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1. Introduction

In the study of modeling of elastic or piezoelectric bodies often one of the dimensions, say thickness, is small
compared to other dimensions and in most of the cases the thickness is nonuniform. In such cases lower dimensional
approximation of the three dimensional models are preferred as they are more suitable for numerical computations.

In this connection lower dimensional approximation of thin elastic and piezoelectric plates, shells and rods with
uniform thickness has been studied in static cases(cf: [7], [9], [10], [11], [13], [16], [14]) and the corresponding eigen-
value problems for uniform thickness has been studied (cf.[17], [18], [19], [23], [24], [20]). Contact problem for elastic
and piezoelectric materials has been studied (cf. [1], [25], [26]). Junctions in plates and rods as been studied (cf. [3],
[4]) and thin elastic plates supported over small areas has been studied (cf. [5], [6], [15]).

In the case of nonuniform thickness lower dimensional approximation of static problem for elastic membrane and
flexural shells has been studied (cf. [2]) and for elastic shallow shells and piezoelectric shells has been studied in
(cf. [21], [22]). The eigenvalue problem for rods with nonuniform thickness has been studied in (cf. [12]) and in this
paper we consider the eigenvalue problem for thin elastic shells with nonuniform thickness and study their limiting
behaviour.

We consider a bounded domain, Ωε = ω× (−ε,ε), ω ⊂ R2 and let xε = (x1, x2, xε3) be a generic point on Ωε. Let φε

be an injective mapping and a3(x1, x2) denotes unit normal vector to the surface φε(ω). For each ε> 0, we define the
mappingΦε :Ωε→R3 by

Φε(xε) =φε(x1, x2)+xε3e(x1, x2)a3(x1, x2) for all xε ∈Ωε.
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where e ∈ W 2,∞(ω), 0 < e0 < e(x1, x2) denotes the nonuniform thickness function, and Φε(Ωε) denotes the reference
configuration of the shell. Note that when e(x1, x2) = 1 then we get shell with uniform thickness ε.

We first consider thin elastic shallow shells with variable thickness and show that the eigenvalues of the three di-
mensional problem are O(ε2) and the corresponding scaled eigensolutions converge to the eigensolutions of the a two
dimensional model. In the limit problem we note that there is an additional term (compared to the uniform thickness
case) contributed by the nonuniform thickness function e(x1, x2). We then consider flexural shells with variable thick-
ness and show that if the space of inextensional displacement is infinite dimensional then the eigenvalues are O(ε2)
and the corresponding eigensolutions converge to the eigensolutions of two dimensional flexural shell model. Here
again we note that the linearized change of curvature tensor (ραβ) depends on the function e(x1, x2) and is different
from the one in the case of uniform thickness.

This paper is organised as follows. In section 2 we describe the three dimensional eigenvalue problem. In section 3
we consider the case of shallow shells, in section 4 we derive the a priori estimate for eigenvalues and in section 5 we
study the limiting problem for shallow shells. In section 6 we consider flexural shells, in section 7 we derive a priori
estimates for eigenvalues for flexural shells and in section 8 we study the limiting eigenvalue problem for flexural
shells.

2. The Three-dimensional Problem

Throughout this paper, Latin indices vary over the set {1,2,3} and Greek indices over the set {1,2} for the compo-
nents of vectors and tensors. The summation over repeated indices will be used.

Let ω⊂R2 be a bounded domain with a Lipschitz continuous boundary γ and let ω lie locally on one side of γ. For
each ε> 0, we define the sets

Ωε =ω× (−ε,ε), Γ±,ε =ω× {±ε}, Γε = γ× (−ε,ε).

Let xε = (x1, x2, xε3) be a generic point onΩε and let ∂α = ∂εα = ∂
∂xα

and ∂ε3 = ∂
∂xε3

.

Let φε be an injective mapping of class C 3(ω) such that the two vectors

aα(y) = ∂αφε

are linearly independent for all y ∈ω. We define

a3(y) = a3(y) = a1 ×a2

|a1 ×a2|
,

and

aαβ := aα.aβ aαβ := aα.aβ

bαβ := a3.∂βaα bβα := aβσbσα
Γσ
αβ

:= aσ.∂βaα

 . (2.1)

These verify the usual symmetry relations. We also define

bσβ |α = ∂αbσβ −Γσατbτβ−Γτβαbστ , (2.2)

cαβ = bσαbσβ. (2.3)

The area element along S is
p

ad y , where

a := det (aαβ). (2.4)

By the continuity of the functions defined above, there exists a0 > 0 such that

0 < a0 ≤ a(y) for all y ∈ω.

For each ε> 0, we define the mappingΦε :Ωε→R3 by

Φε(xε) =φε(x1, x2)+xε3e(x1, x2)a3(x1, x2) for all xε ∈Ωε, (2.5)

where e ∈W 2,∞(ω), 0 < e0 < e(x1, x2).

We define vectors g εi and g i ,ε by the relations

g εi = ∂εiΦε and g j ,ε.g εi = δ
j
i ,
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which form the covariant and contravariant basis respectively of the tangent plane of the reference configuration
Φε(Ωε) of the shell atΦε(xε). The covariant and contravariant metric tensors are given respectively by

g εi j = g εi .g εj and g i j ,ε = g i ,ε.g j ,ε.

The Christoffel symbols are defined by

Γ
p,ε
i j = g p,ε.∂εj g εi .

The volume element is given by
√

g εd xε where

g ε = det (g εi j ).

The elasticity tensor is defined by

Ai j kl ,ε =λg i j ,εg kl ,ε+µ(g i k,εg kl ,ε+ g i l ,εg j k,ε).

where λ and µ are Lamé constants. This tensor satisfy the coersivity condition

Ai j kl ,εti j tkl ≥C |ti j |2 ∀ s ymmetr i c tensor s (ti j ). (2.6)

We define the space

V (Ωε) = {vε ∈ (H 1(Ωε))3; vε = 0 on Γε}.

For vε ∈V (Ωε), define

eεi || j (vε) = 1

2
(∂εi vεj +∂εj vεi )−Γp,ε

i j vεp . (2.7)

Then the eigenvalue problem posed over the domain Ωε consists of finding pairs (ξε,uε) ∈ R ×V (Ωε) such that∫
Ωε

Ai j kl ,εeεk||l (uε)eεi || j (vε)
√

g εd xε = ξε
∫
Ωε

ui ,εvεi
√

g εd xε ∀vε ∈V (Ωε). (2.8)

By classical arguments (cf: [18]), it follows that there exists a sequence of eigenvalues

0 < ξε,1 ≤ ξε,2 ≤ ... ≤ ξε,l ≤ ...∞ (2.9)

and a sequence of corresponding eigenfunctions {uε,l } such that∫
Ωε

uε,l
i uε,m

i

p
g d xε = δlm . (2.10)

The sequence forms an orthonormal basis in the weighted space

L2(gε,Ωε) = {uε|
∫
Ωε

uε
i uε

i
p

g d xε <∞}. (2.11)

3. Shallow shells

Assumption: We first assume that the shell is a shallow shell; i.e. there exists a function φ ∈C 3(ω) such that φε = εφ

i .e; φε(x1, x2) = (x1, x2,εφ(x1, x2)), for all (x1, x2) ∈ω. (3.1)

We set Ω=ω× (−1,1), a domain independent of ε,. With xε = (xεi ) ∈Ωε, we associate x ∈Ω by xα = xεα, x3 = 1
ε xε3.

Define Γ± =ω× {±1}, Γ= γ× (−1,1) and

V (Ω) = {v ∈ (H 1(Ω))3 : v = 0 on Γ}. (3.2)

With vε ∈V (Ωε) we associate the vector v ∈V (Ω) by

vα(xε) = ε2vα(x), v3(xε) = εv3(x). (3.3)
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With the eigenvalues ξε, we associate the eigenvalues ξ(ε) through the relation

ξε,l = ε2ξl (ε). (3.4)

With the tensors eεi || j , we associate the tensors ei || j (ε) through the relation

eεi || j (vε)(xε) = ε2ei || j (ε; v)(x). (3.5)

Also with the tensors Ai j kl ,ε(xε) we associate the tensors Ai j kl (ε)(x) and with the volume element g ε(xε) we asso-
ciate g (ε)(x). Then the scaled eigensolution (ξl (ε),ul (ε)) satisfies∫

Ω
Ai j kl (ε)ek||l (ε;ul (ε))ei || j (ε; v))

√
g (ε)d x = ξl (ε)

∫
Ω

[ε2ul
α(ε).vα+ul

3(ε)v3]
√

g (ε)d x ∀ v ∈V , (3.6)

∫
Ω

[ε2ul
α(ε)um

α (ε)+ul
3(ε)um

3 (ε)]
√

g (ε)d x = δlm . (3.7)

We henceforth denote by C a generic constant which is independent of both l and ε but whose value vary from
place to place.

Based on the above scalings, it can be shown that (cf. [21])

eα||β(ε; v) = ẽαβ(v)+ε2e]
α||β(ε; v),

eα||3(ε; v) = 1
ε {ẽα3(v)+ε2e]α||3(ε; v)},

e3||3(ε; v) = 1
ε2 ẽ33(v)

 (3.8)

where

ẽαβ(v) = 1
2 (∂αvβ+∂βvα)− v3

e (∂αβφ+x3∂αβe)
ẽα3(v) = 1

2 (∂αv3 +∂3vα),
ẽ33(v) = ∂3v3

 (3.9)

Also there exists constant C such that

sup0<ε≤ε0
maxα, j ||e]α, j (ε; v)||0,Ω ≤C ||v ||1,Ω for all v ∈V ,

sup0<ε≤ε0
maxx∈Ω |g (x)−e2| ≤Cε2,

sup0<ε≤ε0
maxx∈Ω |Ai j kl (ε)− Ai j kl

0 | ≤Cε2

 (3.10)

where

Aαβγτ
0 =λδαβδγτ+µ(δαγδβτ+δατδβγ)

Aαβγ3(0) = 0, Aαβ33(0) = 1
e2λδ

αβ, Aα3γ3(0) = 1
e2µδ

αγ

Aα333(0) = 0, A3333(0) = 1
e4 (λ+2µ)

 (3.11)

Ai j kl (ε)tkl ti j ≥C ti j ti j (3.12)

for 0 < ε≤ ε0 and for all symmetric tensors (ti j ),

||v ||21,Ω ≤C {Σi=1, j ||ẽi j (v)||20,Ω} f or al l v ∈V (Ω). (3.13)
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4. A priori estimates

In this section we show that the sequence ξl (ε) is bounded for each positive integer l .

Define the Rayleigh quotient R(ε)(v) for v ∈V (Ω) by

R(ε)(v) =
∫
Ω Ai j kl (ε)ei || j (ε, v)ek||l (ε, v)

√
g (ε)d x∫

Ω[ε2v2
α+ v2

3]
√

g (ε)d x
(4.1)

Then

ξl (ε) = min
W ∈Vl

max
v∈W −{0}

R(ε)(v) (4.2)

where Vl is the collection of all l -dimensional subspaces of V (Ω).

Define

VK L(Ω) = {v ∈V (Ω) : vα = ηα−x3∂αη3, v3 = η3,ηi ∈ (H 1
0 (ω))2 ×H 2(ω)}. (4.3)

Theorem 4.1.
For each positive integer l, there exists a constant C (l ) > 0 such that

ξl (ε) ≤C (l ) (4.4)

Proof. Note that

ξl (ε) = min
W ∈Vl

max
v∈W −{0}

R(ε)(v). (4.5)

Let Wl denote the collection of all l− dimensional subspaces of H 2
0 (ω).

Let W ∈Wl . For ϕ ∈W , define

vϕ = (−x1∂2ϕ,−x2∂3ϕ,ϕ),

and

U = {vϕ :ϕ ∈W }. (4.6)

It follows that U ∈Vl . Hence

ζl (ε) ≤ min
U∈Vl

max
ϕ∈W −{0}

R(ε)(vϕ). (4.7)

From the definition of Ai j kl (ε) we have∫
Ω

Ai j kl (ε)ei || j (ε, vϕ)ek||l (ε, vϕ)
√

g (ε)d x ≤CΣi , j ||ei || j (ε, vϕ)||20,Ω. (4.8)

Using (3.8)-(3.9) we have

||eα||β(ε, vϕ)||20,Ω ≤ C ||ẽαβ(vϕ)||2+≤Cε2||e]
α||β(ε; vϕ)||20,Ω

≤ C ||4ϕ||20,ω, (4.9)

||eα||3(ε, vϕ)||20,Ω ≤ C ||ẽα3(vϕ)||2+≤Cε2||e]α||3(ε; vϕ)||20,Ω

≤ C ||4ϕ||20,ω, (4.10)

||e3||3(ε, vϕ)||20,Ω = 0. (4.11)

Also it follows from (3.10) and the definition of vϕ that there exists a constant C such that∫
Ω

[ε2(vϕ)2
α+ (vϕ)2

3]
√

g (ε)d x ≥C
∫
Ω
ϕ2d x. (4.12)

Hence

ξl (ε) ≤ C min
U∈Wl

max
ϕ∈W −{0}

∫
ω |4ϕ|2dω∫
ωϕ

2dω

≤ Cµl (4.13)

where the µl is l -th eigenvalue of the two dimensional eigenvalue problem

42u =λu i n ω

u = ∂νu = 0 on ∂ω

}
(4.14)

This completes the proof by setting C (l ) =Cµl .
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5. Limit Problem

Theorem 5.1.
For each positive integer l there exists a subsequence (still indexed by ε for convenience) such that (ξl (ε),ul (ε)) →
(ξl ,ul ) in R ×V (Ω). Also the limit function ul = {ul

α,ul
3} is a Kirchhoff-Love displacement, that is

ul
α = ζl

α−x3∂αζ
l
3, ul

3 = ζl
3, ζl

i is independent of x3. (5.1)

and ζl = (ζl
α,ζl

3) satisfies

−
∫
ω

mαβ(ζl
3)∂αβη3edω−

∫
ω

[nαβ(ζl )∂αβφ+mαβ(ζl
3)∂αβe]η3edω

+
∫
ω

nαβ(ζl )∂αηβedω = ξl
∫
ω
ζl

3η3edω ∀(ηα,η3) ∈ (H 1
0 (ω))2 ×H 2

0 (ω), (5.2)

where

mαβ(ζ3) =− 2λµ

3(λ+2µ)
(∆ζ3 +ζ3

∆e

e
)δαβ+

4µ

3
(∂αβζ3 +ζ3

∂αβe

e
), (5.3)

nαβ(ζ) = 2λµ

λ+2µ
êΣσ(ζ)δαβ+2µêαβ(ζ) (5.4)

where

êαβ(ζ) = 1

2
(∂αζβ+∂βζα)−ζ3

∂αβφ

e
= 1

2

∫ 1

−1
ẽαβ(ζ)d x3 (5.5)

Proof. Taking v = ul (ε)(x) in (3.6), we get∫
Ω

Ai j kl (ε)ek||l (ε;ul (ε))ei || j (ε;ul (ε))
√

g (ε)d x = ζl (ε)
∫
Ω

[ε2(ul
α(ε))2 + (ul

3(ε))2]
√

g (ε)d x (5.6)

Using the Korn’s inequality{∑
i
||vi ||21,Ω

}
≤C

{∑
i , j

||ei || j (ε; v)||20,Ω

}
∀v ∈V (Ω), (5.7)

the boundedness of the eigenvalues and the relations (3.7)-(3.13) we have∑
i
||ul

i (ε)||21,Ω ≤C
∑
i , j

||ei || j (ul (ε))||20,Ω

≤C
∫
Ω

Ai j kl (ε)ek||l (ε;ul (ε))ei || j (ε;ul (ε))
√

g (ε)d x

≤C (l ). (5.8)

Hence there exists a subsequence (ul (ε)) (still indexed by ε)and a function ul ∈V (Ω) such that

ul (ε)* ul weak i n V (Ω), (5.9)

ei || j (ε;ul (ε))* ei || j (ul ) weak i n L2(Ω). (5.10)

This implies that there exists (ζl
α,ζl

3) (cf: [21]) such that

ul
α = ζl

α−x3∂αζ
l
3, ul

3 = ζl
3. (5.11)

Define

Kαβ(ε) = ẽαβ(ul (ε)), Kα3(ε) = 1

ε
ẽα3(ul (ε)), K33(ε) = 1

ε2 ẽ33(ul (ε)) (5.12)
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and

Kαβ = ẽαβ(ul ), Kα3 = 0, K33 =−e2 λ

λ+2µ
ẽαα(ul ). (5.13)

Claim: K (ε) = (Ki j (ε))*K = (Ki j ) weakly in L2(Ω).

From the definition (5.12) and relation (3.8), we have

||K (ε)||20,Ω ≤ 2Σi , j ||ei || j (ε;u(ε))||20,Ω+2ε4Σαβ||ẽ](ε;u(ε))||20,Ω+4ε2Σα||ẽ](ε;u(ε))||20,Ω. (5.14)

From the boundedness of (ei || j (ε,ul (ε))) and the relation (3.10) it follows that (K (ε)) is bounded and hence K (ε)
converges weakly to some K ∈ (L2(Ω))9.

From the weak convergence of ul (ε) to ul and the definition of Kαβ(ε), it follows that Kαβ = ẽαβ(ul ).

We next note the following result∫
Ωu∂3vd x = 0 f or al l v ∈ H 1(Ω) wi th v = 0 on Γ⇒ u = 0.

Multiplying (3.6) by ε, taking v3 = 0 and letting ε→ 0 and using the relations (3.8)-(3.11) we get∫
Ω

Kα3∂3vαed x = 0 f or al l vα. (5.15)

Hence by the above result Kα3 = 0.

Multiplying (3.6) by ε2, letting vα = 0 and passing to the limit as ε→ 0 we get∫
Ω

{
λ

e2 Kσσ+ (λ+2µ)

e4 K33}ed x = 0 ∀v3. (5.16)

Hence K33 =−e2 λ
λ+2µ ẽαα(u).

Using the relation (5.13) and (3.8)-(3.11) it follows that for v = (ηα−x3∂αη3,η3) ∈VK L(Ω)∫
Ω

Ai j kl (ε)ek||l (ε;ul (ε))ei || j (ε)(v)
√

g (ε)d x

→−
∫
ω

mαβ(ζl
3)∂αβη3edω−

∫
ω

[nαβ(ζl )∂αβφη3 +mαβ(ζl
3)∂αβe]η3edω+

∫
ω

nαβ(ζl )∂αηβedω.

(5.17)

as ε→ 0.
Hence passing to the limit in (3.6) by taking v = (ηα−x3∂αη3,η3) ∈VK L(Ω), we get

−
∫
ω

mαβ(ζl
3)∂αβη3edω −

∫
ω

[nαβ(ζl )∂αβφ+mαβ(ζl
3)∂αβe]η3edω+

∫
ω

nαβ(ζl )∂αηβedω

= ξl
∫
ω
ζl

3η3edω ∀ (ηi ) ∈ (H 1
0 (ω))2 ×H 2

0 (ω). (5.18)

.
This completes the proof.

Taking η3 = 0 in (5.2), we have∫
ω

nαβ(ζl )∂βηα edω= 0 ∀ (ηα) ∈ (H 1
0 (ω))2. (5.19)

Denoting ζ̃= (ζα) and η̃= (ηα) the above equation can be written as

∫
ω

[
2λµ

λ+2µ
eαα(ζ̃)eσσ(η̃)+2µeαβ(ζ̃)eαβ(η̃)

]
edω=< gα,ηα > (5.20)

where

< gα,ηα >= ∫
ω pαβ(ζ3)∂βηαedω,



34 Lower dimensional approximation of eigenvalue problem for thin elastic shells with nonuniform thickness

pαβ(ζ3) = 2λµ

λ+2µ
(
ζ3

e
∂σσφ)δαβ+µ(

ζ3

e
∂αβφ).

Clearly the bilinear form associated with left hand side of (5.20) is symmetric and (H 1
0 (ω))2− elliptic and hence, by

the Lax-Milgram lemma, given (gα) ∈ (H−1)2, there exists a unique ζ̃ ∈ (H 1
0 (ω))2 satisfying (5.20).

Thus, given ζ3 ∈ H 2
0 (ω), (implies pαβ(ζ3) ∈ L2(ω)) we denote by T ζ3 ∈ (H 1

0 (ω))2 × H 2
0 (ω) the vector (ζα,ζ3) where

(ζα) ∈ (H 1
0 (ω))2 is the solution of (5.20).

Then the limit problem (5.2) becomes

b(ζl
3,η3) = ξl

∫
ω
ζl

3η3 edω ∀ η3 ∈ H 2
0 (ω), (5.21)

where

b(ζ3,η3) =−
∫
ω

mαβ(ζ3)∂αβη3 edω−
∫
ω

nαβ(T ζ3)∂αβφη3 edω−
∫
ω

mαβ(ζ3)(∂αβe)η3 edω (5.22)

which depends only on the third unknown ζl
3.

The ellipticity of the bilinear operatoe b(., .) follows as in [21]. Thus by Lax-Milgram theorem there exists a sequence
of eigensolutions for the limit problem.

Theorem 5.2.
Let ξl (ε) → ξl and ul (ε) → ul in V (Ω). Then ξl is the l − th eigenvalue of the limit problem (5.21) and {ul

3} forms an

orthonormal basis for L2(ω). Thus all the eigensolutions of the limit problem are obtained as limits of {ξl (ε),ul (ε)}.

Proof. . Proof is similar to the proof of theorem 6.1 in [17].

6. Flexural Shells

For all η= (ηi ) ∈ (H 1(ω))2 ×H 2(ω), let

γαβ(η) = 1

2
(∂αηβ+∂βηα)−Γσαβησ−

1

e
bαβη3. (6.1)

Define the space of inextensional displacements by

VF (ω) = {η= (ηi ) ∈ (H 1(ω))2 ×H 2(ω)|ηi = ∂νη3 = 0 on γ,γαβ(η) = 0 in ω}. (6.2)

Assumption: We assume henceforth that VF (ω) 6= 0.

In this case we make the following assumptions on the unknowns.

uε = u(ε), ξε = ε2ξ(ε). (6.3)

Then the eigenvalue problem (3.6) becomes: find (u(ε),ξ(ε)) ∈V (Ω)×R such that∫
Ω

Ai j kl (ε)ek||l (ε,u(ε))ei || j (ε, v)
√

g (ε)d x = ε2ξ(ε)
∫
Ω

ui (ε).v i
√

g (ε)d x ∀v ∈V. (6.4)

For v ∈V (Ω), define

ραβ(v) = v3|αβ+ebσαvσ|β+ebσβvσ|α+ebσα|βvσ− (cαβ+
1

e
e|αβ)v3

+ 2

e2 ∂αe∂βev3 − 1

e
∂σe∂βv3 − 1

e
∂βe∂αv3 (6.5)

where

vα|β = ∂αvβ−Γρσαvρ , v|αβ = ∂αβv −Γρ
αβ
∂ρv. (6.6)
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e1
α||β(ε)(v) = 1

2ε
(∂αvβ+∂βvα)− 1

ε
Γσαβvσ− 1

εe
bαβv3

+ x3(ebσβ|α+∂βebσα+∂αebσ3 )vσ+x3(cαβ−
1

e
e|αβ)v3. (6.7)

Then we have the following inequalities(cf. lemma 5.1 in [2])

||Γσαβ(ε)−Γσαβ||0,∞+||Γ3
αβ(ε)− 1

e
bαβ||0,∞+||Γσα3(ε)+ebσα||0,∞+||Γ3

α3(ε)− 1

e
∂αe||0,∞ ≤Cε, (6.8)

||g (ε)−e2a||0,∞ ≤Cε, (6.9)

||Ai j kl (ε)− Ai j kl (0)||0,∞ ≤Cε, (6.10)

with

Aαβστ(0) =λaαβaστ+µ(aασaβτ+aατaβσ, Aαβσ3(0) = 0,

Aαβ33(0) = 1
e2λaαβ, Aα3σ3(0) = 1

e2µaασ,

||Γσ
αβ

(ε)− {Γσ
αβ

+εx3[−ebσ
β
|α)−∂βebσα−∂αebσ

β
]}||0,∞,Ω ≤Cε2,

||Γ3
αβ

(ε)− { 1
e bαβ+εx3[ 1

e e|αβ− cαβ]}||0,∞,Ω ≤Cε2,

||Γσα3(ε)− {ebσα−εx3e2bστ bτα}||0,∞,Ω ≤Cε2,

||Γ3
α3(ε)− { 1

e ∂αe +εx3∂βebβα}||0,∞,Ω ≤Cε2

 (6.11)

||1

ε
eα||β(ε)(v)−e1

α||β(ε)(v)||0,Ω ≤Cε
∑

i
||vi ||0,Ω, (6.12)

||1

ε
∂3eα||β(ε)(v)+ραβ(v)||−1,Ω ≤C {Σi ||ei ||3(ε)(v)||0,Ω+εΣα||vα||0,Ω+ε||v3||1,Ω}, (6.13)

||η||2VF
≤C ||ραβ||20 ∀η ∈VF (ω). (6.14)

7. Apriori estimates

Note that in the case of flexural shells the l-th eigenvalue is characterized by

ξl (ε) = min
W ∈Vl

max
v∈W −{0}

R̃(ε)(v) (7.1)

where Vl is the collection of all l -dimensional subspaces of V (Ω) and

R̃(ε)(v) =
∫
Ω Ai j kl (ε)ei || j (ε, v)ek||l (ε, v)

√
g (ε)d x

ε2
∫
Ω vi .vi

√
g (ε)d x

(7.2)

Theorem 7.1.
Assume that VF (ω) is an infinite dimensional subspace of V (Ω). Then for each l ≥ 1, the sequence ξl (ε) is bounded
uniformly with respect to ε.
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Proof. Let η= (ηi ) ∈VF (ω). Define υε(η) ∈V (Ω) by

(υε(η))α = ηα−εx3(∂αη3 +2ebσαησ−
2

e
∂αeη3), (7.3)

(υε(η))3 = η3. (7.4)

Let

θα = ∂αη3 +2bσαησ. (7.5)

Since γαβ(η) = 0 we have

e1
α||β(ε)(v(ε)) = −x3{

1

2
(∂αθβ)−Γσαβθσ− (ebσβ|α+∂βebσα +∂αebσβ )ησ− (cαβ−

1

e
e|αβ)η3

−εx2
3(ebσβ|α+∂βebσα+∂αebσβ )θσ (7.6)

and

1

2
(∂αθβ) − Γσαβθσ− (ebσβ|α+∂βebσα +∂αebσβ )ησ− (cαβ−

1

e
e|αβ)η3

= ∂αβη3 +ebσα∂βηα+ebσβ∂βηα+e(∂βbσα+∂αbσβ −2Γταβbστ )ησ

− Γσαβ∂ση3 + 2

e
Γσαβ∂ση3 −ebσβ|αησ− cαβη3 + 1

e
e|αβη3

+ 2

e2 ∂αe∂βη3 − 2

e
∂αβeη3

1

e
∂αe∂βeη3 − 1

e
∂bet ae∂αη3

= η3|αβ+ebσαησ|β+ebσβησ|α+ebσα|βησ− (cαβ+
1

e
e|αβ)η3

+ 2

e2 ∂αe∂βeη3 − 1

e
∂σe∂βη3 − 1

e
∂βe∂αη3

= ραβ(η) (7.7)

Thus

e1
α||β(ε)(v(ε)) =−x3ραβ(η)−εx2

3(ebσβ|α+∂βebσα+∂αebσβ )θσ (7.8)

Hence from (6.12) it follows that

ε−1eα||β(ε)(υε(η)) →−x3ραβ(η) in L2(Ω) as ε→ 0, (7.9)

Also

ε−1eα||3(ε)(v(ε)) = 1

ε
[(Γσα3(ε)+εbσα)ηα+ (Γ3

α3(ε)− 1

e
∂αe)η3 −εx3Γ

σ
α3(ε)θσ]. (7.10)

Using the relations (6.8)-(6.11) we have

||1

ε
eα||3(ε)(v(ε))||20,Ω ≤C (||ηα||20,ω+||η3||21,ω) (7.11)

Clearly

u3||3(ε)(v(ε)) = 0 (7.12)

Let Wl denote the collection of all l-dimensional subspaces of VF (ω).

The map Aε : VF (ω) →V (Ω) defined by

Aε(η) = υε(η). (7.13)

is one-one for sufficiently small ε. Thus if W ∈Wt , then Aε(W ) ∈ Vl . Consequently, we have

ξl (ε) ≤ min
W ∈Wl

max
η∈W \{0}

Rε(υε(η)). (7.14)

We have, ∫
Ω

(υε(η))i
√

g (ε)d x ≥ g0

∫
Ω

(υε(η))i (υε(η))i d x (7.15)

= 2g0

∫
ω
η2

3dω+ g0
∑
α

∫
Ω

[ηα−εx3(∂αη3 +2ebσαησ−
2

e
∂αeη3)]2d x

≥ 2g0

∫
ω
ηiηi dω. (7.16)
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for sufficienlty smal ε. Using the symmetries of Ai j kl (ε), the fact that Aαβσ3(ε) = Aα333(ε) = 0, we have

1

ε2

∫
Ω

Ai j kl (ε)ek||l (ε)(υε(η))ei || j (ε)(υε(η))
√

g (ε)d x

=
{∫

Ω
Aαβστ(ε)

[
1

ε
eστ(ε)(υε(η))

][
1

ε
eα||β(ε)(υε(η))

]√
g (ε)d x

+ 4
∫
Ω

Aα3σ3(ε)

[
1

ε
eσ||3(ε)(υε(η))

][
1

ε
eα||β(ε)(υε(η))

]√
g (ε)d x

}
. (7.17)

By virtue of relations (7.9)-(7.12) above and the Cauchy-Schwarz inequality, we get

1

ε2

∫
Ω

Ai j kl (ε)ek||l (ε)(υε(η))ei || j (ε)(υε(η))
√

g (ε)d x

≤ C

[∑
α,β

||ραβ(η)||0,ω+ε
(∑
α
||ηα||0,ω+||η3||1,ω

)]2

+
(∑
α
||ηα||0,ω+||η3||1,ω

)2

≤ C

[∑
α,β

||ραβ(η)||20,ω+
∑
α
||ηα||20,ω+||η3||21,ω

]

≤ C

[∑
α,β

||ραβ(η)||20,ω

]
(7.18)

Hence

Rε(υε(η)) ≤C

∑
α,β

||ραβ(η)||20,ω∑
i
||ηi ||20,ω

≤C

∫
ω aαβστραβ(η)ρστ(η)dω∫

ωη
2
i dω

(7.19)

where

aαβστ = 4τµ

λ+2µ
aαβaστ+2µ(aασaβτ+aαταασ). (7.20)

Thus ξl (ε) ≤Cκl , where κl is the l − th eigenvalue of the two dimensional problem: find (ζ,κ) such that∫
ω

aαβστραβ(ζ)ρστ(η)dω= κ
∫
ω
ζηdω, ∀ η ∈VF (ω) (7.21)

8. Limit Problem

Theorem 8.1.
a) For each positive integers there exists a subsequence (still indexed by ε) such that

ul (ε) → ul in H 1(Ω), ξl (ε) → ξl (8.1)

b) ul is independent of x3, ul = 1
2

∫ 1
−1 ul d x3 ∈ VF (ω) and (u) solves the two-dimensional eigenvalue problem for

flexural shell with variable thickness, viz; find (ζl ,ξl ) ∈VF (ω)\{0}×R such that

1

6

∫
ω

Aαβστρστ(ζl )ραβ(η)e
p

ad y = ξl
∫
ω
ζiηi e

p
ad y for all η= ηi ∈VF (ω). (8.2)

Proof. Letting v = ul (ε) in (6.4), we have

1

ε2

∫
Ω

Ai j kl (ε)ek||l (ε,ul (ε))ei || j (ε,ul (ε)
√

g (ε)d x = ξl (ε)
∫
Ω

ul
i (ε).ul

i (ε)
√

g (ε)d x

= ξl (ε). (8.3)

Using the generalized Korn’s inequality [2]∑
i
||ui ||2 ≤C

∑
i , j

||1

ε
ei || j (ε,u)||2 ∀u ∈V (Ω) (8.4)
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the coersivity relation (2.6) and the boundedness of ξl (ε) it follows that there exists a constant C such that

||ul (ε)||21,Ω ≤C
∑
i , j

||1

ε
ei || j (ε,ul (ε))||2 ≤C ∀u ∈V (Ω). (8.5)

Consequently there exists a subsequence such that ul (ε) * ul weakly in H 1(Ω) (hence strongly in L2(Ω)) and
1
ε ei || j (ε)(ul (ε)) * e1,l

i || j weakly in L2(Ω). Hence it follows from Lemma (5.2) in [2] that ul is independent of x3,

γαβ(ul ) = 0, i .e.ul ∈VF (ω) and

−∂3e1,l
α||β = ραβ(ul ). (8.6)

Claim: The limit functions e1,l
α||3 and e1,l

3||3 are related to the limit function ul by

e1,l
α||3 = 0, (8.7)

e1
3||3 =

λ

λ+µe2aαβe1
α||β. (8.8)

Let v = (vi ) be an arbitrary function in the space V (Ω). Then

εeα||β(ε)(v) → 0 in L2(Ω), (8.9)

εeα||3(ε)(v) → 1

2
∂3vα in L2(Ω), (8.10)

εe3||3(ε)(v) = ∂3v3 for all ε> 0. (8.11)

Keep v ∈V (Ω) fixed in (6.4) and letting ε→ 0 and using the above relations we obtain∫
Ω

{
2

e2µaασe1
σ||3∂3vα+ [

λ

e2 aστe1
σ||τ+

(λ+2µ)

e4 e1
3||3]∂3v3}e

p
ad x = 0 ∀ v ∈V (Ω). (8.12)

Letting v vary in V (Ω) gives relations (8.7)-(8.8).

Taking v in equation (6.4) of the form v = vε(η), η ∈VF (ω) where

(υε(η))α = ηα−εx3(∂αη3 +2ebσαησ−
2

e
∂αeη3), (8.13)

(υε(η))3 = η3. (8.14)

and passing to the limit as ε→ 0, taking into account of the relations (8.6) to (8.8) it follows that ul satisfies

1

6

∫
ω

Aαβστρστ(ul )ραβ(η)e
p

ad y = ξl
∫
ω

ul
i .ηi e

p
ad y for all η ∈VF (ω). (8.15)

The strong convergence of (ul (ε)) to ul in (H 1(Ω))3 and that these limits are the only eigenvalues of the two dimen-
sional problem can be proved as in theorem (6.1) in [15].
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