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Abstract: In this paper, the hydromagnetic couette flow between the two vertical semi-infinite permeable plates with uniform
injection/suction in the presence of a constant magnetic field applied normal to the fluid flow while considering joule
heating is considered. The fluid flow is unsteady, viscous, incompressible and electrically conducting. The final non-
linear partial differential equations governing this flow problem is solved numerically using finite difference method
and the results are analyzed using MATLAB and represented graphically. The effects of various non-dimensional
parameters such as Reynolds Number, Eckert Number and other non-dimensional parameters on velocity and tem-
perature profiles are discussed into details. The effects of varying various parameters led to either increase, decrease
or no effect on flow variables.
The MHD Couette flow between permeable plates that has been studied in this research has many applications in
areas such as purification of crude oil, petroleum industry, aerodynamic heating, electrostatic precipitation, polymer
technology, accelerators, MHD pumps, power generators and many others.
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Magneto hydrodynamics has been of interest in the recent past due to its wide spread application in petroleum
industry, aerodynamic heating, electrostatic precipitation, polymer technology, accelerators, purification of crude oil,
MHD pumps and power generators. The word magneto hydrodynamic (MHD) is derived from; Magneto-meaning
magnetic field, hydro-meaning liquid and dynamics which means movement. Magneto hydrodynamics as a word has
been used by several researchers including [1]. Couette flow is a laminar flow of a viscous fluid in the space between
two parallel plates where one plate moves relative to the other. The flow is driven by virtue of the viscous drag force
which acts on the fluid but may be additionally be motivated by an applied pressure gradient in the flow direction.
This type of flow is named in honor of Maurice Marie Alfred Couette, a professor of Physics in French university of
Angers in the late 19th century. Porous medium is a material containing pores or voids. Porosity or void fraction is the
measure of the empty spaces(void) in a material as defined by [2]. A non-porous material is one that is not permeable
to fluids. Permeability is the measure of the ability of a porous material to allow fluids to pass through it. [3] investi-
gated unsteady hydromagnetic Couette flow of a viscous, incompressible and electrically conducting fluid under the
influence of a uniform transverse magnetic field when the fluid flow within the channel is induced due to impulsive
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2 Hydromagnetic couette flow between two vertical semi infinite permeable plates

movement of one of the plates of the channel. [4] analyzed this problem in a channel between parallel porous plates
where the fluid flow within the channel is induced as a result of uniform accelerated movement of one of the channel.
[5] discussed effect of induced magnetic field on a flow within a porous channel when the fluid flow within the channel
is induced due to uniformly accelerated motion when one of the plates starts moving with a time dependent velocity.
[6] studied MHD Couette flow of a viscous, incompressible and electrically conducting fluid in the presence of a uni-
form transverse magnetic field when the fluid flow within the channel is induced due to time dependent movement of
one of the plate and magnetic field is fixed relative to the moving plate. [7] studied the heat transfer in porous medium
in the presence of transverse magnetic field. The effects of the heat source parameter and Nusselt number were ana-
lyzed and discovered that the effect of increasing porous parameter is to increase the Nusselt number. [8] investigated
MHD Stokes problem for a vertical infinite plate in dissipative rotating fluid with Hall current. [9] studied natural con-
vection in unsteady hydro magnetic Couette flow through a vertical channel in the presence of thermal radiation. The
effect of different parameters like magnetic parameter, Prandtl number, radiation parameter, thermal Grashof num-
ber, accelerating parameter and time on the temperature, velocity, skin friction and Nusselt number were discussed.
[11] considered unsteady MHD Couette flow with heat transfer of a viscoelastic fluid exponential decaying pressure
gradient. It was found that the viscoelastic parameter had a marked effect on the velocity and temperature distri-
butions and their steady state times for all values of the magnetic field and the suction velocity. Also [11] reported
unsteady MHD Couette flow of a viscoelastic fluid with heat transfer. [12] investigated flow formation in Couette
motion in magneto hydrodynamics with time varying suction and taking into account the effects of heat and mass
transfer. [13] studied the problem when the fluid flow is confined to porous boundaries with suction and injection. It
was concluded that the suction exerted a retarding influence on the fluid velocity whereas injection has accelerating
influence on the flow while the magnetic field, time and injection reduces shear stress at lower plate. [20] studied the
problem of steady hydromagnetic Couette flow of a highly viscous fluid through a porous channel in the presence
of an applied uniform transverse magnetic field and thermal radiation. [15] investigated unsteady MHD convective
flow past an infinite vertical porous plate in an incompressible electrically conducting fluid. The numerical results of
the study showed that an increase in the Grashof number causes an increase in the velocity profiles, an increase of
Hartman number causes a decrease of velocity profile. [16] investigated unsteady magneto hydrodynamic free con-
vective Couette flow between two vertical permeable plates in the presence of thermal radiation using Galerkin’s finite
method. [17] investigated unsteady natural convective Couette flow of a reactive viscous fluid in a vertical channel.
[18] investigated unsteady MHD Couette flow between two infinite parallel plates in an inclined magnetic field with
heat transfer. The lower plate was considered stationary and porous. He found out that an increase in the magnetic
number lead to a decrease in the velocity of the fluid. [22] investigated steady hydromagnetic flow between two in-
finite parallel vertical porous plate. The effect of different parameter such as magnetic parameter, Prandtl number,
thermal Grashof number, temperature and velocity distributions were discussed. [20] investigated unsteady hydro-
magnetic Couette flow with magnetic field lines fixed relative to the moving upper plate with suction and injection. It
was found that the magnetic field, pressure gradient, time and injection have an accelerating influence whereas suc-
tion and viscosity exerts a retarding influence on the fluid flow between parallel porous plate with injection/suction
and constant pressure gradient applied in the direction of the flow. [21] investigated a turbulent incompressible fluid
flow past a semi-infinite vertical rotating plate in the presence of a strong inclined constant magnetic field. It was
found out that an increase in the angle of inclination leads to an increase in the primary velocity while an increase in
Eckert number leads to a decrease in the primary velocity profiles. [22] analyzed steady convective MHD fluid flow in
parallel semi-infinite plates with constant magnetic field. Hartmann and Prandtl numbers were found to have a great
effect on velocity profiles and temperature distribution respectively whereby an increase in Hartmann number causes
a decrease in velocity profiles while an increase in Prandtl number leads to a fall in temperature. [23] investigated
unsteady MHD free convective Couette flow between vertical porous plates with thermal radiation. It was found that
velocity and temperature field increases with increase in time and also skin friction increases with increase in time
while Nusselt number decreases with increase in time. In view of the above studies, no consideration has been given
on unsteady hydromagnetic Couette flow between two vertical semi-infinite permeable plates with uniform suction
and injection considering joule heating.

1. Mathematical Model

The fundamentals of fluid dynamics are based on universal laws that govern fluid flows such as the equation of con-
tinuity, equation of motion, equation of energy and the electromagnetic equation. The governing equations discussed
in this section includes the equation of continuity, equation of motion, equation of energy and the electromagnetic
equations.
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Fig. 1. Geometry of the flow

2. Governing equations

2.1. Equation of continuity

The equation of continuity is derived from the law of conservation of mass which states that under normal con-
ditions mass can neither be created nor destroyed. It is derived by taking a mass balance on the fluid entering and
leaving a volume element in the flow field. The general equation of continuity of a fluid flow is given :

∂ρ

∂t
+−→∇.

(
ρ
−→q )= 0 (1)

where −→q = uî + v ĵ +wk̂ is the velocity vector in the x,y and z-directions. In tensor form the equation is:

∂ρ

∂t
+ ∂

∂xi
(ρui ) = 0 (2)

Since density is assumed to be constant, then the equation becomes

ρ
∂ui

∂xi
= 0 (3)

which in component form is given by

∂u

∂x
+ ∂v

∂y
+ ∂w

∂z
= 0 (4)

since the flow is in 2-dimensions in z and x direction, the equation becomes

∂u

∂x
+ ∂w

∂z
= 0 (5)

3. Energy Equation

This is derived from Newton’s second law of motion which states that the rate of change of momentum of a body is
equal to the resultant force acting on the body. When a fluid is in motion there are forces that act on it which are in
contact with the fluid and some act from a distance. Forces acting on a fluid particle from a distance are referred to as
body forces while surface forces refer to the forces that are in direct contact with the fluid particles.

ρcp
DT

Dt
= K∇2T +µΦ+ J 2

σ
(6)
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Where cp is specific heat capacity at constant pressure, DT
Dt is the material derivative, µΦ is the internal heating due to

viscous dissipation and ( J 2

σ ) is the ohmic heating due to resistance of the electrolyte.
The final form of energy equation is as follows

ρcp

[
∂T

∂t
+u

∂T

∂x
+w

∂T

∂z

]
= K

[
∂2T

∂x2 + ∂2T

∂z2

]
+µ

[
(
∂u

∂x
)2 + (

∂w

∂z
)2

]
+σu2B 2

0 (7)

dividing all through by ρcp[
∂T

∂t
+u

∂T

∂x
+w

∂T

∂z

]
= K

ρcp

[
∂2T

∂x2 + ∂2T

∂z2

]
+ µ

ρcp

[
(
∂u

∂x
)2 + (

∂w

∂z
)2

]
+ σu2B 2

0

ρcp
(8)

4. Non-Dimensionalization

Non dimensionalization is a process that aims at ensuring that the results obtained from a study are applicable
to other geometrically similar configurations under similar set of conditions. The method is of great generality and
mathematical simplicity and starts with selecting a suitable scale against which all dimensions in a given physical
model are scaled. The non dimensionalization of the governing equation is performed by selecting characteristic
dimensionless quantities. Non-dimensionalization is used to discretize the governing equations by first selecting
certain characteristics quantities and then substituting them in the equations.

The following non-dimensional quantities were used to non-dimensionalize the governing equations

u∗ = u

U∞
, w∗ = w

U∞
, w∗

0 = w0

U∞
, t∗ = U∞t

h
, x∗ = x

h
, z∗ = z

h
, T ∗ = T −T∞

Tw −T∞

u =U∞u∗, w =U∞w∗, w0 =U∞w∗
0 , t = h

U∞
t∗, x = hx∗, z = hz∗,T = (Tw −T∞)T ∗+T∞

The following partial derivatives in non-dimensional form will be substituted into the equations above:

4.1. Non-Dimensionalization of the initial and boundary conditions

At the entrance at 0 ≤ z ≤ H

t∗ ≤ 0;u∗ = 0, v∗ = 0, w∗ = 0,T ∗ = 0 (9)

t∗ > 0,u∗ = 1, v∗ = 0,T ∗ = 1 (10)

At the exit:

t∗ ≥ 0,u∗ = u

U∞
andu = cx2 and x = H x∗ (11)

u∗ = cx2

U∞
thus u∗ = c

(H x∗)2

U∞
, v∗ = 0 and w∗ = w∗

0 (12)

T = Tw andT ∗ = T −T∞
Tw −T∞

= Tw −T∞
Tw −T∞

= 1 (13)

At the other surface:

t > 0,u∗ = 0, v∗ = 0,T = T∞ and T ∗ = T∞−T∞
Tw −T∞

= 0 (14)
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4.2. Non dimensionalization of the governing equations

Applying the non dimensionalization process the following equations were obtained.

∂u∗

∂t∗
+u∗ ∂u∗

∂x∗ +w∗
o
∂u∗

∂z∗ = 1

Re
(
∂2u∗

∂x∗2 + ∂2u∗

∂z∗2 )−Mu∗−X u∗+Gr T ∗ (15)

The above equation represent momentum equation in x-direction.

∂w∗

∂t∗
+u∗ ∂w∗

∂x∗ +w∗
o
∂w∗

∂z∗ = 1

Re
(
∂2w∗

∂x∗2 + ∂2w∗
∂z∗2 )−X w∗ (16)

The above equation represent momentum equation in z-direction.

∂T ∗

∂t∗
+u∗ ∂T ∗

∂x∗ +w∗
o
∂T ∗

∂z∗ = 1

Re

1

Pr
(
∂2T ∗

∂x∗2 + ∂2T ∗

∂z∗2 )+ Ec

Re
((
∂u∗

∂x∗ )2 + (
∂w∗

∂x∗ )2)

+Re.R(u∗)2 (17)

The equation (28) represent the energy equation .

5. Method of Solution

The proposed method of solving the system of the non-linear equations that will be obtained for this particular
flow problem is the numerical approximation method of finite differences. The method has inherent advantages such

as it handles electrical problem more readily. The finite difference equations for ∂U
∂t , ∂U

∂x , ∂U
∂y , ∂

2U
∂x2 , and ∂2U

∂y2 averaged at

K and K+1 are used to give:

U k+1
i , j −U k

i , j

∆t
+U k+1

i , j

(
U k+1

i+1, j −U k+1
i−1, j +U k

i+1, j −U k
i−1, j

4(∆x)

)
+w0

(
U k+1

i , j+1 −U k+1
i , j−1 +U k

i , j+1 −U k
i , j−1

4(∆z)

)

= 1

Re

(
U k+1

i+1, j −2U k+1
i , j +U k+1

i−1, j +U k
i+1, j −2U k

i , j +U k
i−1, j

2(∆x)2

)

+ 1

Re

(
U k+1

i , j+1 −2U k+1
i , j +U k+1

i , j−1 +U k
i , j+1 −2U k

i , j +U k
i , j−1

2(∆z)2

)
−XU k+1

i , j −MU k+1
i , j +Gr T k+1

i , j

(18)

Making U k+1
i , j yields:

U k+1
i , j =

[
U k

i , j

∆t
−w0

(
U k+1

i , j+1 −U k+1
i , j−1 +U k

i , j+1 −U k
i , j−1

4(∆z)

)
+Gr T k+1

i , j +

1
Re

(
U k+1

i+1, j +U k+1
i−1, j +U k

i+1, j −2U k
i , j +U k

i−1, j

2(∆x)2 + U k+1
i , j+1+U k+1

i , j−1+U k
i , j+1−2U k

i , j +U k
i , j−1

2(∆z)2

) /
[

1

∆t
+

U k+1
i+1, j −U k+1

i−1, j +U k
i+1, j −U k

i−1, j

4(∆x)
+ 1

Re (∆x)2 ++ 1

Re (∆z)2 +M +X

]
(19)

The finite difference equations for ∂V
∂t , ∂V

∂x , ∂V
∂y , ∂

2W
∂x2 , and ∂2W

∂y2 averaged at k and k+1 are used to give:

W k+1
i , j −W k

i , j

∆t
+U k+1

i , j

(
W k+1

i+1, j −W k+1
i−1, j +W k

i+1, j −W k
i−1, j

4(∆x)

)
+

w0

(
W k+1

i , j+1 −W k+1
i , j−1 +W k

i , j+1 −W k
i , j−1

4(∆z)

)

= 1

Re

(
W k+1

i+1, j −2W k+1
i , j +W k+1

i−1, j +W k
i+1, j −2W k

i , j +W k
i−1, j

2(∆x)2

)

+ 1

Re

(
W k+1

i , j+1 −2W k+1
i , j +W k+1

i , j−1 +W k
i , j+1 −2W k

i , j +W k
i , j−1

2(∆z)2

)
−X W k+1

i , j

(20)
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Making W k+1
i , j yields:

W k+1
i , j =

 W k
i , j

∆t −w0

(
W k+1

i , j+1−W k+1
i , j−1+W k

i , j+1−W k
i , j−1

4(∆z)

)
−U k+1

i , j

(
W k+1

i+1, j −W k+1
i−1, j +W k

i+1, j −W k
i−1, j

4(∆x)

)
+

1
Re

(
W k+1

i+1, j +W k+1
i−1, j +W k

i+1, j −2W k
i , j +W k

i−1, j

2(∆x)2 + W k+1
i , j+1+W k+1

i , j−1+W k
i , j+1−2W k

i , j +W k
i , j−1

2(∆z)2

) /
[

1

∆t
+ 1

Re (∆x)2 + 1

Re (∆z)2 +X

]
(21)

The finite difference equations for ∂T
∂t , ∂T

∂x , ∂T
∂z , ∂

2T
∂x2 , and ∂2T

∂z2 averaged at k and k+1 used to give:

T k+1
i , j −T k

i , j

∆t
+U k+1

i , j

(
T k+1

i+1, j −T k+1
i−1, j +T k

i+1, j −T k
i−1, j

4(∆x)

)
+

W k+1
i , j

(
T k+1

i , j+1 −T k+1
i , j−1 +T k

i , j+1 −T k
i , j−1

4(∆z)

)

= 1

RePr

(
T k+1

i+1, j −2T k+1
i , j +T k+1

i−1, j +T k
i+1, j −2T k

i , j +T k
i−1, j

2(∆x)2

)

+ 1

RePr

(
T k+1

i , j+1 −2T k+1
i , j +T k+1

i , j−1 +T k
i , j+1 −2T k

i , j +T k
i , j−1

2(∆z)2

)
+

ReR
(
U k+1

i , j+1

)2 + Ec

Re

(
U k+1

i+1, j −U k+1
i−1, j +U k

i+1, j −U k
i−1, j

4(∆x)

)2

+

Ec

Re

(
W k+1

i , j+1 −W k+1
i , j−1 +W k

i , j+1 −W k
i , j−1

4(∆z)

)2

(22)

Making T k+1
i , j yields:

T k+1
i , j =

 T k
i , j

∆t −U k+1
i , j

(
T k+1

i+1, j −T k+1
i−1, j +T k

i+1, j −T k
i−1, j

4(∆x)

)
−W k+1

i , j

(
T k+1

i , j+1−T k+1
i , j−1+T k

i , j+1−T k
i , j−1

4(∆z)

)
+

1
RePr

(
T k+1

i+1, j +T k+1
i−1, j +T k

i+1, j −2T k
i , j +T k

i−1, j

2(∆x)2

)
+ 1

RePr

(
T k+1

i , j+1+T k+1
i , j−1+T k

i , j+1−2T k
i , j +T k

i , j−1

2(∆z)2

)
+

ReR
(
U k+1

i , j+1

)2 + Ec
Re

(
U k+1

i+1, j −U k+1
i−1, j +U k

i+1, j −U k
i−1, j

4(∆x)

)2

+ Ec
Re

(
W k+1

i , j+1−W k+1
i , j−1+W k

i , j+1−W k
i , j−1

4(∆z)

)2
 / [

1

∆t
+

1

RePr (∆x)2 + 1

RePr (∆z)2

]
(23)

6. Results and Discussions

6.1. Effects of varying Reynolds number on primary velocity

From Figure 2, it is observed that an increase in Reynolds number leads to an increase in the primary velocity profile.
Reynolds number represents the ratio of the inertial forces to viscosity forces. Increase in Reynolds number results to
a decrease in the viscous forces which is the force that is known to oppose the motion of the fluid. When Reynolds
number (Re) is small, it means that the viscous forces are more dominant than the inertial forces and thus causes
more drag in the fluid reducing the velocity of the flow. When Reynolds number (Re) is large, the inertia force is more
dominant hence an increase in velocities.
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Fig. 2. Graph of dimensionless velocity profile for different values of the Reynolds number, Re

6.2. Effects of varying Magnetic number on primary velocity

Fig. 3. Graph of dimensionless velocity profile for different values of the Magnetic number, M

From Figure 3, it is observed that an increase in magnetic parameter leads to a corresponding decrease in primary
velocity of the flowing fluid. The presence of a transverse magnetic field in an electrically conducting flowing fluid
creates Lorentz force which acts against the direction of the flow.

6.3. Effects of varying permeability parameter on primary velocity

From Figure 4 it is observed that an increase in permeability parameter (X) results to a decrease in primary velocity
profile. The increase in permeability parameter leads to an increase in porosity of the medium which leads to a reduc-
tion in acceleration of the flow. Increased Permeability reduces the acceleration of the fluid flowing since the pores
that would have allowed the fluid to flow with less restriction closes and as a result the primary velocity decreases.
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Fig. 4. Graph of dimensionless velocity profile for different values of the x number

6.4. Effects of varying Reynolds number on secondary velocity, Re

Fig. 5. Graph of dimensionless velocity profile for different values of the Reynolds number, Re

From Figure 5, it is observed that an increase in Reynolds number leads to an increase in the secondary velocity profile.
Reynolds number represents the ratio of the inertial forces to viscosity forces. Increase in Reynolds number results to
a decrease in the viscous forces which is the force that is known to oppose the motion of the fluid. When Reynolds
number (Re) is small, it means that the viscous forces are more dominant than the inertial forces and thus causes
more drag in the fluid reducing the velocity of the flow. When Reynolds number (Re) is large, the inertia force is more
dominant hence an increase in velocities.

6.5. Effects of varying permeability parameter on secondary velocity

From Figure 6 it is observed that an increase in permeability parameter (X) results to a decrease in secondary veloc-
ity profile. The increase in permeability parameter leads to an increase in porosity of the medium which leads to a
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Fig. 6. Graph of dimensionless velocity profile for different values of the x number

reduction in acceleration of the flow. Hence reduction in secondary velocity profile.

6.6. Effects of varying Prandtl number on Temperature profile

Fig. 7. Graph of dimensionless temperature profile for different values of the Pr number

From Figure 7, it is observed that an increase in Prandtl number leads to an increase in temperature profiles. Prandtl
number is defined as the ratio of viscous diffusion rate to thermal diffusion. Increase in Pr means low thermal dif-
fusivity of the fluid and as a result the fluid expands and the molecules moves apart hence leads to an increase in
temperature.

6.7. Effects of varying Reynolds number on Temperature profile

From Figure 8, it is observed that an increase in Reynolds number leads to an increase in the temperature profile.
Reynolds number represents the ratio of the inertial forces to viscosity forces. Increase in Reynolds number results
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Fig. 8. Graph of dimensionless temperature profile for different values of the Re number

to a decrease in the viscous forces which is the force that is known to oppose the motion of the fluid. The increase
in velocity creates an increase in collision of fluid particles, which leads to dissipation of heat in the boundary layer
region, hence increase in temperature.

6.8. Effects of varying Eckert number on Temperature profile

Fig. 9. Graph of dimensionless temperature profile for different values of the Ec number

From Figure 9, it is observed that an increase in the Eckert number (Ec) results to an increase in temperature of the
fluid. An increase in Eckert number means that there is high kinetic energy which leads to increased collision of fluid
particles. The increased collision results in dissipation of heat in the boundary layers hence an increase in tempera-
ture.
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6.9. Effects of varying Joule heating parameter (R) Temperature profile

Fig. 10. Graph of dimensionless temperature profile for different values of the R number

From Figure 10, it is observed that an increase in joule heating parameter (R) leads to an increased in temperature. As
the current is induced and starts flowing in the fluid, heat is generated due to the electrical resistance to the flow of
charges and this leads to an increase in temperature.

7. Validation of Results

In the absence of Magnetic field, joule heating, suction and injection, the results agrees with [20] which had the
following findings;

1. An increase in Reynolds number results to an increase in velocity and temperature profiles.

2. Increase in Eckert number leads to an increase in velocity and temperature profiles.

3. Increase in Prandtl number increases velocity profiles and temperature profiles.

8. Conclusions

It was noted that an increase in magnetic parameter leads to a decrease in both primary and secondary velocity
profiles. Also an increase in suction/injection parameter leads to a decrease in both primary and secondary velocity
profiles.
It was observed that an increase in Reynolds number leads to an increase in velocity and an increase in Magnetic and
suction/injection parameter leads to a decrease in velocity. This implies that the fluid velocity is directly proportional
to the Reynolds number and inversely proportional to magnetic and suction/injection parameter.
It was also observed that an increase in Prandtl number, Reynolds number, Eckert number and Joule heating parame-
ter(R) leads to an increase in temperature of the fluid this is because temperature is directly proportional to the Prandtl
number, Reynolds number, Eckert number and Joule heating parameter(R).
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