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Abstract: Stability characteristics of the flow of incompressible viscous fluid, subjected to a uniform magnetic field are investi-
gated. The temporal evolution of infinitesimal perturbations is performed by spectral computation of Navier-Stokes
equations. Unlike the linear stability of pipe flow at all Reynolds numbers, this study reports on its linear instability
when the rotating system is subjected to a streamwise magnetic field. It is found that the small rotation and magnetic
numbers exhibit some unstable modes for three-dimensional perturbations. In addition, the large rotation numbers
help to stabilize the flow while the reverse nature is observed as the magnetic pressure number increase. It is also
shown that the rightmost eigenvalues in the spectrum are waves propagating with a global speed equal to 2M .
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1. Introduction

Hydrodynamic problems, combined with a current-conducting fluid in the presence of a magnetic fluid, have as-
sumed growing importance by many researchers because of its many applications in various branches of science and
technology. Owing to fundamental and industrial configurations such as chemical applications, electronic compo-
nents, liquid metal fluids, cooling of a nuclear reactor, and oil separation processes from water, considerable inter-
est has been undertaken in the study of stability issues with the development of techniques to control/suppress the
growth of instabilities in the system. Particularly, works by Gardner et al.[1, 2] investigated the interaction of a pipe
flow in the presence of a transverse magnetic field. It was found that turbulent structures become laminar over a
wide range of magnetic fields and Reynolds numbers. Gold[3] established the analytical velocity profile for a steady
viscous fluid flowing through a transverse uniform magnetic field. Moreover, it was shown that the obtained solution
remains valid whatever the strength of the magnetic field. By means of a collocation method, a novel analytical solu-
tion of magnetohydrodynamic fluid flow through a channel has been obtained for the non-Newtonian fluid case[4].
The expressions of other parameters such as concentration distributions, temperature, and friction factor have been
obtained[5, 6] for the natural convection in a vertical circular cylinder. Tashtoush and Magableh[7] pointed out an
increase in skin friction factor while examining the effects of the magnetic field of blood flowing through arteries.
Asadolah et al.[8] afterward observed that the friction factor increases almost linearly with the magnetic field when a
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fully developed laminar pipe flow undergoes a broad range of transverse magnetic field. As the transverse magnetic
field is applied to the flow, the velocity profile becomes increasingly flattered and hence increases the skin-friction
factor. Streamwise velocity profile influenced by the magnetic field has recently been studied, and the increase of
the friction factor was also discussed[9]. Mwangi et al.[10] investigated the impact of curvature on the radial velocity
of porous pipe flow. Considering the magnetic symmetrical fluid, Rosa et al.[11] shown that the applied magnetic
gradient acts strongly on the drag reduction in a laminar pipe flow driven by a pressure gradient.

Coriolis force acting in the rotation flow systems induces streamwise vortices in the main direction of the flow. It
either gives rise to oscillatory modes or to stabilize the flow. It is shown that rotating motion helps to stabilize a flow
by suppressing the increase of disturbances developing in the flow. However, under some circumstances, the rotation
can have a destabilizing role. For example, when the inertial forces slightly exceed the dissipation ones, longitudinal
rolls occur in a plane Poiseuille flow rotating about its streamwise axis. Recent works[12, 13] shown that for small
rotation rates, infinitesimal three-dimensional perturbations are amplified and reach a maximum value in the regions
of unstable modes. These instabilities, however, are gradually damped as the rotation rate further increases, until the
flow returns to a linear stability state.

First pointed out by Balbus and Hawley[14], studies have shown that differential rotation subjected to an axial
magnetic field becomes unstable if and only if the rotation has a negative shear. On the other hand, both rotation and
magnetic field are stable when taken separately[15]. This magnetorotational instability is relevant for the explanation
of numerous phenomena in astrophysics and in black hole accretion disks. However, a critical report of this insta-
bility has been identified by Liu et al. [16] who expressed the smallest steepness of rotation profile, and given by the
Rossby number. This limit signifies that the helical instability with no induction in the case of the azimuthal field does
not upgrade to the significant Keplerian rotation profiles[17] which are typical for low mass accretion disks[18]. Kir-
illov et al.[17] extended the applicability of magnetorotational instability in the regions with small values of magnetic
Reynolds number.

Concerning the interaction of a uniform magnetic field and a pipe flow rotating about its main axis, no work has
been undertaken to our knowledge. Yet an important result from the stability theory[14] states that the sensitivity of
a uniform magnetic field on a rotation system is so remarkable that a very low variation is required to destabilize a
flow. Laisa et al.[19] investigated the heat and mass transfert in MHD free convection over a porous rotating plate, and
have shown its dependency with respect to several parameters related to the velocity, temperature, and concentration
distribution. A work by Yanase et al.[20] investigates the competition between the magnetic fluids and the rotation
on free shear flow. It was found that as the Rossby number decreases, the magnetic field destabilizes the flow when
rotation is made anticyclonically, while it strongly stabilizes the flow for cyclonic rotation. Thereafter, Spence et al.[21]
found a critical Rossby number above which these shear instabilities caused by the magnetic field are suppressed.

Fig. 1. Geometry of the problem

In the present study, the complex eigenvalues for the three-dimensional linear stability of pipe flow, and the de-
pendency between the most dangerous mode of perturbations and the pressure magnetic have been investigated.
Governing equations are given for an incompressible and viscous Newtonian fluid in a rotating system, and coupled
to a uniform magnetic field. The modal approach is considered for linear stability analysis. We approximated the
numerical solutions of the eigenvalues problem by adopting a spectral solenoidal formulation, and complex trial and
dual basis functions are used for the expansion of radial components[22, 23]. The eigenvalues computation will fi-
nally be carried out using Matlab software. The paper is organized as follows. In section 2, the governing equations
and dimensionless parameters are established. The linear perturbation equations for a long-time behaviour have
been adopted. The numerical approximation used to solve the linearized equations is described in section 3. Section
4 is devoted to computations and discussions. Finally, the conclusion is presented in section 5.

2. Mathematical formulation of the problem

Consider an isothermal flow of an electrically conducting liquid metal in a horizontal cylinder with radius R̂. The
walls of the cylinder are assumed to be perfectly electrically insulating, Fig. 1. The fluid is initially driven by a constant
pressure gradient, and a uniform magnetic field B̂0 is imposed along the direction of the steady flow so that the whole
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system is rotating around the direction parallel to the applied magnetic field at a constant angular velocity, Ω̂.
Assuming that the fluid properties are constant, the dimensionless governing equations of the model are the magne-
tohydrodynamic equations, i.e., the momentum equations associated with the continuity equation, and coupled to
the induction equations.

∂U

∂t
+ (U .∇∇∇)U =−∇∇∇pr −RΩFCo +

1

Re
∆U +MFl (1)

∂B

∂t
=∇∇∇∧ (U ∧B ) (2)

∇∇∇.U = 0, ∇∇∇.B = 0 (3)

where U = U ex +V er +W eθ is the velocity field, Pr = P/ρ− g .X − 1
2ρ (Ω∧∧∧ X )2 represents the effective pressure

including the centrifugal force and the hydrostatic effects of gravity, and B = Bx ex + Br er + Bθeθ is the magnetic
induction vector. The magnetic field equations (2) have been written assuming zero magnetic diffusivity. FCo is the
Coriolis force, and Fl is the Lorentz force with following dimensionless expressions

FCo = ex ∧U , Fl = j ∧B (4)

According to Batchelor [24], the electric field can be considered as negligible compared to the magnetic field one.
So the current density is only reduced to its magnetic component and expressed by

j =µ−1
o (∇∇∇∧B ) (5)

The parameters RΩ, Re , and M obtained from the characteristic scales are, respectively the rotation number, the
Reynolds number, and the magnetic pressure number, expressed as follow:

RΩ = 2Ω̂R̂

Û0
, Re = Û0R̂

ν̂
, M = B̂ 2

0

µ̂0ρ̂Û 2
0

(6)

These non-dimensionless parameters have been obtained using the pipe radius as the length scale, the velocity Û0

at the center of the pipe as the velocity scale, the time scale is R̂
Û0

, ρ̂Û 2
0 is the pressure scale, and the maximum strength

of the magnetic field B̂0 is considered as the magnetic field scale.
The basic flow is considered stationary and unidirectional with velocity field only depending on the radial com-

ponent U (x,r,θ) = (U (r ),0,0). Using a cylindrical coordinate system, the axis of the pipe, x, is taken in the direction
of the flow, the radial coordinate, r , is considered as the shearing direction, and the azimuthal coordinate, θ, is the
spanwise direction. Since the rotating system, here resulting from the imposed magnetic induction field is rotating
around the streamwise direction, neither the Coriolis force nor the magnetic induction will be taken in count in the
basis velocity profile. Therefore, the basis flow profile is described by the parabolic velocity profile U (r ) = 1− r 2, and
the constant magnetic induction in the x-direction is so that B = (Bx ,0,0).
The boundary conditions associated with these equations are

U (±R) = 0, and B (x,±R,θ) = (0,0,0) (7)

3. Linear stability analysis

Using the classical theory, the instantaneous variables are decomposed into a basic solution and into an infinitesi-
mal solenoidal perturbation which is in the form

{
U , pr ,B

}= {U0,Pr ,B0}+{
u′′′, p ′

r ,b′′′} , (8)

and the governing equations will only retain the linear terms

∂u′′′

∂t
+ (

u′′′.∇∇∇)
U0 + (U0.∇∇∇)u′′′ =−∇∇∇p ′

r −RΩex ∧u′′′+ 1

Re
∆u′′′+M (B0.∇∇∇)b′′′ (9)
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∂b′′′

∂t
= (B0.∇∇∇)u′′′+ (

b′′′.∇∇∇)
U0 − (U0.∇∇∇)b′′′ (10)

∇∇∇.u′′′ = 0 (a), ∇∇∇.b′′′ = 0 (b) (11)

The eqs (9-11) are linear with constant coefficients in the streamwise and azimuthal directions, the solution is
expanded under the shape of Fourier modes.

{
u′′′, p ′

r ,b′′′}= {
u(r ), pr (r ),b(r )

}
exp [i(kx +mθ)+σt ]+ cc, (12)

where u(r ), pr , b(r ) are the real parts of complex amplitudes of the perturbations, and c.c stands for the complex
conjugate. The numbers k ∈ R and m ∈ Z are respectively, the axial wavenumber and azimuthal wavenumber. The
real part of the complex pulsation σr is the growth rate of the perturbation and its imaginary part corresponds to
its oscillation frequency. If σr < 0 for all eigenvalues, the base flow is said to be stable while if there exists a positive
value ofσr , then perturbations are considered to be exponentially growing normal modes, and the base flow becomes
unstable.

Introducing (12) in Eqs (9-11) leads to

σu =−i kp +R−1
e ∆kmu − i kU u −DU v + i kMBx bx (13)

σv =−Dp +R−1
e

(
∆km v − v

r 2 − 2i m

r 2 w

)
+RΩw − i kU v + i kMBx br (14)

σw = R−1
e

(
∆km w − w

r 2 + 2i m

r 2 v

)
−RΩv − i kU w + i kMBx bθ (15)

σbx = i kBx u +DUbr − i kUbx (16)

σbr = i kBx v − i kUbr (17)

σbθ = i kBx w − i kUbθ (18)

i ku +D+v + i mw

r
= 0 (19)

where D = ∂
∂r , D+ = D + (1/r ), and ∆km = D2 + 1

r D −
(
k2 + m2

r 2

)
, with D2 = ∂2

∂r 2 . The equation (11(b)) has been

eliminated from the system (13-18), since it can be deduced from (16-18).
The boundary conditions associated with this system are

u(±1, t ) = 0, b(±1, t ) = 0 (20)
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3.1. Numerical method: Divergence-free Petrov-Galerkin approximation

The numerical approximation of the problem is based on the Petrov-Galerkin scheme, it consists to project the
equations (13-18) over a dual space. The vector fields of this new space and those of physical space (u,b) satisfy
the same properties. A consequence of this projection operation is that the pressure variable is canceled from the
problem. Furthermore, using the fact that the vectors fields verify the divergence-free condition, the equations (13-
19) are reduced to the generalized eigenvalue problem:

(
L q , p

)=σ(
q , p

)
, ∀p (21)

where q = (u, v, w,bx ,br ,bθ)T , and the components of L q are defined below

(
L q

)
1 = R−1

e ∆kmu − i kU u −DU v + i kMBx bx (22)

(
L q

)
2 = R−1

e

(
∆km v − v

r 2 − 2i m

r 2 w

)
+RΩw − i kU v + i kMBx br (23)

(
L q

)
3 = R−1

e

(
∆km w − w

r 2 + 2i m

r 2 v

)
−RΩv − i kU w + i kMBx bθ (24)

(
L q

)
4 = i kBx u +DUbr − i kUbx (25)

(
L q

)
5 = i kBx v − i kUbr (26)

(
L q

)
6 = i kBx w − i kUbθ (27)

The solenoidal basis for the approximation of field velocity is:

u(x,r,θ, t ) = e i (kx+mθ)+σt
N∑

n=0
a(1)

n φ(1)
n (r ).ψ(1)

n (r )+a(2)
n φ(2)

n (r ).ψ(2)
n (r ) (28)

The discrete form of the eigenvalue problem is obtained by using a spectral collocation method based on the
Chebyshev polynomials evaluated on a half Gauss-Lobatto points. The computations procedure of physical and test
functionsφ(i )

n (r ), andψ(i )
n (r ) (i = 1,2) respectively is well described in [25].

Regarding the basis of the magnetic field, we used the same one like those of velocity field.
We used the code similar to that of Meseguer and Trefethen[23] to compute the generalized eigenvalue matrix

system obtained. For all cases considered in this paper, calculations are performed for a number of Chebyshev modes
N equal to 60.

4. Results and discussions

Recall that the main goal of this study is to understand and characterize the influences of the magnetic field and
Coriolis force by means of linear stability in pipe flow. These purposes can be accomplished from different variations
of the pressure magnetic and rotation numbers, M and RΩ respectively, at given Reynolds number.
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Fig. 2. Eigenspectra for Re = 104, k = 1, Bx = 1, RΩ = 1, M = 0.01 (a) m = 0; (b) m = 1.

4.1. Spectra of eigenvalues

Eigenvalue spectra are displayed in (Fig. 2-Fig. 4) for different variations of RΩ, M , and for a given value of Re . The
characteristics of different spectra are then discussed in terms of the features of families A, P, and S initiated by Mack
[26]. Family A, with lower phase velocity, describes modes located near the pipe walls. Family P, with phase velocity
close to max(U0), describes modes which are located in the neighborhood of the center of the pipe. Family S with the
phase velocity of the mean flow describes global modes. The features of these families state on the structure of the
spectrum of eigenvalues, which can change depending on parameters RΩ, and M or the type of perturbations. In the
following discussion, only the streamwise dependent structures, k 6= 0, are considered.

Fig. 2(a) shows a vertical branch of continuous eigenvalues for given Re , M and RΩ, and the rightmost eigenvalues
consist of Y-shaped structure, such as a signature of the Orr-Sommerfeld spectrum characteristic of axial invariant
perturbation. The family A of this spectrum possesses two superimposed branches whose upper branch is the most
unstable, and the phase velocity of the eigenmodes of family S is about 2/3, as expected. For three-dimensional
perturbations, the spectrum structure does not change significantly, but we observed that the branches of modes A
and P are lightly modified, Fig. 2(b). Besides, the spectrum possesses a single unstable mode, which doubles when the
magnetic pressure number increases to M = 0.1, Fig. 3(a). These unstable modes are nonaxisymmetric center modes,
propagating at a speed almost equal to the base state maximum. The wall gradient velocity is, however, reduced near
the wall, thus leading to a reduction in skin friction[8] and an increase of the flow velocity towards the center of the
pipe.
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Fig. 3. Eigenspectra for Re = 104, m = 1, k = 1, Bx = 1, RΩ = 1, (a) M = 0.1; (b) M = 1,5,10,15.
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It is also interesting to note that, with increasing RΩ, the eigenvalue spectrum evolves from a ’Y-shaped’ spectrum
(Fig. 2-Fig. 3(a)) to a ’jet-like’ structure (Fig. 4), characteristic of axisymmetric disturbance, with two lateral curved
branches. The higher the value of RΩ, the higher the distance of the branch separation. In addition to that, it is
noteworthy that the rightmost eigenvalues of the spectrum possess a speed velocity equal to 2M , Fig. 3(b).
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Fig. 4. Eigenspectra for Re = 104, k = 1, Bx = 1, M = 1, (a) m = 0; (b) m = 1.

4.2. Influence of magnetic pressure number on the most unstable modes

This part focusses on the effects of magnetic field on the most dangerous modes defined as, the maximum ampli-
fication rate of σr among all the eigenvalues for given m, k, Bx , Re , RΩ, M . We will consider the helical perturbation
(m = 1) which is usually more unstable than any other azimuthal mode.

The impact of magnetic pressure number M on the most unstable modes is shown in Fig. 5. For low values of
rotation number RΩ, it is observed an insignificant influence of M on the amplitude of perturbations. On the other
hand, we can see that these amplitudes are upgraded with the improvement in the magnetic pressure number for
large values of RΩ. This is a result of the fact that development in the magnetic field increases the shear layer[8], thus
reducing the role of system rotation in the suppressing the shear instabilities[21]. It is also observed that by increas-
ing the Reynolds number the amplitude of perturbations behaves asymptotically. The higher the magnetic field, the
higher the rotation strongly acts on it, thereafter reducing the increasing effect of the amplitude of perturbations.
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Fig. 5. The variations of σr max with RΩ for different values of M when k = 1, Bx = 1, and (a) Re = 100; (b) Re = 104.

In the non-magnetic rotating case, we note that the maximum value of σr max is reached in the unstable mode
region. This result is consistent with the work by Segning et al. [13]. In the presence of the magnetic field, however,
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the maximum value of σr max increases as M increases. Thus as the magnetic pressure number is intensified, the
maximum growing perturbation develops under more rapid system rotation.

5. Conclusion

The divergence-free Petrov-Galerkin discretization is adopted to numerically investigate the influence of the mag-
netic field on a rotating pipe flow. Depending on the type of perturbations and different parameters, eigenvalues
spectra have been obtained, and the impact of the magnetic field on the amplification rate of perturbations was per-
formed. It is shown that the plotted spectra exhibit the unstable modes for tridimensional perturbations at small
rotation and magnetic pressure numbers. By increasing the magnetic pressure number, the region of instabilities
enlarges while the unstable modes cease to amplify as the rotation number becomes large.
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