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Abstract:

The present study is carried out on the unsteady laminar heat transferable dusty fluid flow past between two parallel
Riga plates. Both the plates have been chosen stationary. The fluid is kept in motion by applying a uniform magnetic
force which is influenced by the Riga plate and by a pressure gradient force on the fluid. The governing equations are
derived from Navier-Stokes equation, Energy equation and boundary layer approximation has been employed. The
motion of the dust particles including stresses is governed by Newton’s second law. The non-dimensional equations
are solved by using an explicit finite difference method. The effects of relevant parameters on the velocity and temperature distributions as well as the shear stress and Nusselt number of clean fluid particle and dust particles have
been discussed in detail and shown graphically.
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1. Introduction
Studies connected to flow and heat transfer of dusty fluids along parallel plates are highly effective in the fields
of environmental pollution, fluidization, combustion, petroleum, polymer and geophysical procedures, refrigeration,
polluted soil, air and water, dust or fumes in the gas cooling system, in agriculture, crude oil purifying, polymer technology and dye systems. Riga plate is the combination of electrodes and permanent magnets that create a plane
surface instead of polarity and magnetization. This order produces the electromagnetic hydrodynamic fluid behavior and minimizes the friction and pressure drug. Gailitis and Leilausis(1961) are pioneers of the Riga plate where
the plate generates a wall paralleled Lorentz force to control the fluid flow. When the most important feature of the
Greenberg-term appears, many writers are interested in working on the Riga plate. Pantokratoras and Magyari [2]
proposed an electromagnetic actuator or Riga plate of an electro-magneto hydrodynamic free convection flow of a
conducting fluid. Wahidunnisa et al. [3] studied on the heat source of nanofluid flow through a Riga plate with viscous
dissipation. Anjum et al. [4] explained the thermally stratified viscous fluid with stagnation point flow dominated by
a variable thicked non-linear Riga plate. Ahmad [5] studied the effect of the Powell - Eyring and Reiner-Phillipoff fluid
flow on the Riga plate. The characteristics of nano fluid boundary layer flow occupied with a Riga plate is concerned
by Hayat et al. [6]. Iqbal et al. [7] and [8] investigated an electrically conducting Riga-plate on viscous nanofluid with
the reach of viscous dissipation and thermal radiation and melting heat. They proposed the erratic thickness of the
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Nomenclature:
( ’∧’ on variable means dimensional quantities)
û
v̂
ŵ
û p
v̂ p
ŵ p
p̂
t̂
υ
κ
mp
ρ
ρp
cs
k
cp
h
Ĵ
B̂
a
T̂
T̂ p
T̂1
T̂2
u
up
α
θ
θp
β
Hr
R
G
Pr
Ec
L0
t
∆t
K
N
γT
τL
τpL
τA
τp A
N uL
N u pL
NuA
N up A

clean fluid velocity component along x̂ -axis
clean fluid velocity component along ŷ - axis
clean fluid velocity component along ẑ - axis
dust particle velocity component along x̂ -axis
dust particle velocity component along ŷ -axis
dust particle velocity component along ẑ -axis
pressure on the fluid
time
kinematic viscosity of the clean fluid
permeability of the porous medium
average mass of the of dust particle
density of clean fluid
material density of dust particle
specific heat capacity
thermal conductivity of the fluid
specific heat at constant pressure
height
current density
induced magnetic field vector
average radius of the of dust particle
temperature of the fluid
temperature of the dust particle
temperature of the lower plate
temperature of the lower plate
clean fluid velocity component along x -axis
dust particle velocity component along x -axis
pressure gradient
temperature of the clean fluid
temperature of the dust particle
stresses coefficient
modified Hartmann number
fluid concentration parameter
particle mass parameter
Prandtl number
Eckert number
Relaxation time parameter.
time
time increment
Stokes constant = 6πρυa
number of dust particles per unit volume
temperature relaxation time
local shear stress of clean fluid
local shear stress of dust particle
average shear stress of clean fluid
average shear stress dust particle
local Nusselt number of clean fluid
local Nusselt number of dust particle
average Nusselt number of clean fluid
average Nusselt number of dust particle

stagnation point flow over the Riga plate. Ayub et al. [9] examined the effect of EMHD nanofuid flow along a Riga
plate. Ahmed et al. [10] are conferred on the mixed convection boundary layer flow along a vertical Riga plate in the
presence of strong suction of a nanofluid. Ghulam Rasool et al. [11-12] investigated the effect of a chemical reaction
on the Marangoni flow of the convective flow of nanofluids in the presence of Lorentz force and thermal radiation.
Also, they have studied on the second grade of nanofluidic flow past a provocative heated vertical Riga plate.
Dusty fluid flows have a special two-phase nature that the fluid mixed with dust. When raindrops have been fallen
then the combination of small dust particles in the air with water, extraction of oil and gas from the ground are the
perfect examples of dusty fluids. Last few years (2014-2019) many authors have been analyzed the phenomenon of
dust particles of Newtonian and non-Newtonian fluids with or without heat transfer between parallel plates [13–17].
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Eguia et al. [18] achieved an accurate prediction of the flow and heat transfer of dusty fluid flow between parallel plates
influence of a magnetic field. Hazarika and Hazarika [19] investigated the dusty fluid flow along a moving plate with
thermal conductivity and variable viscosity. Dusty fluid flow along a channel with a magnetic field also has significant
applications in engineering, chemical industry, purification air and oil, wear systems, pumps and generators [20–22].
The authors [23–25] studied on the dusty fluid with heat transfer on the stretching surface for a wide range of uses
in engineering, industrial and chemical processing, in air conditioning, refrigeration and nuclear reactors. Yabo et
al. [26] considered the unsteady free convection Couette flow with the effect of the transverse magnetic field and the
thermal radiation. Ismail et al. [27] examined the MHD dusty fluid flow between parallel porous plate with the effect of
a transverse magnetic field. Srivastava and Khare [28] prescribed the effect of heat and mass transfer of an electrically
conducting incompressible fluid between two parallel plates in the presence of a magnetic field.
From the above discussion, it concludes that no author has given any idea about the Riga plate with dusty fluid.
Our aim is the flow of dusty fluid between two parallel Riga plates set in a porous medium is investigated numerically
and the behavior of the flow properties is discussed and presented graphically.

2. Problem formulation
Let us consider an unsteady incompressible laminar flow of viscous dusty fluid between two horizontal parallel
Riga plates embedded in a porous medium. Let both the plates is kept stationary, the lower plate is rest at ŷ = −h
while the upper plate at ŷ = h . The direction of the flow be taken along the x− axis, the ŷ− axis is perpendicular to
the flow and width of the plates parallel to the x̂ ẑ− plane. The fluid is kept in motion by applying a pressure gradient
∂p̂
force ∂x̂ , also a uniform magnetic force is applied on the fluid, which is influenced by the Riga plate. The velocity
components v̂ and ŵ are zero everywhere at the plate. For dust particle, v̂ p and ŵ p are also zero everywhere. Consider
the plate is long enough in x− direction and the fluid motion is two dimensional. But the continuity equation reduces
∂û p

to for the fluid phase ∂∂ûx̂ = 0 ⇒ û = û( ŷ, t̂ ) and for dust phase ∂x̂ = 0 ⇒ û p = û p ( ŷ , t̂ ) . The two plates are fixed at
two constant temperatures; T̂1 for the lower and T̂2 for the upper plate, where T̂2 > T̂1 . The physical model is shown
in Fig.1.

Fig. 1.

Due the Riga plate, the Lorentz force f¯ = Ĵ ∧ B̂ ≈ σ(Ê ∧ B̂) is defined
as magnetic force. According
to the Grinberg
³
´
π
π
− πl ŷ
− πl ŷ
¯
hypothesis this magnetic forces is defined as follows: f = Ĵ ∧ B̂ = J 0 M 0 e
, 0 , J 0 M0 e
8

8

Under the consideration of above assumptions, and also applying Boussinesq approximation on the fluid, the dimensional forms of the momentum and energy equations for the clean fluid and the dust particle are reduced to the
equations as follows:
∂û
∂t̂

mp

∂T̂
∂t̂

=−

∂û p
∂t̂

=

π
1 ∂p̂
∂2 û
π
1
υ
+υ 2 +
J 0 M 0 e − l ŷ − K N (û − û p ) − û
ρ ∂x̂
∂ ŷ
8ρ
ρ
κ

(1)

= K N (û − û p )

(2)

µ ¶
¢ υ ∂û 2
ρp cs ¡
k ∂2 T̂
−
T̂
−
T̂
+
p
ρc p ∂ ŷ 2 ρc p γT
c p ∂ ŷ

(3)
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∂T̂ p

=

∂t̂

1
(T̂ − T̂ p )
γT

(4)

The corresponding boundary conditions are
û = 0, û p = 0, T̂ = T̂1 , T̂ p = T̂1 at ŷ = −h
û = 0, û p = 0, T̂ = T̂2 , T̂ p = T̂2 at ŷ = h

¾
(5)

where, û, v̂, ŵ are the clean fluid velocity components, û p , v̂ p , ŵ p are the dust particles velocity components, υ is the
kinematic viscosity of the clean fluid, κ is the permeability of the porous medium, Ĵ = (J x , J y , J z ) is the current density,
B̂ = (B x , B y , B z ) is the induced magnetic field vector, N is the number of dust particles per unit volume, K is the Stokes
constant = 6πρυa ; a is the average radius of the of dust particles, m p is the average mass of the of dust particles,
ρ p is the material density ( or mass per unit volume) of dust particles, c s is the is the specific heat capacity of the
particles, T is the temperature of the fluid, T p is the temperature of the dust particles, k is thermal conductivity of the
fluid, c p is the specific heat capacity at constant pressure, γT is the temperature relaxation time which may defined by
γT =

ρp cs
4kπaN

3ρυρ p c s
2kK N

or

as the energy equation (3) leads to the equation:

µ ¶
¢ υ ∂û 2
k ∂2 T̂
2kK N ¡
=
−
T̂ − T̂ p +
ρc p ∂ ŷ 2 3ρ 2 c p υ
c p ∂ ŷ
∂t̂

∂T̂

(6)

The dust particles motion including stresses, Newton’s second law (2) gives the following form:
mp

∂û p
∂t̂

= µp

∂2 û p
∂ ŷ 2

+ K N (û − û p )

(7)

Now introducing the non-dimensional variables are as follows:
x=
p=

π
l

x̂ ,

y=

l 2 p̃

π2 ρυ2

,

π
l

t=

ŷ ,
π2 υ
l2

l
up
πυ û,
T̂ −T̂1
θ=
,
T̂2 −T̂1

u=
t̂ ,

l
πυ û p ,
T̂ p −T̂1
θp =
T̂ −T̂

=

2

1

,

Applying these into the above equations, yields
∂u
∂2 u
u
= α+
+ Hr e −y − R (u − u p ) −
2
∂t
∂y
K
∂u p
∂t

=β

∂2 u p
∂y 2

+

¢
1 ¡
u − up
G

(8)
(9)

µ ¶2
¢
∂θ
1 ∂2 θ 2R ¡
∂u
=
−
θ
−
θ
+
E
p
c
∂t
P r ∂y 2 3P r
∂y
¡
¢
∂θp
= L 0 θ − θp
∂t

(10)
(11)

The corresponding boundary conditions are
u = 0, u p = 0, θ = 0, θp = 0 at y = −h
u = 0, u p = 0, θ = 1, θp = 1 at y = h

¾

where,
∂p
α = − ∂x is the dimensionless pressure gradient;

µp
m p υ = Dimensionless stresses coefficient per unit volume;
l 3 J 0 M0
Hr = 8ρυ
2 π2 = Modified Hartmann Number;
K Nl2
R = ρυπ2 = Fluid concentration parameter;
m p υπ2
G = K l 2 = Particle mass parameter;
ρc p υ
P r = k = Prandtl number;
2 2
E c = c l 2υ(T̃π−T̃ ) = Eckert number
p
2
1
2
L 0 = υπl2 γ = Temperature relaxation time parameter.
T

β=

(12)
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3. Method of solution
The explicit finite difference method has been applied to solve the non-dimensional coupled partial differential
equations (8)-(11) together with associated boundary conditions (12). It is considered maximum length of the plate is
x max (= 15) and distance between the plates h = 2 i.e. y max = 1 as the lower plate is fixed at y min = −1 . This means x
varies from 0 to 15 and y varies from −1 to 1 . The finite difference schemes for the problems are as follows:
Uik+1
−Uik, j
,j
∆t

= α+

Up ik+1
−U p ik, j
,j
∆t
Θk+1
− Θki, j
i,j
∆t

∆t

∆y 2
Ã

=β

1
=
Pr

Θp ik+1
− Θp ik, j
,j

Uik, j +1 − 2Uik, j +Uik, j −1

Ã

+ Hr e −y i − R (Uik, j −Up ik, j ) −

Up ik, j +1 − 2Up ik, j +Up ik, j −1

!

∆y 2
Θki, j +1 − 2Θki, j + Θki, j −1
∆y 2

!

+

Uik, j
K

´
1 ³ k
Ui , j −Up ik, j
G

Ã k
!2
´
Ui , j −Uik, j −1
2R ³ k
k
−
Θi , j − Θp i , j + E c
3P r
∆y

³
´
= L 0 Θki, j − Θp ik, j

with boundary conditions
Ui ,L = 0, U p i ,L = 0, Θi ,L = 0 , Θp i ,L = 0 at L = −1
Ui ,L = 0, U p i ,L = 0, Θi ,L = 1, Θp i ,L = 1 at L = 1
Shear stresses, Nusselt number and Sherwood number: The effects of pertinent parameters on the local and average
shear stress from the velocity of fluid phase and dust particle phase have investigated. The
non-dimensional form
of
¯
¯
R
¯
1 L ∂u ¯
and
τ
=
d
the local and average shear stress for the fluid phase are given by the relations τL = µ ∂u
µ
¯
¯
A
∂y y=0
L 0
∂y y=0 x
¯
¯
R
∂u p ¯
L ∂u p ¯
and for the dust particle are given by τpL = µ ∂y ¯
and τp A = L1 0 µ ∂y ¯ d x respectively. The rate of heat transfer
y=0

y=0

at the plate is¯ defined as the Nusselt number.
The local and average Nusselt number for the fluid phase
are given by
¯
¯
R
∂θp ¯
∂θ ¯
1 L ∂θ ¯
N u L = − µ ∂y ¯
and N u A = − L 0 µ ∂y ¯ d x and for the dust particle are given by N u pL = − µ ∂y ¯
and N u p A =
y=0
y=0
¯ y=0
R
∂θ
¯
L
p
− L1 0 µ ∂y ¯ d x respectively.
y=0

4. Results and Discussions
relevant non-dimensional parameters namely pressure gradient parameter (α) , the dimensionless stresses parameter (β) , modified Hartmann number (Hr ) , fluid concentration parameter (R), particle mass parameter (G) , Eckert
number (E c ) , Prandtl number (P r ) and temperature relaxation time parameter ( L 0 ) on the non-dimensional velocity
u (oru p ) and temperature θ (orθp ) . The effects of those parameters on some necessary profiles are investigated with
the fixed values of α = 1, β = 1, K = 1.0 , Hr = 1.0 , R = 0.5 , G = 0.5 , E c = 0.01 , P r = 7.0 , L 0 = 0.8 .
Steady-state solution: To get steady-state solutions, distributions need to be shown for different periods of
time. The fluid velocity distribution u and dust particle temperature θp have described for different time τ , which are
illustrated in Fig.2(a) and Fig.2(b). The computations have been found for the different time such as τ = 1, 2, 3, 4, 5, 6
for u and time τ = 8, 12, 16, 18, 19, 20 for θp with the time step ∆t = 0.0005 . There is negligible change between
time τ = 2 and τ = 3 for u and between τ = 18 and τ = 20 for θp . Fig.2 (c) depicts the validity of the grid pairs on the
temperature θ . The velocity distribution for three grid pairs (m , n) = (40 , 40) , (m , n) = (50 , 50) and (m , n) = (60 , 60)
with time τ = 20 and time step ∆t = 0.0005 . There is also negligible change among these grid pairs so that anyone
grid pair is acceptable to find the steady-state solution. It has seen the same situation for the other distributions.
The steady-state solution has performed at least τ > 2 for velocity and at least τ > 20 for temperature. In the present
analysis, the following graphs have established for the choice of time τ = 20 with the grid pair (m , n) = (50 , 50) and
time step ∆t = 0.0005 .
Effects of various parameters: It is mentioned that in each figure of Figs.3-12, the solid line plot has indicated
the distribution for the fluid phase and the dotted line plot has indicated the distribution for the dust particle phase.
The effects of the dimensionless pressure gradient α on the velocity for fluid and dust particles, which are shown
in Figs.3(a)-(c). The velocity u (oru p ) has increasing effect with the increase of α over the entire width between the
plates. The same situation occurred for the local and average shear stress on the clean fluid and dust particles, which
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(b) Time sensitivity on θp

(a) Time sensitivity on u

(c) Mesh sensitivity on θ

Fig. 2.

have shown in Figs.3 (b) and (c) respectively. It has shown from figures that the velocities of the clean fluid particles
faster than dust particles and the maximum velocities have occurred in the central line direction.
Figs.4(a)-(c) illustrate the effects of dimensionless stress parameter β on velocity u (oru p ) , local shear stress τL
(orτpL ) and on the average shear stress τ A (orτp A ) respectively. Fig.4(a) shows that both the velocities have decreasing
effect with the increase of β over the entire width between the plates. On the other hand the local (and average) shear
stress on the clean fluid and dust particle both have decreasing effect with the increase of β which have shown in
Figs.4(b) and (c) respectively
Figs.5(a)-(c) depict the variations on the velocity u (oru p ) , local shear stress τL (orτpL ) and on the average shear
stress τ A (orτp A ) with the effect of modified Hartmann number Hr respectively. It has shown that u, τL and τ A are all
increased with the increase of Hr . Also u p , τpL and τp A of the dust particle are increased with the increase of Hr .
Figs.6(a)-(c) influence the effects of fluid concentration parameter R on the velocity u (oru p ) , local shear stress τL
(orτpL ) and on the average shear stress τ A (orτp A ) respectively. It has displayed that u, τL and τ A decreases with the
increase of R . The dust particle has also shown the same behavior. But dust particle velocity slower than clean fluid
particle.
Figs.7(a)-(c) indicate the variations with particle mass parameter G on the velocity u (oru p ) , local shear stress τL
(orτpL ) and on the average shear stress τ A (orτp A ) respectively. It has seen that u, τL and τ A are all decreased with the
increase of G . For the dust particle, they have shown the same results. Here is also the dust particle velocity slower
than clean fluid particle.
The variations of the porous parameter K on the velocity u (oru p ) , local shear stress τL (orτpL ) and on the average
shear stress τ A (orτp A ) are presented in Figs.8(a)-(c). Higher values of G displayed the higher velocities u, local shear
stress τL and average shear stress τ A . Dust particle has given that the same results.
Figs.9-12 present the influence of the temperature distribution, shear stress and Nusselt number for the different
values of E c , G , L 0 and P r . Fig.9(a) shows that temperature increases with increase of E c for both fluid and dust
particle. Local and average Nusselt number has decreasing effect with increase of E c , which are shown in Fig.9(b) and
Fig.9(c) respectively.
The effect of G on θ (orθp ) has shown in Fig.10(a). The temperature θ (orθp ) decreases but it has very minor effect
on P r . It’s clear effects has shown in the zoom box keep in Fig.10(a). As well as its corresponding local and average
Nusselt number has increasing effect, which are displayed in Fig.10(b) and Fig.10(c).
Fig.11(a) and Fig.12(a) depicts that increase in L 0 and P r the temperature θ (orθp ) has very minor increasing behavior. The attached zoom figures have shown its clear variations. Its corresponding local Nusselt number N u L (orN u pL )
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(b) Effect of α on τL (orτpL )

(c) Effect of α on τ A (orτp A )

Fig. 3.

is illustrated in Fig.11(b) and Fig.12(b). It is observed from both figures that local Nusselt number decreases with the
increase of L 0 and P r respectively.
Also the average Nusselt number N u A (orN u p A ) decreases with L 0 , while it increases with a fixed number of time
step thereafter it has decreasing effect until steady-state solution with the increase of P r , which are illustrated in
Fig.11(c), Fig.12(c).

5. Conclusions
It is concluded that the fluid particle is faster than the dust particle and they are likely parallel to each other. To
reaches a steady-state solution the velocity is faster than the temperature. The velocity of the dust particle does not
coincide with a fluid particle at a steady-state situation but the temperature of them is in equilibrium after a certain
time step. Others some important findings are described as follows:
• The velocities u and u p are risen with the increase of α , Hr and K , while it has decreasing effects with the
increase of β , R and G .
• The temperature θ and θp increases with increase of E c , L 0 and P r , while it has decreasing effect with G .
• The same effects of velocities have found for the local and average shear stress of both fluid and dust particle.
• But for the temperature the thermal boundary layer thickness as well as heat transfer rate at the plate have
shown the reverse effects of temperature distribution for both fluid and dust particle.
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(a) Effect of β on u (oru p )

(b) Effect of β on τL (orτpL )

(c) Effect of β on τ A (orτp A )

Fig. 4.

(b) Effect of Hr on τL (orτpL )

(a) Effect of Hr on u (oru p )

(c) Effect of Hr on τ A (orτp A )

Fig. 5.
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(b) Effect of R on τL (orτpL )

(a) Effect of R on u (oru p )

(c) Effect of R on τ A (orτp A )

Fig. 6.

(b) Effect of G on τL (orτpL )

(a) Effect of G on u (oru p )

(c) Effect of G on τ A (orτp A )

Fig. 7.
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(b) Effect of K on τL (orτpL )

(a) Effect of K on u (oru p )

(c) Effect of K on τ A (orτp A )

Fig. 8.

(a) Effect of E c on θ (orθp )

(b) Effect of E c on Nu L (orNu pL )

(c) Effect of E c on Nu A (orNu p A )

Fig. 9.
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(a) Effect of G on θ (orθp )

(b) Effect of G on Nu L (orNu pL )

(c) Effect of G on Nu A (orNu p A )

Fig. 10.

(a) Effect of L 0 on θ (orθp )

(b) Effect of L 0 c on Nu L (orNu pL )

(c) Effect of L 0 on Nu A (orNu p A )

Fig. 11.
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(a) Effect of P r on θ (orθp )

(b) Effect of P r on Nu L (orNu pL )

(c) Effect of P r on Nu A (orNu p A )

Fig. 12.
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