (23)

from section 2 since
((x,y)=c1+c3x+cey+ C7x2 +cgxy,
2
nx,y)=cr+cay+csx+crxy+cgy,
then

(V' =D,(m) -y D)

=Dy (c2+ cay+ cox + c7xy +cgy?) — ¥' Dy (c1 + c3x + c5y + €7X° + cgxY)

0 o, 0 2
= £(02+C4y+66x+67xy+08y )+y a—y(62+04y+66x+07xy+03y )

0
¥ | == (c1+ csx+csy+crx* + cgxy) + Y/ F (c1+c3x+ 05y + 7 x° + caxy)
y

ox
=—Ves+yea+cos— () es+ (y=xy)er+(yy - x(y')z) Cs)
Now substituting the values of X!!I(I,), X!!(I,) as in Eq.(23) with &,  and (V) in Eq.(22) yields
oF
(1) 1 _ —
+ — =0,
¢ &'+ 2V -n) 2

then

OF
[ Yes+yea+es— () cs+[y xy)C7+(yy -x(3) )Cg] an

+ [[01 +C3X+ Cgy + c7x° +cgxy)y + (—y’Cg, +ycs+os— (y) c+(y—xy)er + (yy’—x(y’)z) 08)x

oF
—(c2+yea+xcs+xyc7 +J/208)] T 0, (24)
2

Simplify the relationship of Eq.(24) more we get

OF

[y63+y04+65—(y)66—(xy y)er=y (xy' = y)cs 61

2
+ [cly/ —co+c3xy —c3xy +eaxy —cay+csx—csx+cgyy — cex(y)

OF
+07x%Y + crxy — X2y — crxy + cgxyy + cgxyy — cgx2(y))° - cgy? L 0, (25)
2

We deleted some terms of Eq. (25) yield

OF

—y’cs+y’c4+cs—(y')266—(xy’—y)@—y(xJ’ -y)cs 61

oF
[cly —cz+C4xy —C4y+csyy —csx(y) +03xyy +63xyy —ng (y) —C y 61 =0,
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More simplify equation above yield
OF
—Ves+ye+es—0) - (xy —y)er—y (xy' - ) Cg] at
1

/ ! ! ! ! 2 OF
[(cly —c+alxy —y)—cy xy —y)—cgxy —y) )] oL =0, (26)

then by using the relations I; = y’ and I, = xy' — y from Egs.(16) and (17), we finally arrive at the classifying relation

) oF ,  OF
(—1163+IIC4+C5—11 66—1267—111263)aT+(1161—Cz+1204—11]205—12 Cg)aTZO, 27)
1 2

therelation of Eq.(27) represent the relationship between the symmetries and first integrals of the simplest the second-

order Eq.(5)

4. Symmetry cases of first integrals

We use the classifying relation (27) to determine the number of symmetries formed by the first integrations of the
simplest the second-order Eq.(5).
In this research we study three cases .

Case 1. No Symmetry.

If F is any arbitrary function of I; and I, then 0F/0I; and 6F/d1, are not linked with each other. From the Eq.(27),
since 0F/01; # 0 and 0F/01, # 0 then must be

(—11(,‘3+11€4+C5—11206—12€7—11[268)ZO, (28)
and
(Il(,‘l—Cg+1264—111266—122()8)=0, (29)

from Eqs.(28), (29) can see that all the ¢’s equals zero. Therefore there is no symmetry in this case.
Take an illustrative example of the case, if F = I1In1, , then Eq.(27) yields

’

. (30)

(—1163 +1icy+C5— 11266 —Ihc;— 111208) =0
(1101 —Co+ ey — IIIZCG - 12208) =0
This leads directly results in all the ¢’'s equal zero.

Case 2. One Symmetry.

Firstly we notice that if F satisfies the classifying relation (27), then X which is a linear combination of the simplest the
second-order generators, is a symmetry of this classifying relation. We also observe from (27) that if one has any of the
free symmetry generators X; as a symmetry of a first integral of the equation, then one ends up with three symmetries.
That is one can have more than one symmetry. Now if we take X = % then @ arbitrary then the relation (27) becomes

—Lics+ ey +c5— 11206—1207—11[263 =0,

because gTFZ =0and g—llj # 0 this shows that a, arbitrary and a3 = a4 , and as , ag , a; ,ag are zero, if az = a4 this means
X= x% + y%. Thus we will get the three symmetries

Xy Zi,
0x
X2=i,
0x
X3 = Xi 'i‘yi
0x 0y

Another example if we take c3 arbitrary, X = x%, then Eq.(27) yields (since a_g #0and g—ﬁ =0)

(1101 —C+ ey — L1 Iheg— 122()3) =0,
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this shows that as, a; arbitrary and a,,a»,a4,a6,ag are zero. Thus we will get the three symmetries

]
Xp=x—

ox’
X —xi
2= 3y’

X3 = xzi +xyi.
0x oy

We have many cases where only one symmetry occurs . If we take F = I; I or any function of the product, then the
relation (27) gives exactly one symmetry.
Since g—ﬁ =1, and gTi = I; by substitution this in Eq.(27) yields
(—1103 + 1164 +C5— 11206 - 1267 - 11[268) Ig
+(1161—Cg+IgC4—[1[2€6—[2268) I, =0. 31
Further simplification of relationship (31) we get
—Lhhbes+ I ey + Ihes— 1121206 - 122C7 - 11[2203
+Ilzcl—02[1+11[204—112]266—1112268=0. (32)
Finally after simplification of the relationship (32) we get
—111203 +2I1 ey + 12(,‘5 - 2[12[266 - 12207 —2[1[22(,‘8 + 112C1 —c 11 =0.
Now put c3 = 2¢4 then Obviously it is ¢3, and ¢, are arbitrary and ¢, ¢, ¢s, ¢g, ¢7 and cg are zero, since c3, and ¢, are

arbitrary, i.e. X3 = x% and Xy = y% then the exist exactly one symmetry in this case :

X—2xa+ 9
T ox yay'

As another example, if we take F = [,e™ !, then gTFl =—Le ' and gTFz =e¢™h
Now by using Eq.(27) we get:
(—1163 + Iy + C5 — 11266 - 1267 - 111208) - 126_11

+(Il(,‘1—Cz+]264—111266—122(,‘8) e_Il =0, (33)

and by simplifying the relationship (35) yields

I

11126_11 cs—LLhe ' — Ize_h C5+ 112126_11 Ce + 1226_11 C7

+1; 1226_11 cg+1h 6_11 - 6_1162 + Ige_ll cy=0.

Now put ¢4 = 2¢5 then obviously itis ¢4 , and c5 are arbitrary and ¢y, ¢, ¢3, ¢, ¢7 and cg are zero, then there exist exactly
one symmetry in this case

X= 0 +2x g
~Yoy Ty
=X3+2X5.
Well if we take F = e/1® I, , then by using the relation (27) we get the one symmetry

X

X=3x
0x

+2 9
y ay’
So there is an infinite number of one symmetry in cases. In order to show that consider the first integral
1
F= EII —bl, b #0.

By using (27) get

(—1103 +11c4+ C5 —11206— 1207—111268) L

+(1161 —C2 +IgC4—1112€6—12263) (=b)=0,
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separation with respect to powers of I; and I, yields

—11203 + IIZC4+C5II —113(,‘6 —-Lcr _1121208
—I1bcy + becy — Ibey + I1 I beg + IZZBCB =0,

obviously it is ¢}, and c5 are arbitrary and ¢y, c3, ¢4, ¢, ¢7 and cg are zero then there exist exactly one symmetry in this
case ¢5 = ccy .i.e.

Therefore the one symmetry case is not unique.
Case 2. Two Symmetry.

If we have the symmetries X = % and X = x% which form the two dimensional Abelian algebra, then a, and as are

arbitrary in Eq. (27) this mean that g—g = gTI; = 0. In this case there is no symmetry for any first integral of the simplest

second-ordr ODE.

The same if we consider X = % and Y = x% which forms a two-dimensional non-Abelian algebra.

Here again there is no symmetry for any first integral of the simplest second-ordr ODE. In previous cases, if the sym-
metry is of a simple type, it can not be obtaine two symmetries of an integral.

Thus there have to be combinations of the symmetries. Example of that combination, if we take F = I, — I; have
independent integral and satisfy the one condition

0F OF
—+—=0,
oL obhL
hence this F admits two symmetries. Since g—IFl =-land gTIZ = 1 substituting this in the relation (27) we get
(—1103 +1icy+c5— 11206 —DLecy— 11[268) (-1
+(hier -2+ ey — [ og — L2 cg) (1) =0, (34)

simplify the relationship (34)
Lics—Licy—c5+ IIZCG +Dhce;+ L1 heg+ ey —co+ heg— L Iheg— 12208 =0,

obviously itis ¢, ¢z, ¢3 and ¢5 are arbitrary and ¢4, cg and c7 are zero thats mean as = —a; and as = —ap then

0 0

X=—-x—, (35)
0x 0x
0 0

Y=——-x—. (36)
0y Oy

The Lie algebra component of Lie bracket [X,Y] = -Y.[9]

Remark 4.1.
Lie Bracket of two vector field
0 0
X, YI=la—,b—
[ 1=la ax,- 0x]'

_ 0 0 5 09a 9
B 6x,~6xj axjaxi’

ifa=b=1then [-2,-2]=[X,Y]=0

3 oy

Now we find the Lie bracket of (35)
0 0 0 0

X, Y= [~ Xy o= — X
[ ] [Gx x@x oy x@y]
—[0 a]+[a —xa]+[—x6 a]+[—x0 —xa]
“ox’ay  ox’ T ay ax’ dy ox’ "oy
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since [ax ay] 0, because a= b =1 then

X.Y] = [ 0(-x) 0 )@i] [_ @_()6(_")3
0x Gy 0y Ox 0y Ox
+[_ d(=x) 0 _xa( x) 0
0x Oy 0y Ox
SRR T L
ay dy
__(i_xi)
dy 0y
=-Y.
Now if we take F = ¢ i Iil,‘[hen(‘%:hi2 c% and 7 0F 1£ by using the relation (27) subtituting this, we get
~8 e 12+%+&—cc5£—06—C7£+CC7£2—2c8+clc—£=
I nn 2 12 12 L% n I ’

clear it ¢4 = ¢coc and c; ¢ = ¢g thats means

X =cX;+ X,
Y=cXo+ Xy,

two symmetry span a two-dimensional algebra with
(X, Y]=-
We conclude from the above examples that the two symmetry case is not unique.
Now if we take the simplest first-order ODE
y'=0, 37)
by using Lie symmetry condition (V) = 0 of Eq.(37) yields

N+ @y —EDY — &y ()7 =0,

we set the coefficient y' to zero

Nx=0, (38)

Ny—§¢x=0, (39)

&y =0, (40)
from Eq.(40)

§=A(x) then {y=A'(x),
from Eq.(39)

ny=¢&; then ny=A'), (41)
by integrate both side of Eq.(41) yields

n=A(x)y+B(x),
then

ny=A"(x)y+B'(x).
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Finally we get the tangent vector.
Sinceny =0andn, = A”(x)y + B'(x), so
A"(x)y+B"(x)=0,

this lead to A”(x) = 0 and B (x) = 0, by twice integrate A” (x) = 0 both side yields
Ax)=c1x+cy,

and by integrate B’(x) = 0 both side yields
B(x) = c3,

where c;, ¢ and c¢3 are constant,
now by substituting B(x) and A’(x) in value of n; yields

n=cy+cs.
Now the infinitesimal operator
3
XZZCiXi
i=1
=cXi+oX+ C3X3,
since 5 5
X=¢—+n—+{W—,
Sox T, T Gy
and
(=0,
then
0 0
X=¢—+n—
Eax "ay
=(c; X +0) 9 +(c1y+c3) 0
=a 2 ox 1y+ce3 3y
—c(x6+ )+ca+ca
~ T ox yay “ox oy’
so the Eq.(37) which has the symmetries
x=2
1= ayr
X=X 9 + 9
2 = a yayv
X 0
3= 3y
If we take
X=x 0 + 9
- Tox y@y

it easy to see that X = x% + y% is a point symmetry generator of Eq.(37) if X!y’ | y'=0= 0 with

(W=D, -y Dy(&),

in which D, is the totaly differential operator and X' is the first extend operator X
ie
(W =D~y D)
2oy (o, o)
0x oy 0x oy
— y/ _ yr
=0.

=y=+y

31
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0 0
XU /:(r_+ _) /
V=852 5, )Y

3 6y! ay/)
( 0x 1 o0y

then X =¢(x, y)aa—x +n(x,y) 66_3/ point symmetry of y' if
xMy'=0,

Sincen = ythenn, =0
1 =n(y) where 1 arbitrary function of y. Therefore

X=¢(x,y) 0 +1(y) 0
=yl TS n
Thus there is an infinite number of point symmetries. If we choose

0
X—f(x,y)a

Now I = y first integral of Eq.(37).

It has point symmetry X if XI =0 then {(x, ) g—;’ = 0 there is an infinite number of symmetries of the first integral I = y
of (37)
Let F=F() = XI%—IID, therefor X asin X =¢{(x,y) a% is asymmetry of I = y and also any function of F(y)

5. Scalar linear nth-order differential equations

The general, homogeneous, form is
p-1 .
Y+ Y aiy?=0p=1, 42)
i=0
we can reduces Eq.(42) for p=2to

p-2 ,
yP+ Y a0y =0, p=2. (43)
i=0

Theorem 5.1.
The Lie point symmetry generator

X= g‘(x)i + (44)
0x

-1 0
(pTE’ + 60) yEnw| 5o,
is admitted by Equation (43) for p = 3 and is the most general, where cy is a constant, n(x) satisfies Eq.(43) and &(x) is
determined by the relations

(n+DIG-1) ]
oD A a2t
i-1 —iMnG-j-D+i+j-11 ;_;
+Y an (m=PHni-j-D+i+j ]é(z—ﬁ—l) —0,i=1,.n. (45)

j=2 (n=DIGE-j+1!

Definition 5.1 (Principal Lie algebral[2]).
For arbitrary coefficients a;(x) Eq.(43) admits the Lie algebra spanned by the p + 1 homogeneous and superposition

operators

0
Xl = J’a, (46)

0
Xi+1=n;x)=—,i=1,---,n, 47
oy

where 1;(x) are p linearly independent solution of Eq.(43). This algebra is referred to as the principal Lie algebra of
Eq.(43).
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consider the simplest pth-order equation
y\P =0, p=3. (48)

We have (n+1) symmetry generators giving by Egs.(46) and (47) with n; (x) = cixi™l i=1,---, nwhere c;sare arbitrary
constants. Moreover, the use of Eq.(45), since a; = 0, gives

&= Ag+ A x+ Ay x?, A; are constants.

The extension is maximum, i.e. three dimensional. Therefore, the maximum symmetry algebra of Eq.(48) is spanned
by Egs.(46) and (47) with n; given above and

X,+2= 0 X +3—x0 X +4—x26+( -Dx 9 (49)
PTET o T T g Ap AT TP ydy'

6. The algebra structure of the first integral of third-order linear equation

consider the simplest third-order ODE

Y =0, (50)
which as is well-know has the n + 4 symmetries. [2, 7]
since p=3andn;(x) = cix'~1 ¢; constant, i = 1,2,3

mx) =c,
N2(X) = c2x,
n3(x) = c3x%,

ifc;=1,fori=1,2,3 then
nmx) =1,
n2(x) = x,
n3(x) = x°.

From Eqgs.(46) and (47) we get

sinceXn+2:0%,Xn+3:x%+% anan+4:x2%+(n—1)xya%.
If n =3 then

X5=i,
0x

X@ = .)Ci + yi,
0x 0y
X7 =xzi + nyi.
0x oy
So the simplest Eq.(50) has seven symmetris
0

Xi ==,
1 ay
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It is obvious that Eq.(50) has three functionally independent first integral

L=y (51)

L=xy"-7y, (52)
1 2.1 !

I3=§x y' =xy +y, (53)

the first integral (51) has four symmetries.
since X?'I; =0 then

X = 0
1-= axy
X, = 0
2= 3y’
X3=x—,
3 xdy
0 0
Xy = Xa +2y$, (54)
Lie point symmetry of I;.
i.e
Since
X[Z]IZZO,
because 5 5 5 5
X[2]I e p— W @ = (2)20’
2 fax "ay ¢ 3y ¢ 3y vy =¢

¢P =0+ ¥ 20y = Exx) + O (yy = 28xy) =Sy (07 + (my =282 =38, 1)y =0.

IfX;= % thenn=1and{=0

means X; = 1% +0% then we getnxx =0, 1xy =§xx =0and § =ny =0.

So X121 =¢® =0 then X; = % Lie point symmetry of I;

In the same way we can show it X, X3 and X, are Lie point symmetry of I,.
Now the second first integral I, has three symmetries

¥ 0
l_ay’
0
Y = x*—,
2 Xay
0 0
Y3 =x— —_—, 55
3 x6x+y6y (55)

by using the condition X?' I, = 0 we get the results above in the same way as before.
Now the third first integral I3 also has four symmetries

H, —xa
1= 6x’
Hy=x—,
> xay
d
Hs = x*—,
3 xay
H. —xzi+2x 92 (56)
YT ox yay’

Note further that the symmetries in Eq.(56) are found by multiplying those of Eq.(54) by the factor x.
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Classifying relation for the symmetries
let F be an arbitrary function of the integrals I, I and I3, namely

F=F(, I, I3).

The symmetry of this general function of the first integrals is

0 0 )
XPF=XxPh— + x¥— + x¥ 5 — =0,
on T en Tt Ban
where
a 0 3 d
DLl A F I ¢ Dy B I
1= (¢ ax 3y ¢ 3y ¢ a7 |7
=@,
a ) 0
D A L GNP iy 2 e B 0
2 fax+n6y+( 6y,+( 3y" (xy"-y"
— &y W 4 @,
0 0 0 0 1
21y, = o)) ) 2
X L= fa+na+( a—y,+( 3y GXY'=xy'+y

1
=&y =y +n—-x(W+ Exzi(z).

Now we will find coefficient functions &,1,{" and ¢(?
since 7 is linearly independent solution of Eq.(43) then

n=c+xc+ x263 +yCs+yCs+2XYyC7.

Since & = Ay + A1 x + A2 x?, A; constant
then
{=c5+xc6+ x207,

(W=D, -y Dx(&)

d . d (0 .9
=a(n)+y5(n)—y a(nya(s‘)

=y +2c3x+2yc7+ ¥ (ca+ g +2x07) — ¥ (cs +2¢7x + ' (0))
=cy+2xc3+ Y cy+2ycr

(@ =2c3+y"cs—y"ce+ 2y —2xy") e,
these are obtained by setting

7

2

X&' =% a;x?,
i=1

where the X; are the symmetry generator and the a; are constant.

After substitution of the value of X?'I; , X[, and X?' I3 with ¢, n, (M and (@ in Eq.(57).

Now we arrive at the classifying relation
2c3+(ca—ce)1 —2¢7 1] —
(2c3+ (ca—ce)n 72]611
+(—co+cylr + 5l —2¢c713) —

ol

oF
+[c1+ (ca+ce) I3+ cs] — =0,
03

35

(67

(58)

the relation (58) explicitly provides the relationship between the symmetries and the first integrals of the simple
third-order Eq.(50). We use the classifying relation (58) to establish the number and property of symmetries possessed

by the first integrals of the simplest third-order Eq.(50).
In this research we study three cases
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Case 1. No Symmetry.

If F is any arbitrary function of I;, I» and I3 then g—ﬁ, gTI‘; and 371; are not related to each other. In this case we have

from relation (58) and

OF OF OF _
o, 0L, 0Lz
that
263+(C4—CG)11 —2()712 =0, (59)
—Ccy+cylp+c51 —2c713=0, (60)
c1+(cp+ce)ls+c5lr =0, (61)

we see that from Egs.(59), (60) and (61) that all the @’s are zero. So no symmetry exists in this case. As an example if
we take F = I I,InI3, then the relation (58) becomes

[203 + (C4 - Cﬁ)Il — 267[2]]21311’1[3

+(—cp+cylp+c5ln —2c713) 11 bInl;

+lc1+(ca+ce) 3 +cs ] I =0,

its clear ¢’s = 0, so no symmetry exists in this case
Case 2. One Symmetry.

If F satisfies the relation (58), then there exists one symmetry. For the simple symmetries of Eq.(50) one obtains
further symmetries except for Xg which we consider below if we take F = I, I, I3 or any function of this product, then
the relation (58) becomes

[2¢3+ (ca—co) 2 — 20721 1L I3
+(—co+cab+c5lr —2¢c713) 1 I3
+[Cl +(C4+06)I3+C512]111220, (62)

Simplify the Eq.(62) yields

2c3hbIs+caibIs—cgl1 I I3 —2C712213 —chlz+ci s

+C511213 —267[11?% +ehb+ceyhblz+cgl 13 +C511122 =0, (63)

in Eq.(63), c; to c7 are zero expect cg which gives one symmetry

i)
Xo=X—+y—.
6 xax y@x

Case 3. Two Symmetry.

Here there are many cases as well. We begin by using the Lie Table 1 for the classification of the two-dimensional
algebras.[5]

such that for example L, ; denotes the second realizations of the 1 Lie algebra of dimension 2.

i.e.the notation Lgy ; where 2 refers to the dimension of the algebra, i to the number of the algebra in some given

ordinary and a is the realizations as an algebra many have more than on realizations for example Lé’l. Now from
Table 1. [2] They are

Y1=i, Y2=i,
oy 0x
lei, Ygzxi,
oy dy
lei, lexi—i-y—,
oy 0x ~ 0y
Y1 = i, Yg = yi (64)

ay dy
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Table 1. Realizations of two dimensional algebras in the real plane

p:% and g = a%
Algebra Realizations in (x,y) plane
L X1=p,Xo=q,
Léll X1=4q,X2=xq,
Lé,z X1=q,Xo=xp+yq,
ng X1=9,X2=yq.

These form subalgebra of the Lie algebra of symmetries of Eq.(50) as can clearly be observed.

Now we take the first realization listed above (64)
Y = 0 Y, = 9
1-= ay’ 2= Ox

If ¢; is arbitrary in relation (58) That means it F is independent of I3 Further X5 = % yields that F does not depend on
I, as well.
Since we require that gTI'; # 0 then we have

2c3+ 11 (cs—cg) —2¢c71, =0,

from which it follows that c3 = ¢; = 0 and ¢4 = ¢, in the end we possing with two more symmetries.

X=y—+ xi yi
0 0x ° 0y
= xi +2 yi
0x oy
=X3+ Xg
Now we take the second realizations listed Eq.(64)
Yl = i, Yg = Xi
ay oy

we get if ¢ arbitrary in relation (58) then X; = % this means F is independent of I3 and if X, = x% yield that F does

not dependent on I, we require that g—IFI #0so0
2c3+ 11 (cs—cg) —2¢c71, =0,

then ¢3 = ¢; =0 and ¢4 = ¢6. So in the end we have more than two symmetries X, and X4 + Xg then we get the symmetry

X 9 X 0
= -, = x—’

1 3y 2 3y

and since c5 arbitrary then X5 = a%'

Then the symmetry of first integral I are

Xq =i,
0x
Xz—i,
dy
X3 = xi,
dy
Xy i+2y£.
0x oy

Now if we take the third realization listed above Eq.(64).
Y1 = 6%, Y, = xa‘a—x + y%, we find the symmetries of I»
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The fourth realization results in a two symmetry case as ¢ and ¢4 arbitrary thats means
oF o0 I OF T OF o
o, 'an ok

which as solution F = H(I»/ ;).

The further substitution of this form into the relation (58) constrains all the ¢’s equal zero except for ¢; and c4. This
result prompts the following simple products and quotients that do give two symmetries.

If F = I I, then relation (58) get

[2C3 + (¢4 — CG)II - 2(,‘7[2]12 +(—cp+cylr + (,’5[1 —2C713)Il =0,

we observe that ¢y,c3,c5 and c7 are zero whereas c; is arbitrary and cg = 2¢4
ie.
2cslh +ca 1 Ih — cglh In — 267[3 —chi+cs 1 I+ 65[12 —2c71113 =0,

more simplification we get
2c3lp+2c411 I — el I — 2¢715 — ¢ Iy + c5 12 — 20711 I3 = 0

Therefore we obtain the two symmetries

=2
oY
Y= xi +3yi,
0x oYy

which form a two-dimensional algebra with
(X, Y]1=3X;

If we set F = I; I3 then we in the end getting c;, c3, ¢4, ¢5 and c; are zero,since ¢, and cg are arbitrary so they result in
two symimetry

XZ = xi,
oy

X6 = xi +y—,
0x °0Y

and
[X2, X6l =0

If we take F = I3/1; this shows that c;, ¢, are arbitrary and the resulting two symmetries.Since 37~ aF =0, a—F -1/ I
m = 1/ I 1
Now by using (58) we get

20313/ 12 —cylz/ [ +co I3/ Ty +2c71213/1f v/ +cals/ L+ cgls/ I+ csh/ =0
Clear it ¢4 arbitrary and c3, cg, ¢7 are zero. Since 2£ i 1 =0 then from (58) we arrive
—Ccy+cylp +c5l1 —2c7153=0

¢, arbitrary then X, = x% with
[X2, X4] = Xa.

If we take F = I3/ I,
since 3£ =0, $E=-LII, S$E=1/D
Now by using Eq.(58) we arrive

C2]3/I§— C4I3/12 —651113/134-207]3%/[22 +01/12+C4I3/12 +(,‘513/12 +C512/12 =0,

its clear ¢, = 0,c5 = 0,c6 =0, ¢; = 0 and cs3, ¢4 arbitrary,
So we obtain the two symmetries

X3 = x2 2 0
ST 5y
X4=y—,
4 yay

with Lie bracket [ X3, X4].
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7. Symmetry properties of first integrals of higher order ODEs
Consider the pj,-order ODE of maximal symmetry
yP =0, p=3, (65)

this ODE (65) has p +4 symmetries as it's known. Our attention will be about the first integral and p first integrals
which are

I=y¥y, (66)
and
(_1)i—l . .
I,= piylp=i), 67
=Lt Y o7

The first integral (66) has p + 1 symmetries which are

Xizxifli, i=1,---,p-1,
ay
x, =2
P ox’
Xp+1=xi+(p—1)yi, (68)
0x oy

these formulas an p + 1-dimensional subalgebra of the Eq.(65). the first integral Eq.(67) has symmetries

Yvi:xii) izly"')p_l,
0
Y, :xi
P ox’
Y, +1=x2i+(;o—1)xyi (69)
P 0x ay’

note that it is the Eq.(69) comes from multiplying the symmetries of Eq.(68) by x.

8. Conclusion

In this research we have provided the algebraic structure of first integrals of simplest second-, third and higher-
order ordinary differential equations or any scalar linearizable, by point transformation, ODE. Firstly, we derived the
relationship between the symmetries and the first integrals of the simplest ordinary differential equation. By analyzing
this classifying relation, we were able to establish the number of symmetries possessed by any first integral of the sim-
plest equation. We obtained the important result that the symmetries admitted by a first integral can be 0, 1, 2 . It was
observed that the zero symmetry case was rather surprising or unexpected as one does not have a route to integration
of the equation due to the lack of any symmetry and this too for the simplest equation. The one and two symmetry
cases were not unique - there were many first integrals with differing one and two symmetry structures.Finally, we
studied completely the situation when a first integral has three symmetries. We used the classification of realizations
in the plane adapted as simplest equation. We showed that the only three-dimensional algebra admitted by a first
integral of the simplest equation is Lé;s which is admitted by the functionally independent integrals I; and I, as well
as their quotient I,/ ;. We discussed this research study the point symmetry properties of the first integrals of y"' =0
which also represents all linearizable by point transformations third-order ODEs that reduce to this class. Finally we
study symmetry properties of first integrals of higher ODE.
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