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Abstract: In this talk we present an analytic method for the solution of fractional order boundary value problems. We see how to
deal with a double fractional derivative operator and solve fractional Heat, Wave and Laplace equations. The proposed
method is the composition of the classical method of separation of variables technique and Udita N. Katugampola’s
fractional derivative.
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1. Introduction

When the concept of fractional derivative took place, Many mathematicians have taken keen interest in it as it is the

generalized calculus. Now the scenario has changed, every property or application of calculus has the corresponding
effect of fractional derivative. For the brief history of fractional calculus, one may see [1], [2]. In starting there were
a few definitions for fractional derivative. Later many modified forms of the definitions have been made. R. Khalil
[4] and colleagues have given a new definition of fractional derivative known as Conformable derivative in a classical
sense using a limit approach. It simply converts a fractional derivative to an ordinary derivative with the product of the
independent variable. It satisfies most of the properties of a derivative. Many researchers [5],[6],[7], [9] and [11] have
presented many applications and many properties based on this definition. Udita. N. Katugampola [8] has presented
the general form of a Conformable fractional derivative using exponential function. Now researchers are curious to
study a non integer ordered derivative in the various field of science and engineering.
Fractional boundary value problems(3] are now generalising the space of boundary value problems. Though the the-
ory is yet not complete for the justification, still it has become one of the most interesting branch of fractional calculus
to solve numerous problems in physics and engineering like fractional Numen and Dirichlet problems, fractional heat
and wave equation, fractional Laplace equation. Heat conduction in the underground water flow, thermo-elasticity,
plasma physics, etc.. While modeling physical phenomena, these problems can be solved after converting into a non
local problem with integral boundary conditions.
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Likewise partial differential equations, fractional order partial differential equations also has series solution or nu-
merical solution. The series solution of well-known Heat, Wave[10], Cahn-Allen and Cahn-Hilliard equations, Con-
formable space time-fractional Kawahara equation has already obtained (in time fractional domain only) with help of
conformable fractional derivative.

The main interest of the present paper is to provide an analytical solution of fractional order boundary value prob-
lems including Heat and Wave equation involving fractional derivatives in both time and space variables simultane-
ously.

A function f(x) with it’s a derivative is said to be solution of simple fractional boundary value problem if it satisfy
D% f(x) = f(x,g(x)); x € I with the conditions f(0) = fp, f/(0) = f* on I.

If f:[0,00) — R then, a order Katugampola fractional derivative of f is defined and denoted by

Fxe® ) - fx)

D¢ =1l ; )1 1
(Hx) 6111(1] 5 ae(0,1] (1
provided limit exists.
Also, if f is differentiable,then

DY[f(x0)]=x"""f'(x). ¥)

2. The methodology

If the partial differential equation is linear, associated coefficients in the equation are separable and Boundary
conditions are homogeneous and bounded then this method is a powerful technique to solve initial-boundary value
problem which converts a partial differential equation involving m number of independent variables into a system of
m ordinary differential equations as we assume that it’s solution is in separable form f(x, t) = X(x).T(¢). It reduces
each independent variable into an eigenvalue problem like X"+ X = 0 corresponding to some suitable constantA. We
apply the boundary conditions and find the eigenvalueA and the corresponding eigen functions X. By the principle
of superposition we obtain the general solution)_ X,, and using the initial condition get the complete solution as
f(X, =% XuTn.

The separation of variables technique transforms the respective boundary value problem into a number of ordinary
differential equations.

Consider the solution function as z(x) = ™" for each dependent variable z(x) and from Katugampola’s derivative

a

e z2(x) = X1 %™ max® ! = mae™" (3)
and

d* d* d® a «

T z(x) = e (mae™ ") = m*a?e™ . 4)

Provided all the independent variables are positive and bounded.
The notations

X%(x) =

a*x 5 a* (d*X
dx® and X™(x) = dx® (dx“)

are used to represent one and two times a— order differentiation of X respectively.

3. Solved problems

Here we assume that the domain of each variable is positive and fractional order «, § lies in (0, 1].

Example 3.1.

Consider the following partial differential equation
o’ (aau)—e_tacosxﬁ‘ x, >0 (5)
axp\otr ) T

subject to conditions, u(x,0) =0 and u(0, t) = 0.
Consider u(x, t) = T(t) X (x), so that we have
T% cos xP

T9XP = ¢ cosxP = — = —-— = K (Constant) (6)
et X8
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after solving we get,

@ 1
T%=Ke ", XP=—cosxP
K
_ta dt 1 ﬁ dx
f—— T = K e ,X = — COS X" ——
tl-a K x1-B
which gives
- @ ]. . ﬁ
T=—e" 4+¢, X=——=sinx"+c
a BK

so that

u(x t)—(_Ke_ta+c )( L ginxf+c ) 7)

’ - a 1 ﬁK 2

applying the given conditions, we get ¢; = § and ¢ =0.
Hence

u(x, ) = i (1 - efta) sin xP

ap

Example 3.2.
Consider another problem

0tz O () o s ®)

axa ayﬁ ayﬁ - ’ ’ y

with the following conditions
2(x,0) = z(x,m) =0, 2(0,y) =nsin2x' PyP.
Considering z = Y (y) X (x) to get X*Y + X Y?P = 0 and with some non zero constant p? so that

Xe —y?f
—_— = = pz
X Y

we have

X*-p’x=0, Y+ p’y =o.
Solving we get

xa p p
z(x,y):XY:Ae’”ZT(Bsinp%+Cc0sp%) 9)

and from the boundary conditions
z(x,0)=0, z(x,m)=0, z(0,y) = nsinan_ﬁyﬁ

weget C=0, p=nn'"PB, n=2and AB =1 respectively. Hence,

2(x,y) = ne*™ P FE sin2n! Py (10)

Example 3.3.
Consider one dimensional fractional Heat equation

=Cc"——=; X, t>0 (11)
X

subject to conditions

u©0,0)=0, u(l,)=0t=0; u(x,0)=f(x), 0=sx<L.
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We assume that it’s solution is of the form u = X(x) T(¢) . Then we may write the equation as

AT o _ dP (dﬁx)

XT%=c?X?$T, where, T* = , =— | —
date dxB\ dxB

For any constant u € R, we have

%  X?°P
ST k= T"‘—cz,uT:0:>a:m:pcz:>m:cZE
c a
and
x2h
T=u:Xzﬁ—yX=0:>ﬁ2m2—u=0:>m=i%ﬁ.

Now we have the following possible solutions:
1. u=0= u=XT=Cl(Cg+x—’BﬁC:3)

22 o A B _ALB
2. u=A>=>u=XT=cge a ! (c5el’x +cge ﬁx)

L‘2 2 a
3. u= AV =u=XT-= (,‘76_7/1[ (c;;cos(%xﬁ) +c9Sin (%xﬁ))
From the given conditions, (3) gives the non trivial solution as

u(O,t)=0=>Cg=0,u(L,t)=0=>/1=nL—jzﬁ.

So that general solution is given by

nnxﬁ) ( nznzczﬁzt“)
exp|-———|.

o0
u(x,t) = A, sin
(x, 1) n; n 75 T3

In which coefficient A, is determined by fractional Fourier series.

17

(12)

Note 1. The same solution can also be obtained for fractional Telegraph equation of electrical LCR circuit, putting

, 1 . 0% 0P oPu
c"=—1n =C"—F .
RC or® 0xP oxP

Example 3.4.
The fractional wave equation

0% 0%u , P ofu

TS E 2 T8 >0
ote 9t Caxﬁaxﬁ oh>

subject to conditions

u(0,8)=0, u(l,f)=0 (O“u) =0, u(x,0) = ¢ sin 2mxf
’ — Y )y - Ot“ t:()_ ) 1) - Lﬁ

Consider the separable solution u = X (x) T'(t), so that we have
d® d°T 5 dP (dﬂx)
—_— X .

XT?* = >X?PT where T?% = , =— |
¢ where A dre dxP \ dxP

We separate the variables with the help of some constant y € R as

TZ(X Xzﬁ
2r-x H*
Here
TZ(Z
pornial T TZ“—csz=0=>a2m2=u62=>mzicg.
and
x2p
7:/J:>X2ﬁ—pX=0:>,B2m2—/J=O:>mz_%.

Now consider the following cases:

(13)
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xP t%
1. uy=0=u=XT=( +02?)(03+ 7 Ca)
AP _AyB A A
2. u=A>=u=XT= (cseﬁx +cge PF ) (C7e%ta +08e%ta)
— 2 _ _ cA ca o[ cd ra
o u=-A"=u=XT= (c;;cos(gt )+closm(7t ))

(cn cos (%xﬁ) + 12 sin(%xﬁ)).

Out of these solutions the most consistent solution is (3) and so

nnf
u0,)=0=>c¢1=0,u(,) =021 = ——
LB
and
(aa u) 0> 0
= C = U.
3% ) — 10
So that general solution is given by
& nnxP nrfc t“)
u(x,t) = A, sin cos . 14
e nZ::1 " Lh ) ( LPa (14)

In which coefficient A, is ¢ for n = 2 and hence complete solution is

. (ZHxﬁ) (Znﬁct“)
u(x,t) =¢ sin[ ——— | cos .

LP LBa

Note 2. The same solution can also be obtained for fractional Radio equation of electrical LCR circuit, putting

o 1. 03%0% 9P oPu

c " 9@ 5% € oxP 9xP

Example 3.5.
Laplace equation involving fractional derivatives in both the variables is given as

LR -
Oy* 0y*  0xP oxP
with the following conditions
z(0,) =0, z(a,y) =0; 0< x<a, z(x,b)=0, z(x,0)=f(x); 0<y<bh.
Consider z(x, y) = X(x) Y (), so we get

d® dvy df abx
XY? + x?Py = 0; where Y2% = —— x%h =

T dy® dy«’ T dxP dxP’
So we get,
YZ(X Xzﬁ
vV T x ¥ (constant)

which gives

YZ(X
— =v=Y"-yY=0
and
X2 )
—TZW:X ﬁ+'([/X=0

There are three possible solution based on the value of constant :

Ly=0=z=XY=(0+a5) e+,

2. y=n’=2z=XY = (05 cos(%xﬁ) + CgSin(%xﬁ)) (076%}/(1 + cse_%ya),
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3. =-n*=2z=XY =(cgcos(Ly¥) +ciosin (L y*))

(me(%xﬁ) " Clze-(%xﬁ)) _

From the available conditions one may get that solution (2) is the only suitable solution in which

nnf
z(0,)=0=>¢5=0, z(a,y) =0=>n=—1r

ab
and
npa _Npa
z(x,b)=0=> (C7eab +cge by =o.
n n . .
Set cg= Ceﬁba, c7 = —Ce*Eba, so that general solution is

S [ nnxP) naf(b* - y%)
z(x,y)—nglAnsm( e )smh(T).

In which coefficient A, is determined using f(x) by fractional Fourier series.

(16)

4. Conclusion

We have discussed the solution of fractional boundary value problems involving fractional-order derivative con-
cerning time or space or both. Same problems can also be solved using the fractional Taylor series method but it gives
approximate solution instead of that we get a general solution using the proposed method. It is clear that the method
is convenient and there is no complexity in the computation to get the solution. Here we have considered only two
variable problems and within a certain range of fractional order but in the future, it may also be extended for the
higher dimensional problems and the higher range.
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