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1. Introduction and Preliminaries: Generalized Fibonacci Polynomials

The generalized Fibonacci polynomials (or Horadam polynomials or x-Horadam numbers or generalized
(r (x), s(x))-polynomials or (r (x), s(x)) Horadam polynomials or 2-step Fibonacci polynomials)

{Wn(W0,W1;r (x), s(x))}n≥0

(or {Wn(x)}n≥0 or shortly {Wn}n≥0) is defined as follows:

Wn(x) = r (x)Wn−1(x)+ s(x)Wn−2(x), W0(x) = a(x),W1(x) = b(x), n ≥ 2 (1)

where W0(x),W1(x) are arbitrary complex (or real) polynomials with real coefficients and r (x) and s(x) are polynomials
with real coefficients with r (x) 6= 0, s(x) 6= 0.

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n(x) =− r (x)

s(x)
W−(n−1)(x)+ 1

s(x)
W−(n−2)(x)

for n = 1,2,3, ... when s(x) 6= 0. Therefore, recurrence (1) holds for all integers n. Note that W−n(x) need not to be a
polynomial in the ordinary sense. For more details on generalized Fibonacci (Horadam) polynomials, see [10]. For
some references on special cases of Horadam polynomials see [3–5, 9, 16, 17] for papers and [1, 2, 6–8, 11, 15] for
books.
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Binet’s formula of generalized Fibonacci (Horadam) polynomials can be calculated using its characteristic equation
(the quadratic equation, polynomial) which is given as

y2 − r (x)y − s(x) = 0. (2)

The roots of characteristic equation are

α(x) :=α= r (x)+
√

r 2(x)+4s(x)

2
, β(x) :=β= r (x)−

√
r 2(x)+4s(x)

2
, (3)

Now, we define two special cases of the polynomials Wn(x). (r (x), s(x))-Fibonacci polynomials
{Gn(0,1;r (x), s(x))}n≥0 (or shortly Gn(x)) and (r (x), s(x))-Lucas polynomials {Hn(2,r (x);r (x), s(x))}n≥0 (or shortly
Hn(x)) are defined, respectively, by the second-order recurrence relations

Gn+2(x) = r (x)Gn+1 + s(x)Gn(x), G0(x) = 0,G1(x) = 1, (4)

Hn+2(x) = r (x)Hn+1 + s(x)Hn(x), H0(x) = 2, H1(x) = r (x). (5)

The (sequences of polinomials) {Gn(x)}n≥0 and {Hn(x)}n≥0 can be extended to negative subscripts by defining

G−n(x) = − r (x)

s(x)
G−(n−1)(x)+ 1

s(x)
G−(n−2)(x),

H−n(x) = − r (x)

s(x)
H−(n−1)(x)+ 1

s(x)
H−(n−2)(x),

for n = 1,2,3, ... respectively. Therefore, recurrences (4) and (5) hold for all integers n.
NOTE: For the sake of simplicity throughout the rest of the paper, we use

Wn ,r, s,W0,W1,α,β,Gn , Hn ,G0,G1, H0, H1

instead of

Wn(x),r (x), s(x),W0(x),W1(x),α(x),β(x),Gn(x), Hn(x),G0(x),G1(x), H0(x), H1(x),

respectively, unless otherwise stated. . For example, we write

Wn = r Wn−1 + sWn−2, W0 = a,W1 = b, n ≥ 2

for the equation (1).
Using the roots α,β and recurrence relation (1), Binet’s formula can be given as follows:

Theorem 1.1 ( [10], Theorem 2).
The general term of the generalized Fibonacci (Horadam) polynomials Wn can be presented by the following Binet’s
formula:

Wn =


W1 −βW0

α−β
αn − W1 −αW0

α−β
βn , if α 6=β (Distinct Roots Case)

(nW1 −α (n −1)W0)αn−1 , if α=β (Single Root Case)
(6)

=


W1 −βW0

α−β
αn − W1 −αW0

α−β
βn , if α 6=β (Distinct Roots Case)

(nW1 − r
2 (n −1)W0)

( r
2

)n−1 , if α=β (Single Root Case)
.

2. Simson’s Formulas of Fibonacci Polynomials

The following theorem gives Simson’s formula of the generalized Fibonacci polynomials {Wn}.

Theorem 2.1 (Simson Formula of Generalized Fibonacci (Horadam) Polynomials [10], Theorem 5).
For all integers n, we have∣∣∣∣ Wn+1 Wn

Wn Wn−1

∣∣∣∣= (−1)n sn
∣∣∣∣ W1 W0

W0 W−1

∣∣∣∣ . (7)
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Note that (7) can be written as∣∣∣∣ Wn+m+1 Wn+m

Wn+m Wn+m−1

∣∣∣∣= (−1)n+m sn+m
∣∣∣∣ W1 W0

W0 W−1

∣∣∣∣
for all integers n,m.

Note also that∣∣∣∣ W1 W0

W0 W−1

∣∣∣∣= ∣∣∣∣ W1 W0

W0
1
s (W1 − r W0)

∣∣∣∣
since

W−1 = 1

s
(W1 − r W0).

We define

ΛW (n) =W 2
n+1 − sW 2

n − r WnWn+1.

Then

ΛW (0) =W 2
1 − sW 2

0 − r W0W1. (8)

Simson’s formulas of Wn ,Gn Hn can be given in the following forms.

Lemma 2.1.
For all integers n, we have

(a) ΛW (n) = (−1)n snΛW (0), i.e.,

(W 2
n+1 − sW 2

n − r WnWn+1) = (−1)n sn(W 2
1 − sW 2

0 − r W0W1). (9)

(b) ΛG (n) = (−1)n snΛG (0) = (−1)n sn , i.e.,

(G2
n+1 − sG2

n − rGnGn+1) = (−1)n sn . (10)

(c) ΛH (n) = (−1)n snΛH (0) = (r 2 +4s)(−1)n+1sn , i.e.,

(H 2
n+1 − sH 2

n − r Hn Hn+1) = (r 2 +4s)(−1)n+1sn . (11)

Proof.

(a) Note that (7) can be written in the following form:∣∣∣∣ Wn+1 Wn

Wn
1
s (Wn+1 − r Wn)

∣∣∣∣ = (−1)n sn
∣∣∣∣ W1 W0

W0
1
s (W1 − r W0)

∣∣∣∣
= (−1)n sn × 1

s
(W 2

1 − sW 2
0 − r W0W1)

= (−1)n sn−1(W 2
1 − sW 2

0 − r W0W1)

= (−1)n sn−1ΛW (0)

since

Wn = r Wn−1 + sWn−2,

Wn+1 = r Wn + sWn−1 ⇒Wn−1 = 1

s
(Wn+1 − r Wn),

W−1 = 1

s
(W1 − r W0).

Note also that ∣∣∣∣ Wn+1 Wn

Wn
1
s (Wn+1 − r Wn)

∣∣∣∣ = 1

s
(W 2

n+1 − sW 2
n − r WnWn+1)

⇒
1

s
(W 2

n+1 − sW 2
n − r WnWn+1) = (−1)n sn−1ΛW (0)

⇒
(W 2

n+1 − sW 2
n − r WnWn+1) = (−1)n sn(W 2

1 − sW 2
0 − r W0W1).

So we get the identity (9).



26 Sums and Generating Functions of Generalized Fibonacci Polynomials via Matrix Methods

(b) Since

ΛG (0) =G2
1 − sG2

0 − rG0G1 = 1,

we get the identity (10).

(c) Since

ΛH (0) = H 2
1 − sH 2

0 − r H0H1 =−(r 2 +4s),

we get the identity (11). �
We will use the identities (9), (10) and (11) in the following sections.

3. Generalized Fibonacci Polynomials by Matrix Methods

In this section, we present matrix representations of the sequences Wn ,Gn and Hn . We also introduce Simson
matrix and investigate its properties.

3.1. Matrix Representations of the Sequences Wn ,Gn and Hn

In the next theorem, we find the Binet’s formulas of Wn ,Gn and Hn by matrix method with other results.

Theorem 3.1.
For all integers m,n, we have

(a)

(i) Bn = An , i.e.,(
r s
1 0

)n

=
(

Gn+1 sGn

Gn sGn−1

)
.

(ii) if r 2 +4s 6= 0, i.e., α 6=β then(
r 2s
2 −r

)(
r s
1 0

)n

=
(

Hn+1 sHn

Hn sHn−1

)
,

i.e., (
r s
1 0

)n

=
(

r 2s
2 −r

)−1 (
Hn+1 sHn

Hn sHn−1

)
,

that is, (
r s
1 0

)n

= 1

r 2 +4s

(
r 2s
2 −r

)(
Hn+1 sHn

Hn sHn−1

)
= 1

r 2 +4s

(
r Hn+1 +2sHn r sHn +2s2Hn−1

2Hn+1 − r Hn 2sHn − r sHn−1

)
,

and if r 2 +4s = 0, i.e., α=β then(
r s
1 0

)n

=
( 1

2α (n +1) Hn+1 − 1
2αnHn

1
2

n
αHn − 1

2α(n −1)Hn−1

)
.

(iii)

(−W 2
1 + sW 2

0 + r W1W0)

(
r s
1 0

)n

=
(

(−W1 + r W0)Wn+1 + sW0Wn s(W0Wn+1 −W1Wn)
W0Wn+1 −W1Wn −W1Wn+1 + (r W1 + sW0)Wn

)
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i.e.,

(
r s
1 0

)n

=

(
(W1 − r W0)Wn+1 − sW0Wn −s(W0Wn+1 −W1Wn)

−W0Wn+1 +W1Wn W1Wn+1 − (r W1 + sW0)Wn

)
W 2

1 − sW 2
0 − r W1W0

=

 −Wn+1 (W1 − r W0)− sW0Wn

sW 2
0 + r W0W1 −W 2

1

s
W0Wn+1 −W1Wn

sW 2
0 + r W0W1 −W 2

1
W0Wn+1 −W1Wn

sW 2
0 + r W0W1 −W 2

1

−W1Wn+1 −Wn (r W1 + sW0)

sW 2
0 + r W0W1 −W 2

1


where

−W 2
1 + sW 2

0 + r W0W1 =
∣∣∣∣ W0 W1

W1 r W1 + sW0

∣∣∣∣= ∣∣∣∣ W0 W1

W1 W2

∣∣∣∣ .

(b)

An =Gn A+ sGn−1I ,

i.e.,

An =Gn A+ (Gn+1 − rGn)I ,

that is

An =Gn+1I +Gn(A− r I ),

where

I =
(

1 0
0 1

)
.

Proof.

(a) Proof are given in [10].

(b) Proof can be given by mathematical induction. But, we present a direct proof as follows. By using (a) (i), we get

Gn A+ sGn−1I = Gn

(
r s
1 0

)
+ sGn−1

(
1 0
0 1

)
=

(
rGn + sGn−1 sGn

Gn sGn−1

)
=

(
Gn+1 sGn

Gn sGn−1

)
= An .

Note that since sGn−1 = (Gn+1 − rGn), we obtain

An =Gn A+ (Gn+1 − rGn)I .

Then, after rearranging we get

An =Gn+1I +Gn(A− r I ). �

We need the following theorem.

Theorem 3.2 ((Honsberger’s Identity)[10]).
For all integers m,n we have

Wn+m =WnGm+1 + sWn−1Gm . (12)

Now, we present some consequences of the last theorem.
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Corollary 3.1.
For all integers m,n, j , we have the following properties:

Wmn+ j = W j+1Gmn + sW j Gmn−1, (13)

Gmn+ j = G j+1Gmn + sG j Gmn−1, (14)

Hmn+ j = H j+1Gmn + sH j Gmn−1, (15)

i.e.,

Wmn+ j = W j Gmn+1 + (W j+1 − r W j )Gmn , (16)

Gmn+ j = G j Gmn+1 + (G j+1 − rG j )Gmn , (17)

Hmn+ j = H j Gmn+1 + (H j+1 − r H j )Gmn . (18)

Proof. If we make the following changes

n ⇔ a

m ⇔ b

in (12), i.e.,

Wn+m =WnGm+1 + sWn−1Gm ,

we get

Wa+b =WaGb+1 + sWa−1Gb (19)

Now, if we make the following changes

a ⇔ j +1

b ⇔ mn −1

in (19), we obtain

Wmn+ j =W j+1Gmn + sW j Gmn−1. (20)

It follows that

Wmn+ j =W j Gmn+1 + (W j+1 − r W j )Gmn (21)

since

Gmn+1 = rGmn + sGmn−1

i.e.,

sGmn−1 =Gmn+1 − rGmn .

To complete the proof, set Wn =Gn and Wn = Hn in identities (20) and (21), respectively. �
We also need the following Remark in the sequel.

Remark 3.1.
(13) can be written it the following forms:

Wmn+ j+1 = W j+1Gmn+1 + sW j Gmn , (22)

Wmn+ j = W j Gmn+1 + sW j−1Gmn , (23)

Wmn+ j−1 = W j Gmn + sW j−1Gmn−1, (24)

For (22), first replace j with j +1 and then use the identities (by definition)

sGmn−1 = Gmn+1 − rGmn ,

W j+2 = r W j+1 + sW j ,

in (13).
For (23), replace

sGmn−1 = Gmn+1 − rGmn ,

W j+1 = r W j + sW j−1,

in (13).
For (24), just replace j with j −1 in (13).
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3.2. Simson Matrix and its Properties

For n ∈Z, we define

fW (n) =
(

Wn+1 Wn

Wn Wn−1

)
.

We call this matrix as Simson matrix of the sequence Wn . Similarly, as special cases of Wn , Simson matrices of the
sequence Gn and Hn are

fG (n) =
(

Gn+1 Gn

Gn Gn−1

)
,

and

fH (n) =
(

Hn+1 Hn

Hn Hn−1

)
,

respectively.
Note that fW (n), fG (n) and fH (n) can be written, respectively, as

fW (n) =
(

Wn+1 Wn

Wn
1

s
(Wn+1 − r Wn)

)
,

fG (n) =
(

Gn+1 Gn

Gn
1

s
(Gn+1 − rGn)

)
,

fH (n) =
(

Hn+1 Hn

Hn
1

s
(Hn+1 − r Hn)

)
,

since

Wn−1 = 1

s
(Wn+1 − r Wn),

Gn−1 = 1

s
(Gn+1 − rGn),

Hn−1 = 1

s
(Hn+1 − r Hn).

Lemma 3.1.
For all integers n,m and j , the followings hold.

(a) fW (n) = r fW (n −1)+ s fW (n −2),i.e.,(
Wn+1 Wn

Wn Wn−1

)
= r

(
Wn Wn−1

Wn−1 Wn−2

)
+ s

(
Wn−1 Wn−2

Wn−2 Wn−3

)
.

(b) fW (n) = A fW (n −1) and fW (n) = An fW (0), i.e.,(
Wn+1 Wn

Wn Wn−1

)
=

(
r s
1 0

)(
Wn Wn−1

Wn−1 Wn−2

)
and (

Wn+1 Wn

Wn Wn−1

)
=

(
r s
1 0

)n (
W1 W0

W0 W−1

)
.

(c) fW (n +m) = An fW (m) and fW (n +m) = Am fW (n) i.e.,(
Wn+m+1 Wn+m

Wn+m Wn+m−1

)
=

(
r s
1 0

)n (
Wm+1 Wm

Wm Wm−1

)
,

and (
Wn+m+1 Wn+m

Wn+m Wn+m−1

)
=

(
r s
1 0

)m (
Wn+1 Wn

Wn Wn−1

)
,

and fW (n) = Am fW (n −m), i.e.,(
Wn+1 Wn

Wn Wn−1

)
=

(
r s
1 0

)m (
Wn−m+1 Wn−m

Wn−m Wn−m−1

)
.
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(d)

fW (mn + j ) = Amn fW ( j )

and

fW (mn + j ) = (Gn A+ sGn−1I )m fW ( j ),

i.e.,

fW (mn + j ) = (Gn A+ (Gn+1 − rGn)I )m fW ( j ).

(e) (
Wn+1 Wn

Wn Wn−1

)
=

(
Gn+1 sGn

Gn sGn−1

)(
W1 W0

W0 W−1

)
,

and (
Wn+m+1 Wn+m

Wn+m Wn+m−1

)
=

(
Gn+1 sGn

Gn sGn−1

)(
Wm+1 Wm

Wm Wm−1

)
,

and (
Wn+1 Wn

Wn Wn−1

)
=

(
Gm+1 sGm

Gm sGm−1

)(
Wn−m+1 Wn−m

Wn−m Wn−m−1

)
.

(f )

(
Wn+1 Wn

Wn Wn−1

)
=

(
(W1 − r W0)Wn+1 − sW0Wn −s(W0Wn+1 −W1Wn)

−W0Wn+1 +W1Wn W1Wn+1 − (r W1 + sW0)Wn

)
W 2

1 − sW 2
0 − r W1W0

(
W1 W0

W0 W−1

)
,

and

(
Wn+m+1 Wn+m

Wn+m Wn+m−1

)
=

(
(W1 − r W0)Wn+1 − sW0Wn −s(W0Wn+1 −W1Wn)

−W0Wn+1 +W1Wn W1Wn+1 − (r W1 + sW0)Wn

)
W 2

1 − sW 2
0 − r W1W0

(
Wm+1 Wm

Wm Wm−1

)
,

and

(
Wn+1 Wn

Wn Wn−1

)
=

(
(W1 − r W0)Wm+1 − sW0Wm −s(W0Wm+1 −W1Wm)

−W0Wm+1 +W1Wm W1Wm+1 − (r W1 + sW0)Wm

)
W 2

1 − sW 2
0 − r W1W0

(
Wn−m+1 Wn−m

Wn−m Wn−m−1

)
.

(g) if r 2 +4s 6= 0, i.e., α 6=β then

(
Wn+1 Wn

Wn Wn−1

)
= 1

r 2 +4s

(
r Hn+1 +2sHn r sHn +2s2Hn−1

2Hn+1 − r Hn 2sHn − r sHn−1

)(
W1 W0

W0 W−1

)
,

and (
Wn+m+1 Wn+m

Wn+m Wn+m−1

)
= 1

r 2 +4s

(
r Hn+1 +2sHn r sHn +2s2Hn−1

2Hn+1 − r Hn 2sHn − r sHn−1

)(
Wm+1 Wm

Wm Wm−1

)
,

and (
Wn+1 Wn

Wn Wn−1

)
= 1

r 2 +4s

(
r Hm+1 +2sHm r sHm +2s2Hm−1

2Hm+1 − r Hm 2sHm − r sHm−1

)(
Wn−m+1 Wn−m

Wn−m Wn−m−1

)
,

and if r 2 +4s = 0, i.e., α=β then(
Wn+1 Wn

Wn Wn−1

)
=

( 1
2α (n +1) Hn+1 − 1

2αnHn
1
2

n

α
Hn − 1

2α(n −1)Hn−1

)(
W1 W0

W0 W−1

)
,

and (
Wn+m+1 Wn+m

Wn+m Wn+m−1

)
=

( 1
2α (n +1) Hn+1 − 1

2αnHn
1
2

n

α
Hn − 1

2α(n −1)Hn−1

)(
Wm+1 Wm

Wm Wm−1

)
,

and (
Wn+1 Wn

Wn Wn−1

)
=

( 1
2α (m +1) Hm+1 − 1

2αmHm
1
2

m

α
Hm − 1

2α(m −1)Hm−1

)(
Wn−m+1 Wn−m

Wn−m Wn−m−1

)
.
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Proof.

(a) Use (1), i.e. Wn = r Wn−1 + sWn−2.

(b) By using the definition of Wn , i.e., Wn = r Wn−1 + sWn−2, we get

A fW (n −1) =
(

r s
1 0

)(
Wn Wn−1

Wn−1 Wn−2

)
=

(
r Wn + sWn−1 r Wn−1 + sWn−2

Wn Wn−1

)
=

(
Wn+1 Wn

Wn Wn−1

)
= fW (n).

Now, it follows that fW (n) = An fW (0).

(c) By using (b) we get

fW (n +m) = An+m fW (0) = An Am fW (0) = An fW (m).

By interchanging m and n in fW (n +m) = An fW (m), we get fW (n +m) = Am fW (n).

Then it follows that

fW (n +m) = An fW (m) ⇔ A−n fW (n +m) = fW (m)

⇔ Am fW (−m +n) = fW (n) ⇔ fW (n) = Am fW (n −m).

(d) By using Theorem 3.1 (b), i.e.,

Gn A+ (Gn+1 − rGn)I = An

and the identities in (13), (22), (23), (24) i.e.,

Wmn+ j = W j+1Gmn + sW j Gmn−1,

Wmn+ j+1 = W j+1Gmn+1 + sW j Gmn ,

Wmn+ j = W j Gmn+1 + sW j−1Gmn ,

Wmn+ j−1 = W j Gmn + sW j−1Gmn−1,

we get

(Gn A+ (Gn+1 − rGn)I )m fW ( j ) = Amn fW ( j )

=
(

Gmn+1 sGmn

Gmn sGmn−1

)(
W j+1 W j

W j W j−1

)
=

(
W j+1Gmn+1 + sW j Gmn W j Gmn+1 + sW j−1Gmn

W j+1Gmn + sW j Gmn−1 W j Gmn + sW j−1Gmn−1

)
=

(
Wmn+ j+1 Wmn+ j

Wmn+ j Wmn+ j−1

)
= fW (mn + j ).

since

An =
(

r s
1 0

)n

=
(

Gn+1 sGn

Gn sGn−1

)
.

Note that Amn fW ( j ) = fW (mn + j ) also follows from the identity fW (n +m) = An fW (m) which is given in (c), by
replacing n and m by mn and j respectively in fW (n +m) = An fW (m).

(e) Use (b), (c) and Theorem 3.1 (a) which states that

An =
(

r s
1 0

)n

=
(

Gn+1 sGn

Gn sGn−1

)
.

(f ) Use (b), (c) and Theorem 3.1 (a) (iii).
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(g) Use (b), (c) and Theorem 3.1 (a) (ii). �

Taking the determinant of both sides of the identities given in Lemma 3.1, we obtain the following Theorem.

Theorem 3.3.
For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det( fW (n +m)) = (−s)n det( fW (m)),

and

det( fW (n)) = (−s)m det( fW (n −m)),

i.e., ∣∣∣∣ Wn+m+1 Wn+m

Wn+m Wn+m−1

∣∣∣∣ = (−s)n
∣∣∣∣ Wm+1 Wm

Wm Wm−1

∣∣∣∣
= (−s)m

∣∣∣∣ Wn+1 Wn

Wn Wn−1

∣∣∣∣ ,

and ∣∣∣∣ Wn+1 Wn

Wn Wn−1

∣∣∣∣= (−s)m
∣∣∣∣ Wn−m+1 Wn−m

Wn−m Wn−m−1

∣∣∣∣ .

(b) (see Theorem 2.1) Simson’s (or Cassini’s) Identity:

det( fW (n)) = (−s)n det( fW (0)),

i.e., ∣∣∣∣ Wn+1 Wn

Wn Wn−1

∣∣∣∣= (−1)n sn
∣∣∣∣ W1 W0

W0 W−1

∣∣∣∣ .

Proof.

(a) Taking the determinant of both sides of the identities

fW (n +m) = An fW (m)

= Am fW (n)

and

fW (n) = Am fW (n −m)

which are given in Lemma 3.1 (c), we get the required results.

(b) Take m = 0 in det( fW (n+m)) = (−s)n det( fW (m)) in (a) or take the determinant of both sides of the identity fW (n) =
An fW (0) which is given in Lemma 3.1 (b). �

Remark 3.2.
To prove the second matrix identity in Lemma 3.1 (d), we used a consequence (Corollary 3.1) of Honsberger’s Identity
(Theorem 3.2). However, firstly, the second matrix identity in Lemma 3.1 (d) can be proved by induction and then
Honsberger’s Identity, i.e.,

Wn+m =WnGm+1 + sWn−1Gm

can be obtained just comparing the linear combination of the 2rd row and 1st column entries of the matrices.

From the last Theorem, we have the following Corollary which gives determinantal formulas of (r, s)-Fibonacci
polynomials (take Wn =Gn with G0 = 0,G1 = 1).
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Corollary 3.2.
For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det( fG (n +m)) = (−s)n det( fG (m)),

and

det( fG (n)) = (−s)m det( fG (n −m)),

i.e., ∣∣∣∣ Gn+m+1 Gn+m

Gn+m Gn+m−1

∣∣∣∣ = (−s)n
∣∣∣∣ Gm+1 Gm

Gm Gm−1

∣∣∣∣
= (−s)m

∣∣∣∣ Gn+1 Gn

Gn Gn−1

∣∣∣∣ ,

and ∣∣∣∣ Gn+1 Gn

Gn Gn−1

∣∣∣∣= (−s)m
∣∣∣∣ Gn−m+1 Gn−m

Gn−m Gn−m−1

∣∣∣∣ .

(b) Simson’s (or Cassini’s) Identity:

det( fG (n)) = (−s)n det( fG (0)),

i.e., ∣∣∣∣ Gn+1 Gn

Gn Gn−1

∣∣∣∣= (−1)n sn−1.

Taking Wn = Hn with H0 = 2, H1 = r in the last Theorem, we have the following Corollary which gives determinantal
formulas of (r, s)-Fibonacci-Lucas polynomials.

Corollary 3.3.
For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det( fH (n +m)) = (−s)n det( fH (m)),

and

det( fH (n)) = (−s)m det( fH (n −m)),

i.e., ∣∣∣∣ Hn+m+1 Hn+m

Hn+m Hn+m−1

∣∣∣∣ = (−s)n
∣∣∣∣ Hm+1 Hm

Hm Hm−1

∣∣∣∣
= (−s)m

∣∣∣∣ Hn+1 Hn

Hn Hn−1

∣∣∣∣ ,

and ∣∣∣∣ Hn+1 Hn

Hn Hn−1

∣∣∣∣= (−s)m
∣∣∣∣ Hn−m+1 Hn−m

Hn−m Hn−m−1

∣∣∣∣ .

(b) Simson’s (or Cassini’s) Identity:

det( fH (n)) = (−s)n det( fH (0)),

i.e., ∣∣∣∣ Hn+1 Hn

Hn Hn−1

∣∣∣∣= (r 2 +4s)(−1)n+1sn−1.
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4. The Sum Formula
∑n

k=0 zkWmk+ j of Generalized Fibonacci Polynomials via Matrix Methods

From now on, through the paper, we suppose that z is a real or complex number. So we may assume that z is a
scalar value (real or complex) number or function in x ∈ R, for example z = 3, z = 11−2i , z = cos x, z = ex , z = 2+5x,
z = e i x = cos x + i sin x, z = 5x4 −2x +7 for x ∈R. We also suppose that z 6= 0 if necessary (needed).

In this section, we give the sum formula
∑n

k=0 zkWmk+ j of generalized Fibonacci polynomials via matrix methods.
First, we need to present matrix notations to use linear algebra (matrix) method. Suppose that M is a n ×n matrix.
Then

M Ad j (M) = det(M)I

where I is the identity matrix and Ad j (M) is the adjugate of M . The adjugate or classical adjoint of a square matrix
M is the transpose of the matrix of cofactors of M . The i , j cofactor Mi j of M is the scalar (−1)i+ j det M

(
i | j ), where

M
(
i | j ) denotes the matrix that you obtain from M by removing the i th row and j th column. Since,

det(I −M)I = (I −M)Ad j (I −M)

and (
n∑

k=0
M k

)
(I −M) = (I −M n+1)

for any square matrix M , we get(
n∑

k=0
M k

)
det(I −M) = (I −M n+1)Ad j (I −M). (25)

Note also that

fW ( j ) =
(

W j+1 W j

W j W j−1

)

=
(

W j+1 W j

W j
1

s
(W j+1 − r W j )

)
.

If

M = z Am = z

(
r s
1 0

)m

= z

(
Gm+1 sGm

Gm sGm−1

)
,

then we have

det(I − z Am)

(
n∑

k=0
zk Amk

)
= (I − zn+1 Amn+m)Ad j (I − z Am),

and then, since fW (mk + j ) = Amk fW ( j ) by Lemma 3.1 (d), we get

det(I − z Am)

(
n∑

k=0
zk fW (mk + j )

)
= det(I − z Am)

(
n∑

k=0
zk Amk

)
fW ( j )

= (I − zn+1 Amn+m)Ad j (I − z Am) fW ( j ).

4.1. The Sum Formula
∑n

k=0 zkWmk+ j of Generalized Fibonacci Polynomials in Terms of Generalized Fibonacci
Polynomials

By using Theorem 3.1 (a) (iii), we can give the sum formula
∑n

k=0 zkWmk+ j of generalized Fibonacci polynomials
via matrix methods (in terms of elements of the sequence of generalized Fibonacci polynomials).

Theorem 4.1.
For all integers m and j , we have the following sum formulas.
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(a) If z2Γ1 + zΓ2 +Γ3 6= 0 then

n∑
k=0

zkWmk+ j = zn+2Θ1 + zn+1Θ2 + zΘ3 +Θ4

z2Γ1 + zΓ2 +Γ3
(26)

= ΘW (z)

ΓW (z)

where

ΘW (z) = zn+2Θ1 + zn+1Θ2 + zΘ3 + Θ4 = zn+2((W j Wm+1 − W j+1Wm)Wmn+m+1 + ((W j+1 − r W j )Wm+1 −
sW j Wm)Wmn+m)+ zn+1((W0W j+1 −W1W j )Wmn+m+1 + (−W1W j+1 + (r W1 + sW0)W j )Wm+mn)+ z((−W0W j+1 +
(−W1 + r W0)W j )Wm+1 + (W1W j+1 + sW0W j )Wm)+ (W 2

1 − sW 2
0 − r W0W1)W j

zn+2Θ1 = zn+2((W j Wm+1 −W j+1Wm)Wmn+m+1 + ((W j+1 − r W j )Wm+1 − sW j Wm)Wmn+m)

zn+1Θ2 = zn+1((W0W j+1 −W1W j )Wmn+m+1 + (−W1W j+1 + (r W1 + sW0)W j )Wm+mn)

zΘ3 = z((−W0W j+1 + (−W1 + r W0)W j )Wm+1 + (W1W j+1 + sW0W j )Wm)

Θ4 = (W 2
1 − sW 2

0 − r W0W1)W j

i.e.,

ΘW (z) = zn+2Θ1+zn+1Θ2+zΘ3+Θ4 = zn+2(−1)(W 2
1 −sW 2

0 −r W0W1)((−HmG j +Gm+ j )Wmn+m+1+(−Hm(G j+1−
rG j )+Gm+ j+1 −rGm+ j )Wmn+m)+zn+1(−1)(W 2

1 − sW 2
0 −r W0W1)(G j Wmn+m+1 + (G j+1 −rG j )Wm+mn)+z(W 2

1 −
sW 2

0 − r W0W1)(GmW j+1 −Gm+1W j )+ (W 2
1 − sW 2

0 − r W0W1)W j

zn+2Θ1 = zn+2(−1)(W 2
1 − sW 2

0 − r W0W1)((−HmG j + Gm+ j )Wmn+m+1 + (−Hm(G j+1 − rG j ) + Gm+ j+1 −
rGm+ j )Wmn+m)

zn+1Θ2 = zn+1(−1)(W 2
1 − sW 2

0 − r W0W1)(G j Wmn+m+1 + (G j+1 − rG j )Wm+mn)

zΘ3 = z(W 2
1 − sW 2

0 − r W0W1)(GmW j+1 −Gm+1W j )

Θ4 = (W 2
1 − sW 2

0 − r W0W1)W j

and

ΓW (z) = z2Γ1+zΓ2+Γ3 = z2(−1)m sm(W 2
1 −sW 2

0 −r W0W1)+z(−1)Hm(W 2
1 −sW 2

0 −r W0W1)+(W 2
1 −sW 2

0 −r W0W1)

z2Γ1 = z2(W 2
m+1 − sW 2

m − r WmWm+1)

zΓ2 = z((−2W1 + r W0)Wm+1 + (r W1 +2sW0)Wm)

Γ3 =W 2
1 − sW 2

0 − r W0W1

i.e.,

ΓW (z) = z2Γ1 + zΓ2 +Γ3 = (z2(−1)m sm + z(−1)Hm +1)(W 2
1 − sW 2

0 − r W0W1)

z2Γ1 = z2(−1)m sm(W 2
1 − sW 2

0 − r W0W1)

zΓ2 = z(−1)Hm(W 2
1 − sW 2

0 − r W0W1)

Γ3 =W 2
1 − sW 2

0 − r W0W1

(b) If z2Γ1 + zΓ2 +Γ3 = u(z −a)(z −b) = 0 for some u, a,b ∈Cwith u 6= 0 and a 6= b, i.e., z = a or z = b then

n∑
k=0

zkWmk+ j =
(n +2)zn+1Θ1 + (n +1)znΘ2 +Θ3

2zΓ1 +Γ2
.

(c) If z2Γ1 + zΓ2 +Γ3 = u(z −a)2 = 0 for some u, a ∈Cwith u 6= 0, i.e., z = a, then

n∑
k=0

zkWmk+ j =
(n +2)(n +1)znΘ1 + (n +1)nzn−1Θ2

2Γ1
.

Proof. Note that

ΛW (0) =W 2
1 − sW 2

0 − r W1W0.

(a) We set, by using Theorem 3.1 (a) (iii),

M = z Am = z

(
r s
1 0

)m

= z

(
Gm+1 sGm

Gm sGm−1

)
= z

(
Gm+1 sGm

Gm Gm+1 − rGm

)

=
z

(
(W1 − r W0)Wm+1 − sW0Wm −s(W0Wm+1 −W1Wm)

−W0Wm+1 +W1Wm W1Wm+1 − (r W1 + sW0)Wm

)
W 2

1 − sW 2
0 − r W1W0
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in (25). Then we get

I − z Am =

 z
Wm+1 (W1 − r W0)− sW0Wm

sW 2
0 + r W0W1 −W 2

1

+1 −sz
W0Wm+1 −W1Wm

sW 2
0 + r W0W1 −W 2

1

−z
W0Wm+1 −W1Wm

sW 2
0 + r W0W1 −W 2

1

z
W1Wm+1 −Wm (r W1 + sW0)

sW 2
0 + r W0W1 −W 2

1

+1


After some calculations, we see that

det(I − z Am) = 1

W 2
1 − sW 2

0 − r W1W0
ΓW (z)

= 1

W 2
1 − sW 2

0 − r W1W0
(z2Γ1 + zΓ2 +Γ3)

where ΓW (z) = z2Γ1 + zΓ2 +Γ3, z2Γ1, zΓ1,Γ3 are as in the statement of (a) of Theorem, i.e.,

ΓW (z) = z2Γ1 + zΓ2 +Γ3,

z2Γ1 = z2(W 2
m+1 − sW 2

m − r WmWm+1),

zΓ2 = z((−2W1 + r W0)Wm+1 + (r W1 +2sW0)Wm),

Γ3 =W 2
1 − sW 2

0 − r W0W1,

By Lemma 2.1 (a) we know that

W 2
m+1 − sW 2

m − r WmWm+1 = (−1)m sm(W 2
1 − sW 2

0 − r W0W1)

so that

z2Γ1 = z2(−1)m sm(W 2
1 − sW 2

0 − r W0W1).

Since

(−2W1 + r W0)Wm+1 + (r W1 +2sW0)Wm =−Hm(W 2
1 − sW 2

0 − r W0W1)

we get

zΓ2 = z(−1)Hm(W 2
1 − sW 2

0 − r W0W1).

Therefore,

det(I − z Am) = 1

W 2
1 − sW 2

0 − r W1W0
(z2(W 2

m+1 − sW 2
m − r WmWm+1)

+z((−2W1 + r W0)Wm+1 + (r W1 +2sW0)Wm)+W 2
1 − sW 2

0 − r W0W1)

= (z2(−1)m sm + z(−1)Hm +1)(W 2
1 − sW 2

0 − r W0W1)

W 2
1 − sW 2

0 − r W1W0

= z2Γ1 + zΓ2 +Γ3

W 2
1 − sW 2

0 − r W1W0

= z2(−1)m sm + z(−1)Hm +1.

Now,

Ad j (I − z Am) =

 z
W1Wm+1 −Wm (r W1 + sW0)

sW 2
0 + r W0W1 −W 2

1

+1 sz
W0Wm+1 −W1Wm

sW 2
0 + r W0W1 −W 2

1

z
W0Wm+1 −W1Wm

sW 2
0 + r W0W1 −W 2

1

z
Wm+1 (W1 − r W0)− sW0Wm

sW 2
0 + r W0W1 −W 2

1

+1


and

I−zn+1 Amn+m =

 zn+1 (W1 − r W0)Wm+mn+1 − sW0Wm+mn

sW 2
0 + r W0W1 −W 2

1

+1 −szn+1 W0Wm+mn+1 −W1Wm+mn

sW 2
0 + r W0W1 −W 2

1

−zn+1 W0Wm+mn+1 −W1Wm+mn

sW 2
0 + r W0W1 −W 2

1

1− zn+1 (r W1 + sW0)Wm+mn −W1Wm+mn+1

sW 2
0 + r W0W1 −W 2

1


and

fW (mk + j ) =
(

Wmk+ j+1 Wmk+ j

Wmk+ j
1

s
(Wmk+ j+1 − r Wmk+ j )

)
.
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Then, the 2nd row and 1st column entry of matrix (I − zn+1 Amn+m)Ad j (I − z Am) fW ( j ) is equal to

1

W 2
1 − sW 2

0 − r W1W0
(zn+2Θ1 + zn+1Θ2 + zΘ3 +Θ4)

where ΘW (z) = zn+2Θ1 + zn+1Θ2 + zΘ3 +Θ4, zn+2Θ1, zn+1Θ2, zΘ3,Θ4, are as in the statement of (a) of Theorem.
Note that we have used d’Ocagne’s identity, i.e.,

WnWm+1 −Wn+1Wm =−(W 2
1 − sW 2

0 − r W0W1)(−HmGn +Gm+n)

and the identities

(−W 2
1 + sW 2

0 + r W1W0)Gn = W0Wn+1 −W1Wn

s(−W 2
1 + sW 2

0 + r W1W0)Gn = −W1Wn+2 + (r W1 + sW0)Wn+1

when computing and simplfying zn+2Θ1, zn+1Θ2 and zΘ3.

Note also that, since det(I −z Am)(
∑n

k=0 zk fW (mk + j ) = (I −zn+1 Amn+m)Ad j (I −z Am) fW ( j ), i.e., matrices over

the either side is equal, the 2nd row and 1st column entry of matrix det(I −z Am)(
∑n

k=0 zk fW (mk+ j )) is equal to
the 2nd row and 1st column entry of matrix (I − zn+1 Amn+m)Ad j (I − z Am) fW ( j ). So, to complete the proof, we
will just compare the linear combination of the 2nd row and 1st column entries of the matrices. Then, we get

1

W 2
1 − sW 2

0 − r W1W0
(z2Γ1 + zΓ2 +Γ3)

n∑
k=0

zkWmk+ j

= 1

W 2
1 − sW 2

0 − r W1W0
(zn+2Θ1 + zn+3Θ2 + zΘ3 +Θ4)

and so

n∑
k=0

zkWmk+ j = zn+2Θ1 + zn+1Θ2 + zΘ3 +Θ4

z2Γ1 + zΓ2 +Γ3

= ΘW (z)

ΓW (z)
.

(b) We use (26). For z = a or z = b or z = c, the right hand side of the above sum formula (26) is an indeterminate
form. Now, we can use L’Hospital rule. Then we get (b) by using

n∑
k=0

akWk =
d

d z (zn+2Θ1 + zn+1Θ2 + zΘ3 +Θ4)
d

d z (z2Γ1 + zΓ2 +Γ3)

∣∣∣∣∣
z=a

= (n +2)zn+1Θ1 + (n +1)znΘ2 +Θ3

2zΓ1 +Γ2

∣∣∣∣
z=a

,

n∑
k=0

bkWk = (n +2)zn+1Θ1 + (n +1)znΘ2 +Θ3

2zΓ1 +Γ2

∣∣∣∣
z=b

.

(c) We use (26). For z = a, the right hand side of the above sum formula (26) is an indeterminate form. Now, we can
use L’Hospital rule (two times). Then we get (c) by using

n∑
k=0

akWk =
d 2

d z2 (zn+2Θ1 + zn+1Θ2 + zΘ3 +Θ4)

d 2

d z2 (z2Γ1 + zΓ2 +Γ3)

∣∣∣∣∣∣
z=a

.�

Now, we consider special cases of Theorem 4.1.

Theorem 4.2.
For all integers m and j , we have the following sum formulas.

(a) (m = 1, j = 0).

(i) If z2(−1)s + z(−1)r +1 6= 0, i.e., if z 6= 1
2s (−r −

p
r 2 +4s), z 6= 1

2s (−r +
p

r 2 +4s) then

n∑
k=0

zkWk = zn+2(−1)sWn + zn+1(−1)Wn+1 + z(W1 − r W0)+W0

z2(−1)s + z(−1)r +1
.
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(ii) If z2(−1)s + z(−1)r + 1 = 0 provided that r 2 + 4s 6= 0, i.e., if z = 1
2s (−r −

p
r 2 +4s) or z = 1

2s (−r +
p

r 2 +4s) provided that s 6= − r 2

4
then

n∑
k=0

zkWk = (n +2)zn+1(−1)sWn + (n +1)zn(−1)Wn+1 + (W1 − r W0)

2z(−1)s + (−1)r
.

(iii) If z2(−1)s + z(−1)r +1 = (z − 2

r
)2 = 0 provided that r 2 +4s = 0, i.e., if z =− r

2s =
2

r
, s =− r 2

4
then

n∑
k=0

zkWk = (n +2)(n +1)zn(−1)sWn + (n +1)nzn−1(−1)Wn+1

2(−1)s
.

(b) (m = 2, j = 0).

(i) If z2s2 + z(−1)(r 2 +2s)+1 6= 0, i.e., if z 6= 1
2s2 ((r 2 +2s)+ r

p
r 2 +4s), z 6= 1

2s2 ((r 2 +2s)− r
p

r 2 +4s) then

n∑
k=0

zkW2k = zn+2s2W2n + zn+1(−1)(r W2n+1 + sW2n)+ z(r W1 − (r 2 + s)W0)+W0

z2s2 + z(−1)(r 2 +2s)+1
.

(ii) If z2s2 + z(−1)(r 2 +2s)+1 = 0 provided that r 2 +4s 6= 0, i.e., if z = 1
2s2 ((r 2 +2s)+ r

p
r 2 +4s) or z = 1

2s2 ((r 2 +
2s)− r

p
r 2 +4s) provided that s 6= − r 2

4
then

n∑
k=0

zkW2k = (n +2)zn+1s2W2n + (n +1)zn(−1)(r W2n+1 + sW2n)+ (r W1 − (r 2 + s)W0)

2zs2 + (−1)(r 2 +2s)
.

(iii) If z2s2 + z(−1)(r 2 +2s)+1 = (z − 4

r 2 )2 = 0 provided that r 2 +4s = 0, i.e., if z = r 2 +2s

2s2 = 4

r 2 , s =− r 2

4
then

n∑
k=0

zkW2k = (n +2)(n +1)zn s2W2n + (n +1)nzn−1(−1)(r W2n+1 + sW2n)

2s2 .

(c) (m = 2, j = 1).

(i) If z2s2 + z(−1)(r 2 +2s)+1 6= 0, i.e., if z 6= 1
2s2 ((r 2 +2s)+ r

p
r 2 +4s), z 6= 1

2s2 ((r 2 +2s)− r
p

r 2 +4s) then

n∑
k=0

zkW2k+1 =
zn+2s2W2n+1 + zn+1(−1)((r 2 + s)W2n+1 + sr W2n)+ z(−1)s(W1 − r W0)+W1

z2s2 + z(−1)(r 2 +2s)+1
.

(ii) If z2s2 + z(−1)(r 2 +2s)+1 = 0 provided that r 2 +4s 6= 0, i.e., if z = 1
2s2 ((r 2 +2s)+ r

p
r 2 +4s) or z = 1

2s2 ((r 2 +
2s)− r

p
r 2 +4s) provided that s 6= − r 2

4
then

n∑
k=0

zkW2k+1 =
(n +2)zn+1s2W2n+1 + (n +1)zn(−1)((r 2 + s)W2n+1 + sr W2n)+ (−1)s(W1 − r W0)

2zs2 + (−1)(r 2 +2s)
.

(iii) If z2s2 + z(−1)(r 2 +2s)+1 = (z − 4

r 2 )2 = 0 provided that r 2 +4s = 0, i.e., if z = r 2 +2s

2s2 = 4

r 2 , s =− r 2

4
then

n∑
k=0

zkW2k+1 =
(n +2)(n +1)zn s2W2n+1 + (n +1)nzn−1(−1)((r 2 + s)W2n+1 + sr W2n)

2s2 .

(d) (m =−1, j = 0).

(i) If z2(−1)+ zr + s 6= 0, i.e., if z 6= 1
2 (r +

p
r 2 +4s), z 6= 1

2 (r −
p

r 2 +4s) then

n∑
k=0

zkW−k = zn+2(−1)W−n + zn+1(−1)sW−n−1 + zW1 + sW0

z2(−1)+ zr + s
.
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(ii) If z2(−1)+ zr + s = 0 provided that r 2 +4s 6= 0, i.e., if z = 1
2 (r +

p
r 2 +4s) or z = 1

2 (r −
p

r 2 +4s) provided that

s 6= − r 2

4
then

n∑
k=0

zkW−k = (n +2)zn+1(−1)W−n + (n +1)zn(−1)sW−n−1 +W1

2z(−1)+ r
.

(iii) If z2(−1)+ zr + s = (z − r

2
)2 = 0 provided that r 2 +4s = 0, i.e., if z = r

2
, s =− r 2

4
then

n∑
k=0

zkW−k = (n +2)(n +1)zn(−1)W−n + (n +1)nzn−1(−1)sW−n−1

2(−1)
.

(e) (m =−2, j = 0).

(i) If z2 + z(−1)(r 2 +2s)+ s2 6= 0, i.e., if z 6= 1
2 ((r 2 +2s)+ r

p
r 2 +4s), z 6= 1

2 ((r 2 +2s)− r
p

r 2 +4s) then

n∑
k=0

zkW−2k = zn+2W−2n + zn+1(−1)s(W−2n − r W−2n−1)+ z(−1)(r W1 + sW0)+ s2W0

z2 + z(−1)(r 2 +2s)+ s2 .

(ii) If z2 + z(−1)(r 2 +2s)+ s2 = 0 provided that r 2 +4s 6= 0, i.e., if z = 1
2 ((r 2 +2s)+ r

p
r 2 +4s) or z = 1

2 ((r 2 +2s)−
r
p

r 2 +4s) provided that s 6= − r 2

4
then

n∑
k=0

zkW−2k = (n +2)zn+1W−2n + (n +1)zn(−1)s(W−2n − r W−2n−1)+ (−1)(r W1 + sW0)

2z + (−1)(r 2 +2s)
.

(iii) If z2 + z(−1)(r 2 +2s)+ s2 = (z − r 2

4
)2 = 0 provided that r 2 +4s = 0, i.e., if z = r 2 +2s

2
= r 2

4
, s =− r 2

4
then

n∑
k=0

zkW−2k = (n +2)(n +1)znW−2n + (n +1)nzn−1(−1)s(W−2n − r W−2n−1)

2
.

(f ) (m =−2, j = 1).

(i) If z2 + z(−1)(r 2 +2s)+ s2 6= 0, i.e., if z 6= 1
2 ((r 2 +2s)+ r

p
r 2 +4s), z 6= 1

2 ((r 2 +2s)− r
p

r 2 +4s) then

n∑
k=0

zkW−2k+1 =
zn+2(r W−2n + sW−2n−1)+ zn+1(−1)s2W−2n−1 + z(−1)((r 2 + s)W1 + r sW0)+ s2W1

z2 + z(−1)(r 2 +2s)+ s2 .

(ii) If z2 + z(−1)(r 2 +2s)+ s2 = 0 provided that r 2 +4s 6= 0, i.e., if z = 1
2 ((r 2 +2s)+ r

p
r 2 +4s) or z = 1

2 ((r 2 +2s)−
r
p

r 2 +4s) provided that s 6= − r 2

4
then

n∑
k=0

zkW−2k+1 =
(n +2)zn+1(r W−2n + sW−2n−1)+ (n +1)zn(−1)s2W−2n−1 + (−1)((r 2 + s)W1 + r sW0)

2z + (−1)(r 2 +2s)
.

(iii) If z2 + z(−1)(r 2 +2s)+ s2 = (z − r 2

4
)2 = 0 provided that r 2 +4s = 0, i.e., if z = r 2 +2s

2
= r 2

4
, s =− r 2

4
then

n∑
k=0

zkW−2k+1 =
(n +2)(n +1)zn(r W−2n + sW−2n−1)+ (n +1)nzn−1(−1)s2W−2n−1

2
.

4.2. The Sum Formula
∑n

k=0 zkWmk+ j of Generalized Fibonacci Polynomials in Terms of Generalized Fibonacci
Polynomials and (r, s)-Fibonacci Polynomials

By using Theorem 3.1 (a) (i), we can give the sum formula
∑n

k=0 zkWmk+ j of generalized Fiibonacci polynomials
via matrix methods (in terms of elements of the sequence of generalized Fibonacci polynomials and (r, s)-Fibonacci
polynomials).

Theorem 4.3.
For all integers m and j , we have the following sum formulas.
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(a) If z2Γ1 + zΓ2 +Γ3 6= 0 then

n∑
k=0

zkWmk+ j = zn+2Θ1 + zn+1Θ2 + zΘ3 +Θ4

z2Γ1 + zΓ2 +Γ3

= ΘW (z)

ΓW (z)

where

ΘW (z) = zn+2Θ1 + zn+1Θ2 + zΘ3 + Θ4 = zn+2((W j Gm+1 − W j+1Gm)Gm+mn+1 + ((W j+1 − r W j )Gm+1 −
sW j Gm)Gm+mn)+ zn+1(−W j Gm+mn+1 + (r W j −W j+1)Gm+mn)+ z(W j+1Gm −W j Gm+1)+W j ,

zn+2Θ1 = zn+2((W j Gm+1 −W j+1Gm)Gm+mn+1 + ((W j+1 − r W j )Gm+1 − sW j Gm)Gm+mn),

zn+1Θ2 = zn+1(−W j Gm+mn+1 + (r W j −W j+1)Gm+mn),

zΘ3 = z(W j+1Gm −W j Gm+1),

Θ4 =W j ,

and

ΓW (z) = z2Γ1 + zΓ2 +Γ3 = z2(−1)m sm + z(rGm −2Gm+1)+1,

z2Γ1 = z2(−1)m sm ,

zΓ2 = z(rGm −2Gm+1),

Γ3 = 1.

(b) If z2Γ1 + zΓ2 +Γ3 = u(z −a)(z −b) = 0 for some u, a,b ∈Cwith u 6= 0 and a 6= b, i.e., z = a or z = b then

n∑
k=0

zkWmk+ j =
(n +2)zn+1Θ1 + (n +1)znΘ2 +Θ3

2zΓ1 +Γ2
.

(c) If z2Γ1 + zΓ2 +Γ3 = u(z −a)2 = 0 for some u, a ∈Cwith u 6= 0, i.e., z = a, then

n∑
k=0

zkWmk+ j =
(n +2)(n +1)znΘ1 + (n +1)nzn−1Θ2

2Γ1
.

Proof. We only prove (a). The proof of (b) and (c) are as in Theorem 4.1 (b) and (c), respectively.
Proof of (a). We use the same method as in Theorem 4.1 by setting

M = z Am = z

(
r s
1 0

)m

= z

(
Gm+1 sGm

Gm sGm−1

)
= z

(
Gm+1 sGm

Gm Gm+1 − rGm

)
in (25). Then we get

I − z Am =
(

1 0
0 1

)
−

(
zGm+1 szGm

zGm −z (rGm −Gm+1)

)
=

(
1− zGm+1 −szGm

−zGm z (rGm −Gm+1)+1

)
.

After some calculations, we see that

det(I − z Am) = z2(G2
m+1 − sG2

m − rGmGm+1)+ z(rGm −2Gm+1)+1.

By Lemma 2.1 (b) we know that

(G2
m+1 − sG2

m − rGmGm+1) = (−1)m sm .

So

det(I − z Am) = z2(−1)m sm + z(rGm −2Gm+1)+1

= ΓW (z)

where ΓW (z) = z3Γ1 + z2Γ2 + zΓ3 +Γ4, z3Γ1, z2Γ2, zΓ3,Γ4 are as in the statement of (a) of Theorem.
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Now,

Ad j (I − z Am) =
(

z (rGm −Gm+1)+1 szGm

zGm 1− zGm+1

)
and

I − zn+1 Amn+m =
(

1− zn+1Gm+mn+1 −szn+1Gm+mn

−zn+1Gm+mn zn+1 (rGm+mn −Gm+mn+1)+1

)
and

fW (mk + j ) =
(

Wmk+ j+1 Wmk+ j

Wmk+ j
1

s
(Wmk+ j+1 − r Wmk+ j )

)
.

Then, the 2nd row and 1st column entry of matrix (I − zn+1 Amn+m)Ad j (I − z Am) fW ( j ) is equal to

zn+2Θ1 + zn+1Θ2 + zΘ3 +Θ4

whereΘW (z) = zn+2Θ1 + zn+1Θ2 + zΘ3 +Θ4, zn+2Θ1, zn+1Θ2, zΘ3,Θ4, are as in the statement of (a) of Theorem.
Note also that, since det(I −z Am)(

∑n
k=0 zk fW (mk+ j ) = (I −zn+1 Amn+m)Ad j (I −z Am) fW ( j ), i.e., matrices over the

either side is equal, the 2nd row and 1st column entry of matrix of matrix det(I − z Am)(
∑n

k=0 zk fW (mk + j )) is equal
to the 2nd row and 1st column entry of matrix (I −zn+1 Amn+m)Ad j (I −z Am) fW ( j ). So, to complete the proof, we will
just compare the linear combination of the 2nd row and 1st column entries of the matrices. Then, we get

(z2Γ1 + zΓ2 +Γ3)
n∑

k=0
zkWmk+ j = (zn+2Θ1 + zn+3Θ2 + zΘ3 +Θ4)

and so

n∑
k=0

zkWmk+ j = zn+2Θ1 + zn+1Θ2 + zΘ3 +Θ4

z2Γ1 + zΓ2 +Γ3

= ΘW (z)

ΓW (z)
. �

5. Generating Function
∞∑

n=0
Wmn+ j zn of Generalized Fibonacci Polynomials

In this section, we present generating function of the sequence Wmn+ j and its special cases.

Next, we give the ordinary generating function
∞∑

n=0
Wmn+ j zn of the sequence Wmn+ j (in terms of elements of the

sequence of generalized Fibonacci polynomials and (r, s)-Fibonacci and (r, s)-Fibonacci-Lucas polynomials).

Lemma 5.1.

Assume that |z| < min{|α|−m ,
∣∣β∣∣−m}. Suppose that fWmn+ j (z) =

∞∑
n=0

Wmn+ j zn is the ordinary generating function of the

generalized Fibonacci (sequence of) polynomials {Wmn+ j }. Then,
∞∑

n=0
Wmn+ j zn is given by

∞∑
n=0

Wmn+ j zn = zΘ3 +Θ4

z2Γ1 + zΓ2 +Γ3

= z(GmW j+1 −Gm+1W j )+W j

z2(−1)m sm + z(−1)Hm +1

= z(GmW j+1 −Gm+1W j )+W j

z2(−1)m sm + z(rGm −2Gm+1)+1

where (as in Theorem 4.1 (a))
zΘ3 = z((−W0W j+1 + (−W1 + r W0)W j )Wm+1 + (W1W j+1 + sW0W j )Wm),
Θ4 = (W 2

1 − sW 2
0 − r W0W1)W j ,

and
z2Γ1 = z2(W 2

m+1 − sW 2
m − r WmWm+1),

zΓ2 = z((−2W1 + r W0)Wm+1 + (r W1 +2sW0)Wm),
Γ3 = (W 2

1 − sW 2
0 − r W0W1).
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Proof. Use Theorem 4.1 (a) and Theorem 1.1. �
Now, we consider special cases of Lemma 5.1.

Corollary 5.1.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < min{|α|−1 ,
∣∣β∣∣−1}).

∞∑
n=0

Wn zn = W0 + (W1 − r W0)z

1− r z − sz2 .

(b) (m = 2, j = 0, |z| < min{|α|−2 ,
∣∣β∣∣−2}).

∞∑
n=0

W2n zn = W0 + (r W1 − (r 2 + s)W0)z

1− (r 2 +2s)z + s2z2 .

(c) (m = 2, j = 1, |z| < min{|α|−2 ,
∣∣β∣∣−2}).

∞∑
n=0

W2n+1zn = W1 − s(W1 − r W0)z

1− (r 2 +2s)z + s2z2 .

(d) (m =−1, j = 0, |z| < min{|α| , ∣∣β∣∣}).

∞∑
n=0

W−n zn = sW0 +W1z

s + r z − z2 .

(e) (m =−2, j = 0, |z| < min{|α|2 ,
∣∣β∣∣2}).

∞∑
n=0

W−2n zn = s2W0 − (r W1 + sW0)z

s2 − (r 2 +2s)z + z2 .

(f ) (m =−2, j = 1, |z| < min{|α|2 ,
∣∣β∣∣2}).

∞∑
n=0

W−2n+1zn = s2W1 − ((r 2 + s)W1 + r sW0)z

s2 − (r 2 +2s)z + z2 .

Proof. Use Lemma 5.1 (or Theorem 4.2). �
Lemma 5.1 gives the following results as particular examples (generating functions of (r, s)-Fibonacci and (r, s)-

Fibonacci-Lucas polynomials).

Corollary 5.2.
Assume that |z| < min{|α|−m ,

∣∣β∣∣−m}. Generating functions of (r, s)-Fibonacci and (r, s)-Fibonacci-Lucas polynomials
are given, respectively, as follows:

(a)

∞∑
n=0

Gmn+ j zn = z(GmG j+1 −Gm+1G j )+G j

z2(G2
m+1 − sG2

m − rGmGm+1)+ z(rGm −2Gm+1)+1

= z(GmG j+1 −Gm+1G j )+G j

z2(−1)m sm + z(−1)Hm +1

= z(GmG j+1 −Gm+1G j )+G j

z2(−1)m sm + z(rGm −2Gm+1)+1
.

(b)

∞∑
n=0

Hmn+ j zn = z((−2H j+1 + r H j )Hm+1 + (r H j+1 +2sH j )Hm)− (r 2 +4s)H j

z2(H 2
m+1 − sH 2

m − r Hm Hm+1)+ z(r 2 +4s)Hm − (r 2 +4s)

= z(Gm H j+1 −Gm+1H j )+H j

z2(−1)m sm + z(−1)Hm +1

= z(Gm H j+1 −Gm+1H j )+H j

z2(−1)m sm + z(rGm −2Gm+1)+1
.
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Proof. In Lemma 5.1, take Wn =Gn with G0 = 0,G1 = 1 and Wn = Hn with H0 = 2, H1 = r, respectively. �
Now, we consider special cases of Corollay 5.1 (or Corollary 5.2).

Corollary 5.3.
The ordinary generating functions of the sequences Gn , G2n , G2n+1, G−n , G−2n , G−2n+1 and Hn , H2n , H2n+1, H−n , H−2n ,
H−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < min{|α|−1 ,
∣∣β∣∣−1}).

∞∑
n=0

Gn zn = z

1− r z − sz2 ,

∞∑
n=0

Hn zn = 2− r z

1− r z − sz2 .

(b) (m = 2, j = 0, |z| < min{|α|−2 ,
∣∣β∣∣−2}).

∞∑
n=0

G2n zn = r z

1− (r 2 +2s)z + s2z2 ,

∞∑
n=0

H2n zn = 2− (r 2 +2s)z

1− (r 2 +2s)z + s2z2 .

(c) (m = 2, j = 1, |z| < min{|α|−2 ,
∣∣β∣∣−2}).

∞∑
n=0

G2n+1zn = 1− sz

1− (r 2 +2s)z + s2z2 ,

∞∑
n=0

H2n+1zn = r + r sz

1− (r 2 +2s)z + s2z2 .

(d) (m =−1, j = 0, |z| < min{|α| , ∣∣β∣∣}).

∞∑
n=0

G−n zn = z

s + r z − z2 ,

∞∑
n=0

H−n zn = 2s + r z

s + r z − z2 .

(e) (m =−2, j = 0, |z| < min{|α|2 ,
∣∣β∣∣2}).

∞∑
n=0

G−2n zn = −r z

s2 − (r 2 +2s)z + z2 ,

∞∑
n=0

H−2n zn = 2s2 − (r 2 +2s)z

s2 − (r 2 +2s)z + z2 .

(f ) (m =−2, j = 1, |z| < min{|α|2 ,
∣∣β∣∣2}).

∞∑
n=0

G−2n+1zn = s2 − (r 2 + s)z

s2 − (r 2 +2s)z + z2 ,

∞∑
n=0

H−2n+1zn = r s2 − r (r 2 +3s)z

s2 − (r 2 +2s)z + z2 .

Proof. Use Corollay 5.1 (or Corollary 5.2). �

6. Special Cases of Generating Function of Generalized Fibonacci Polynomials

In this section, we present special cases of the ordinary generating function of generalized Fibonacci polynomials.
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6.1. Generating Function of Generalized Fibonacci Numbers

In this subsection, we consider the case r = 1, s = 1. A generalized Fibonacci sequence {Wn}n≥0 = {Wn(W0,W1)}n≥0

is defined by the second-order recurrence relation

Wn =Wn−1 +Wn−2, (27)

with the initial values W0 = c0,W1 = c1 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−W−(n−1) +W−(n−2)

for n = 1,2,3, .... Therefore, recurrence (27) holds for all integer n. The Binet formula of generalized Fibonacci numbers
can be written as

Wn = W1 −βW0

α−β
αn − W1 −αW0

α−β
βn (28)

where α and β are the roots of the quadratic equation x2 −x −1 = 0. Moreover

α = 1+p
5

2

β = 1−p
5

2

So

Wn =
(W1 −βW0)

(
1+p5

2

)n − (W1 −αW0)
(

1−p5
2

)n

p
5

.

Now, we define two special cases of the sequence {Wn}. Fibonacci sequence {Fn}n≥0 and Lucas sequence {Ln}n≥0

are defined, respectively, by the second-order recurrence relations

Fn = Fn−1 +Fn−2, F0 = 0,F1 = 1, (29)

Ln = Ln−1 +Ln−2, L0 = 2,L1 = 1, (30)

The sequences {Fn}n≥0 and {Ln}n≥0 can be extended to negative subscripts by defining

F−n = F−(n−1) +F−(n−2),

L−n = L−(n−1) +L−(n−2),

for n = 1,2,3, ... respectively. Therefore, recurrences (29)-(30) hold for all integer n.For all integers n, Fibonacci and
Lucas numbers can be expressed using Binet’s formulas as

Fn = αn −βn

α−β
,

Ln = αn +βn ,

respectively. Note that here, Gn = Fn and Hn = Ln .

Next, we give the ordinary generating function
∞∑

n=0
Wmn+ j zn of the generalized Fibonacci numbers.

Lemma 6.1.

Assume that |z| < min{
∣∣∣ 1+p5

2

∣∣∣−m
,
∣∣∣ 1−p5

2

∣∣∣−m
}. Suppose that fWmn+ j (z) =

∞∑
n=0

Wmn+ j zn is the ordinary generating function

of the generalized Fibonacci numbers {Wmn+ j }. Then,
∞∑

n=0
Wmn+ j zn is given by

∞∑
n=0

Wmn+ j zn = ρ1

ρ2
= z(FmW j+1 −Fm+1W j )+W j

z2(−1)m + z(−1)Lm +1

= z(FmW j+1 −Fm+1W j )+W j

z2(−1)m + z(Fm −2Fm+1)+1

where
ρ1 = z((−W0W j+1 + (−W1 +W0)W j )Wm+1 + (W1W j+1 +W0W j )Wm)+ (W 2

1 −W 2
0 −W0W1)W j ,

ρ2 = z2(W 2
m+1 −W 2

m −WmWm+1)+ z((−2W1 +W0)Wm+1 + (W1 +2W0)Wm)+ (W 2
1 −W 2

0 −W0W1).
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Proof. Set r = 1, s = 1,Gn = Fn and Hn = Ln in Lemma 5.1. �
Now, we consider special cases of the last Lemma.

Corollary 6.1.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| <
∣∣∣ 1+p5

2

∣∣∣−1 ' 0.618033).

∞∑
n=0

Wn zn = W0 + (W1 −W0)z

1− z − z2 .

(b) (m = 2, j = 0, |z| <
∣∣∣ 1+p5

2

∣∣∣−2 ' 0.381966).

∞∑
n=0

W2n zn = W0 + (W1 −2W0)z

1−3z + z2 .

(c) (m = 2, j = 1, |z| <
∣∣∣ 1+p5

2

∣∣∣−2 ' 0.381966).

∞∑
n=0

W2n+1zn = W1 − (W1 −W0)z

1−3z + z2 .

(d) (m =−1, j = 0, |z| <
∣∣∣ 1−p5

2

∣∣∣' 0.618033) .

∞∑
n=0

W−n zn = W0 +W1z

1+ z − z2 .

(e) (m =−2, j = 0, |z| <
∣∣∣ 1−p5

2

∣∣∣2 ' 0.381966).

∞∑
n=0

W−2n zn = W0 − (W1 +W0)z

1−3z + z2 .

(f ) (m =−2, j = 1, |z| <
∣∣∣ 1−p5

2

∣∣∣2 ' 0.381966).

∞∑
n=0

W−2n+1zn = W1 − (2W1 +W0)z

1−3z + z2 .

The last Lemma gives the following results as particular examples (generating functions of Fibonacci and
Fibonacci-Lucas numbers).

Corollary 6.2.

Assume that |z| < min{
∣∣∣ 1+p5

2

∣∣∣−m
,
∣∣∣ 1−p5

2

∣∣∣−m
}. Generating functions of Fibonacci and Fibonacci-Lucas numbers are given,

respectively, as follows:

(a)
∞∑

n=0
Fmn+ j zn = z(FmF j+1 −Fm+1F j )+F j

z2(F 2
m+1 −F 2

m −FmFm+1)+ z(Fm −2Fm+1)+1

= z(FmF j+1 −Fm+1F j )+F j

z2(−1)m + z(−1)Lm +1

= z(FmF j+1 −Fm+1F j )+F j

z2(−1)m + z(Fm −2Fm+1)+1
.

(b)
∞∑

n=0
Lmn+ j zn = z((−2L j+1 +L j )Lm+1 + (L j+1 +2L j )Lm)−5L j

z2(L2
m+1 −L2

m −LmLm+1)+5zLm −5

= z(FmL j+1 −Fm+1L j )+L j

z2(−1)m + z(−1)Lm +1

= z(FmL j+1 −Fm+1L j )+L j

z2(−1)m + z(Fm −2Fm+1)+1
.
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Now, we consider special cases of the last two corollaries.

Corollary 6.3.
The ordinary generating functions of the sequences Fn , F2n , F2n+1, F−n , F−2n , F−2n+1 and Ln , L2n , L2n+1, L−n , L−2n ,
L−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| <
∣∣∣ 1+p5

2

∣∣∣−1 ' 0.618033).

∞∑
n=0

Fn zn = z

1− z − z2 ,

∞∑
n=0

Ln zn = 2− z

1− z − z2 .

(b) (m = 2, j = 0, |z| <
∣∣∣ 1+p5

2

∣∣∣−2 ' 0.381966).

∞∑
n=0

F2n zn = z

1−3z + z2 ,

∞∑
n=0

L2n zn = 2−3z

1−3z + z2 .

(c) (m = 2, j = 1, |z| <
∣∣∣ 1+p5

2

∣∣∣−2 ' 0.381966).

∞∑
n=0

F2n+1zn = 1− z

1−3z + z2 ,

∞∑
n=0

L2n+1zn = 1+ z

1−3z + z2 .

(d) (m =−1, j = 0, |z| <
∣∣∣ 1−p5

2

∣∣∣' 0.618033) .

∞∑
n=0

F−n zn = z

1+ z − z2 ,

∞∑
n=0

L−n zn = 2+ z

1+ z − z2 .

(e) (m =−2, j = 0, |z| <
∣∣∣ 1−p5

2

∣∣∣2 ' 0.381966).

∞∑
n=0

F−2n zn = −z

1−3z + z2 ,

∞∑
n=0

L−2n zn = 2−3z

1−3z + z2 .

(f ) (m =−2, j = 1, |z| <
∣∣∣ 1−p5

2

∣∣∣2 ' 0.381966).

∞∑
n=0

F−2n+1zn = 1−2z

1−3z + z2 ,

∞∑
n=0

L−2n+1zn = 1−4z

1−3z + z2 .

From the last corollary, we obtain the following results for Fibonacci and Fibonacci-Lucas numbers.

Corollary 6.4.
Infinite sums of Fn , F2n , F2n+1, F−n , F−2n , F−2n+1 and Ln , L2n , L2n+1, L−n , L−2n , L−2n+1 are given as follows:
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(a) z = 1
2 .

∞∑
n=0

Fn

2n = 2,

∞∑
n=0

Ln

2n = 6.

(b) z = 1
3 .

∞∑
n=0

F2n

3n = 3,

∞∑
n=0

L2n

3n = 9.

(c) z = 1
3 .

∞∑
n=0

F2n+1

3n = 6,

∞∑
n=0

L2n+1

3n = 12.

(d) z = 1
2 .

∞∑
n=0

F−n

2n = 2

5
,

∞∑
n=0

L−n

2n = 2.

(e) z = 1
3 .

∞∑
n=0

F−2n

3n = −3,

∞∑
n=0

L−2n

3n = 9.

(f ) z = 1
3 .

∞∑
n=0

F−2n+1

3n = 3,

∞∑
n=0

L−2n+1

3n = −3.

6.2. Generating Function of Generalized Pell Numbers

In this subsection, we consider the case r = 2, s = 1. A generalized Pell sequence {Wn}n≥0 = {Wn(W0,W1)}n≥0 is
defined by the second-order recurrence relation

Wn = 2Wn−1 +Wn−2, (31)

with the initial values W0 = c0,W1 = c1 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−2W−(n−1) +W−(n−2)

for n = 1,2,3, .... Therefore, recurrence (31) holds for all integer n.
The Binet formula of generalized Pell numbers can be written as

Wn = W1 −βW0

α−β
αn − W1 −αW0

α−β
βn (32)
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where α and β are the roots of the quadratic equation x2 −2x −1 = 0. Moreover

α = 1+p
2,

β = 1−p
2.

So

Wn = (W1 −βW0)(1+p
2)n − (W1 −αW0)(1−p

2)n

2
p

2
.

Now, we define two special cases of the sequence {Wn}. Pell sequence {Pn}n≥0 and Pell-Lucas sequence {Qn}n≥0 are
defined, respectively, by the second-order recurrence relations

Pn = 2Pn−1 +Pn−2, P0 = 1,P1 = 0, (33)

Qn = 2Qn−1 +Qn−2, Q0 = 2,Q1 = 2, (34)

The sequences {Pn}n≥0 and {Qn}n≥0 can be extended to negative subscripts by defining

P−n = −2P−(n−1) +P−(n−2)

Q−n = −2Q−(n−1) +Q−(n−2)

for n = 1,2,3, ... respectively. Therefore, recurrences (33)-(34) hold for all integer n.
For all integers n, Pell and Pell-Lucas numbers can be expressed using Binet’s formulas as

Pn = αn −βn

α−β
,

Qn = αn +βn ,

respectively. Here, Gn = Pn and Hn =Qn .

Next, we give the ordinary generating function
∞∑

n=0
Wmn+ j zn of the generalized Pell numbers {Wmn+ j }.

Lemma 6.2.

Assume that |z| < min{
∣∣1+p

2
∣∣−m

,
∣∣1−p

2
∣∣−m

}. Suppose that fWmn+ j (z) =
∞∑

n=0
Wmn+ j zn is the ordinary generating func-

tion of the generalized Pell numbers {Wmn+ j }. Then,
∞∑

n=0
Wmn+ j zn is given by

∞∑
n=0

Wmn+ j zn = ρ1

ρ2

= z(PmW j+1 −Pm+1W j )+W j

z2(−1)m + z(−1)Qm +1

= z(PmW j+1 −Pm+1W j )+W j

z2(−1)m + z(2Pm −2Pm+1)+1

where
ρ1 = z((−W0W j+1 + (−W1 +2W0)W j )Wm+1 + (W1W j+1 +W0W j )Wm)+ (W 2

1 −W 2
0 −2W0W1)W j ,

ρ2 = z2(W 2
m+1 −W 2

m −2WmWm+1)+ z((−2W1 +2W0)Wm+1 + (2W1 +2W0)Wm)+ (W 2
1 −W 2

0 −2W0W1).

Proof. Set r = 2, s = 1,Gn = Pn and Hn =Qn in Lemma 5.1. �
Now, we consider special cases of the last Lemma.

Corollary 6.5.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < ∣∣1+p
2
∣∣−1 ' 0.414213).

∞∑
n=0

Wn zn = W0 + (W1 −2W0)z

1−2z − z2 .

(b) (m = 2, j = 0, |z| < ∣∣1+p
2
∣∣−2 ' 0.171572).

∞∑
n=0

W2n zn = W0 + (r W1 −5W0)z

1−6z + z2 .
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(c) (m = 2, j = 1, |z| < ∣∣1+p
2
∣∣−2 ' 0.171572).

∞∑
n=0

W2n+1zn = W1 − (W1 −2W0)z

1−6z + z2 .

(d) (m =−1, j = 0, |z| < ∣∣1−p
2
∣∣' 0.414213).

∞∑
n=0

W−n zn = W0 +W1z

1+2z − z2

(e) (m =−2, j = 0, |z| < ∣∣1−p
2
∣∣2 ' 0.171572).

∞∑
n=0

W−2n zn = W0 − (2W1 +W0)z

1−6z + z2 .

(f ) (m =−2, j = 1, |z| < ∣∣1−p
2
∣∣2 ' 0.171572).

∞∑
n=0

W−2n+1zn = W1 − (5W1 +2W0)z

1−6z + z2 .

The last Lemma gives the following results as particular examples (generating functions of Pell and Pell-Lucas num-
bers).

Corollary 6.6.
Assume that |z| < min{

∣∣1+p
2
∣∣−m

,
∣∣1−p

2
∣∣−m

}. Generating functions of Pell and Pell-Lucas numbers are given, respec-
tively, as follows:

(a)

∞∑
n=0

Pmn+ j zn = z(PmP j+1 −Pm+1P j )+P j

z2(P 2
m+1 −P 2

m −2PmPm+1)+ z(2Pm −2Pm+1)+1

= z(PmP j+1 −Pm+1P j )+P j

z2(−1)m + z(−1)Qm +1

= z(PmP j+1 −Pm+1P j )+P j

z2(−1)m + z(2Pm −2Pm+1)+1
.

(b)

∞∑
n=0

Qmn+ j zn = z((−2Q j+1 +2Q j )Qm+1 + (2Q j+1 +2Q j )Qm)−8Q j

z2(Q2
m+1 −Q2

m −2QmQm+1)+8zQm −8

= z(PmQ j+1 −Pm+1Q j )+Q j

z2(−1)m + z(−1)Qm +1

= z(PmQ j+1 −Pm+1Q j )+Q j

z2(−1)m + z(2Pm −2Pm+1)+1
.

Now, we consider special cases of the last two corollaries.

Corollary 6.7.
The ordinary generating functions of the sequences Pn , P2n , P2n+1, P−n , P−2n , P−2n+1 and Qn , Q2n , Q2n+1, Q−n , Q−2n ,
Q−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < ∣∣1+p
2
∣∣−1 ' 0.414213).

∞∑
n=0

Pn zn = z

1−2z − z2 ,

∞∑
n=0

Qn zn = 2−2z

1−2z − z2 .
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(b) (m = 2, j = 0, |z| < ∣∣1+p
2
∣∣−2 ' 0.171572).

∞∑
n=0

P2n zn = 2z

1−6z + z2 ,

∞∑
n=0

Q2n zn = 2−6z

1−6z + z2 .

(c) (m = 2, j = 1, |z| < ∣∣1+p
2
∣∣−2 ' 0.171572).

∞∑
n=0

P2n+1zn = 1− z

1−6z + z2 ,

∞∑
n=0

Q2n+1zn = 2+2z

1−6z + z2 .

(d) (m =−1, j = 0, |z| < ∣∣1−p
2
∣∣' 0.414213).

∞∑
n=0

P−n zn = z

1+2z − z2 ,

∞∑
n=0

Q−n zn = 2+2z

1+2z − z2 .

(e) (m =−2, j = 0, |z| < ∣∣1−p
2
∣∣2 ' 0.171572).

∞∑
n=0

P−2n zn = −2z

1−6z + z2 ,

∞∑
n=0

Q−2n zn = 2−6z

1−6z + z2 .

(f ) (m =−2, j = 1, |z| < ∣∣1−p
2
∣∣2 ' 0.171572).

∞∑
n=0

P−2n+1zn = 1−5z

1−6z + z2 ,

∞∑
n=0

Q−2n+1zn = 2−14z

1−6z + z2 .

From the last corollary, we obtain the following results for Pell and Pell-Lucas numbers.

Corollary 6.8.
Infinite sums of Pn , P2n , P2n+1, P−n , P−2n , P−2n+1 and Qn , Q2n , Q2n+1, Q−n , Q−2n , Q−2n+1 are given as follows:

(a) z = 1

3
.

∞∑
n=0

Pn

3n = 3

2
,

∞∑
n=0

Qn

3n = 6.

(b) z = 1

6
.

∞∑
n=0

P2n

6n = 12,

∞∑
n=0

Q2n

6n = 36.
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(c) z = 1

6
.

∞∑
n=0

P2n+1

6n = 30,

∞∑
n=0

Q2n+1

6n = 84.

(d) z = 1

3
.

∞∑
n=0

P−n

3n = 3

14
,

∞∑
n=0

Q−n

3n = 12

7
.

(e) z = 1

6
.

∞∑
n=0

P−2n

6n = −12,

∞∑
n=0

Q−2n

6n = 36.

(f ) z = 1

6
.

∞∑
n=0

P−2n+1

6n = 6

∞∑
n=0

Q−2n+1

6n = −12.

6.3. Generating Function of Generalized Jacobsthal Numbers

In this subsection, we consider the case r = 1, s = 2. A generalized Jacobsthal sequence {Wn}n≥0 = {Wn(W0,W1)}n≥0

is defined by the second-order recurrence relation

Wn =Wn−1 +2Wn−2, (35)

with the initial values W0 = c0,W1 = c1 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n =−1

2
W−(n−1) + 1

2
W−(n−2)

for n = 1,2,3, .... Therefore, recurrence (35) holds for all integer n.
The Binet formula of generalized Jacobsthal numbers can be written as

Wn = W1 −βW0

α−β
αn − W1 −αW0

α−β
βn (36)

= p1α
n −p2β

n

α−β

where α and β are the roots of the quadratic equation x2 −x −2 = 0 and

p1 = W1 −βW0

p2 = W1 −αW0.

Moreover

α = 2,

β = −1.
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So

Wn = (W1 −βW0)×2n − (W1 −αW0)× (−1)n

3
.

Now, we define two special cases of the sequence {Wn}. Jacobsthal sequence {Jn}n≥0 and Jacobsthal-Lucas se-
quence { jn}n≥0 are defined, respectively, by the second-order recurrence relations

Jn = Jn−1 +2Jn−2, J0 = 0, J1 = 1, (37)

jn = jn−1 +2 jn−2, j0 = 2, j1 = 1, (38)

The sequences {Jn}n≥0 and { jn}n≥0 can be extended to negative subscripts by defining

J−n = −1

2
J−(n−1) + 1

2
J−(n−2)

j−n = −1

2
j−(n−1) + 1

2
j−(n−2)

for n = 1,2,3, ... respectively. Therefore, recurrences (37)-(38) hold for all integer n.
For all integers n, Jacobsthal and Jacobsthal-Lucas numbers can be expressed using Binet’s formulas as

Jn = αn −βn

α−β
= αn −βn

3
,

jn = αn +βn ,

respectively. Here, Gn = Jn and Hn = jn .

Next, we give the ordinary generating function
∞∑

n=0
Wmn+ j zn of the generalized Jacobsthal numbers {Wmn+ j }.

Lemma 6.3.

Assume that |z| < min{2−m ,1}. Suppose that fWmn+ j (z) =
∞∑

n=0
Wmn+ j zn is the ordinary generating function of the gener-

alized Jacobsthal numbers {Wmn+ j }. Then,
∞∑

n=0
Wmn+ j zn is given by

∞∑
n=0

Wmn+ j zn = ρ1

ρ2

= z(JmW j+1 − Jm+1W j )+W j

z2(−1)m2m + z(−1) jm +1

= z(JmW j+1 − Jm+1W j )+W j

z2(−1)m2m + z(Jm −2Jm+1)+1

where
ρ1 = z((−W0W j+1 + (−W1 +W0)W j )Wm+1 + (W1W j+1 +2W0W j )Wm)+ (W 2

1 −2W 2
0 −W0W1)W j ,

ρ2 = z2(W 2
m+1 −2W 2

m −WmWm+1)+ z((−2W1 +W0)Wm+1 + (W1 +4W0)Wm)+ (W 2
1 −2W 2

0 −W0W1).

Proof. Set r = 1, s = 2,Gn = Jn and Hn = jn in Lemma 5.1. �
Now, we consider special cases of the last Lemma.

Corollary 6.9.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < 1
2 ).

∞∑
n=0

Wn zn = W0 + (W1 −W0)z

1− z −2z2 .

(b) (m = 2, j = 0, |z| < 1
4 ).

∞∑
n=0

W2n zn = W0 + (W1 −3W0)z

1−5z +4z2 .
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(c) (m = 2, j = 1, |z| < 1
4 ).

∞∑
n=0

W2n+1zn = W1 −2(W1 −W0)z

1−5z +4z2 .

(d) (m =−1, j = 0, |z| < 1).

∞∑
n=0

W−n zn = 2W0 +W1z

2+ z − z2 .

(e) (m =−2, j = 0, |z| < 1).

∞∑
n=0

W−2n zn = 4W0 − (W1 +2W0)z

4−5z + z2 .

(f ) (m =−2, j = 1, |z| < 1).

∞∑
n=0

W−2n+1zn = 4W1 − (3W1 +2W0)z

4−5z + z2 .

The last Lemma gives the following results as particular examples (generating functions of Jacobsthal and
Jacobsthal-Lucas numbers).

Corollary 6.10.
Assume that |z| < min{2−m ,1}. Generating functions of Jacobsthal and Jacobsthal-Lucas numbers are given, respectively,
as follows:

(a)

∞∑
n=0

Jmn+ j zn = z(Jm J j+1 − Jm+1 J j )+ J j

z2(J 2
m+1 −2J 2

m − Jm Jm+1)+ z(Jm −2Jm+1)+1

= z(Jm J j+1 − Jm+1 J j )+ J j

z2(−1)m2m + z(−1) jm +1

= z(Jm J j+1 − Jm+1 J j )+ J j

z2(−1)m2m + z(Jm −2Jm+1)+1
.

(b)

∞∑
n=0

jmn+ j zn = z((−2 j j+1 + j j ) jm+1 + ( j j+1 +4 j j ) jm)−9 j j

z2( j 2
m+1 −2 j 2

m − jm jm+1)+9z jm −9

= z(Jm j j+1 − Jm+1 j j )+ j j

z2(−1)m2m + z(−1) jm +1

= z(Jm j j+1 − Jm+1 j j )+ j j

z2(−1)m2m + z(Jm −2Jm+1)+1
.

Now, we consider special cases of the last two corollaries.

Corollary 6.11.
The ordinary generating functions of the sequences Jn , J2n , J2n+1, J−n , J−2n , J−2n+1 and jn , j2n , j2n+1, j−n , j−2n , j−2n+1

are given as follows:

(a) (m = 1, j = 0, |z| < 1

2
).

∞∑
n=0

Jn zn = z

1− z −2z2 ,

∞∑
n=0

jn zn = 2− z

1− z −2z2 .
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(b) (m = 2, j = 0, |z| < 1

4
).

∞∑
n=0

J2n zn = z

1−5z +4z2 ,

∞∑
n=0

j2n zn = 2−5z

1−5z +4z2 .

(c) (m = 2, j = 1, |z| < 1

4
).

∞∑
n=0

J2n+1zn = 1−2z

1−5z +4z2 ,

∞∑
n=0

j2n+1zn = = 1+2z

1−5z +4z2 .

(d) (m =−1, j = 0, |z| < 1).

∞∑
n=0

J−n zn = z

2+ z − z2 ,

∞∑
n=0

j−n zn = 4+ z

2+ z − z2 .

(e) (m =−2, j = 0, |z| < 1).

∞∑
n=0

J−2n zn = −z

4−5z + z2 ,

∞∑
n=0

j−2n zn = 8−5z

4−5z + z2 .

(f ) (m =−2, j = 1, |z| < 1).

∞∑
n=0

J−2n+1zn = 4−3z

4−5z + z2 ,

∞∑
n=0

j−2n+1zn = 4−7z

4−5z + z2 .

From the last corollary, we obtain the following results for Jacobsthal and Jacobsthal-Lucas numbers.

Corollary 6.12.
Infinite sums of Jn , J2n , J2n+1, J−n , J−2n , J−2n+1 and jn , j2n , j2n+1, j−n , j−2n , j−2n+1 are given as follows:

(a) z = 1

3
.

∞∑
n=0

Jn

3n = 3

4
,

∞∑
n=0

jn

3n = 15

4
.

(b) z = 1

5
.

∞∑
n=0

J2n

5n = 5

4
,

∞∑
n=0

j2n

5n = 25

4
.
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(c) z = 1

5
.

∞∑
n=0

J2n+1

5n = 15

4
,

∞∑
n=0

j2n+1

5n = 35

4
.

(d) z = 1

2
.

∞∑
n=0

J−n

2n = 2

9
,

∞∑
n=0

j−n

2n = 2.

(e) z = 1

2
.

∞∑
n=0

J−2n

2n = −2

7
,

∞∑
n=0

j−2n

2n = 22

7
.

(f ) z = 1

2
.

∞∑
n=0

J−2n+1

2n = 10

7
,

∞∑
n=0

j−2n+1

2n = 2

7
.

6.4. Generating Function of Generalized Mersenne Numbers

In this subsection, we consider the case r = 3, s =−2. A generalized Mersenne sequence {Wn}n≥0 = {Wn(W0,W1)}n≥0

is defined by the second-order recurrence relation

Wn = 3Wn−1 −2Wn−2 (39)

with the initial values W0 = c0,W1 = c1 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = 3

2
W−(n−1) − 1

2
W−(n−2)

for n = 1,2,3, .... Therefore, recurrence (39) holds for all integer n. For more information on generalized Mersenne
numbers, see Soykan [12].

The Binet formula of generalized Mersenne numbers can be written as

Wn = W1 −βW0

α−β
αn − W1 −αW0

α−β
βn

where α and β are the roots of the quadratic equation x2 −3x +2 = 0. Moreover

α = 2

β = 1

So

Wn = (W1 −W0)2n − (W1 −2W0). (40)

Now, we define two special cases of the sequence {Wn}. Mersenne sequence {Mn}n≥0 and Mersenne-Lucas se-
quence {Hn}n≥0 are defined, respectively, by the second-order recurrence relations

Mn = 3Mn−1 −2Mn−2, M0 = 0, M1 = 1, (41)

Hn = 3Hn−1 −2Hn−2, H0 = 2, H1 = 3, (42)
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The sequences {Mn}n≥0 and {Hn}n≥0 can be extended to negative subscripts by defining

M−n = 3

2
M−(n−1) − 1

2
M−(n−2),

H−n = 3

2
H−(n−1) − 1

2
H−(n−2),

for n = 1,2,3, ... respectively. Therefore, recurrences (41)-(42) hold for all integer n.
For all integers n, Mersenne and Mersenne-Lucas can be expressed using Binet’s formulas as

Mn = αn

(α−β)
+ βn

(β−α)
= 2n −1,

Hn = αn +βn = 2n +1,

respectively. Here, Gn = Mn and Hn := Hn .

Next, we give the ordinary generating function
∞∑

n=0
Wmn+ j zn of the generalized Mersenne numbers {Wmn+ j }.

Lemma 6.4.

Assume that |z| < min{2−m ,1}. Suppose that fWmn+ j (z) =
∞∑

n=0
Wmn+ j zn is the ordinary generating function of the gener-

alized Mersenne numbers {Wmn+ j }. Then,
∞∑

n=0
Wmn+ j zn is given by

∞∑
n=0

Wmn+ j zn = ρ1

ρ2

= z(MmW j+1 −Mm+1W j )+W j

z22m + z(−1)Hm +1

= z(MmW j+1 −Mm+1W j )+W j

z22m + z(3Mm −2Mm+1)+1

where
ρ1 = z((−W0W j+1 + (−W1 +3W0)W j )Wm+1 + (W1W j+1 −2W0W j )Wm)+ (W 2

1 +2W 2
0 −3W0W1)W j ,

ρ2 = z2(W 2
m+1 +2W 2

m −3WmWm+1)+ z((−2W1 +3W0)Wm+1 + (3W1 −4W0)Wm)+ (W 2
1 +2W 2

0 −3W0W1).

Proof. Set r = 3, s =−2,Gn = Mn and Hn := Hn in Lemma 5.1. �
Now, we consider special cases of the last Lemma.

Corollary 6.13.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < 1

2
).

∞∑
n=0

Wn zn = W0 + (W1 −3W0)z

1−3z +2z2 .

(b) (m = 2, j = 0, |z| < 1

4
).

∞∑
n=0

W2n zn = W0 + (3W1 −7W0)z

1−5z +4z2 .

(c) (m = 2, j = 1, |z| < 1

4
).

∞∑
n=0

W2n+1zn = W1 +2(W1 −3W0)z

1−5z +4z2 .

(d) (m =−1, j = 0, |z| < 1).

∞∑
n=0

W−n zn = −2W0 +W1z

−2+3z − z2 .
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(e) (m =−2, j = 0, |z| < 1).

∞∑
n=0

W−2n zn = 4W0 − (3W1 −2W0)z

4−5z + z2 .

(f ) (m =−2, j = 1, |z| < 1).

∞∑
n=0

W−2n+1zn = 4W1 − (7W1 −6W0)z

4−5z + z2 .

The last Lemma gives the following results as particular examples (generating functions of Mersenne and
Mersenne-Lucas numbers).

Corollary 6.14.
Assume that |z| < min{2−m ,1}. Generating functions of Mersenne and Mersenne-Lucas numbers are given, respectively,
as follows:

(a)

∞∑
n=0

Mmn+ j zn = z(Mm M j+1 −Mm+1M j )+M j

z2(M 2
m+1 +2M 2

m −3Mm Mm+1)+ z(3Mm −2Mm+1)+1

= z(Mm M j+1 −Mm+1M j )+M j

z22m + z(−1)Hm +1

= z(Mm M j+1 −Mm+1M j )+M j

z22m + z(3Mm −2Mm+1)+1
.

(b)

∞∑
n=0

Hmn+ j zn = z((−2H j+1 +3H j )Hm+1 + (3H j+1 −4H j )Hm)−H j

z2(H 2
m+1 +2H 2

m −3Hm Hm+1)+ zHm −1

= z(Mm H j+1 −Mm+1H j )+H j

z22m + z(−1)Hm +1

= z(Mm H j+1 −Mm+1H j )+H j

z22m + z(3Mm −2Mm+1)+1
.

Now, we consider special cases of the last two corollaries.

Corollary 6.15.
The ordinary generating functions of the sequences Mn , M2n , M2n+1, M−n , M−2n , M−2n+1 and Hn , H2n , H2n+1, H−n ,
H−2n , H−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < 1

2
).

∞∑
n=0

Mn zn = z

1−3z +2z2 ,

∞∑
n=0

Hn zn = 2−3z

1−3z +2z2 .

(b) (m = 2, j = 0, |z| < 1

4
).

∞∑
n=0

M2n zn = 3z

1−5z +4z2 ,

∞∑
n=0

H2n zn = 2−5z

1−5z +4z2 .
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(c) (m = 2, j = 1, |z| < 1

4
).

∞∑
n=0

M2n+1zn = = 1+2z

1−5z +4z2 ,

∞∑
n=0

H2n+1zn = = 3−6z

1−5z +4z2 .

(d) ((m =−1, j = 0, |z| < 1).

∞∑
n=0

M−n zn = z

−2+3z − z2 ,

∞∑
n=0

H−n zn = −4+3z

−2+3z − z2 .

(e) (m =−2, j = 0, |z| < 1).

∞∑
n=0

M−2n zn = −3z

4−5z + z2 ,

∞∑
n=0

H−2n zn = 8−5z

4−5z + z2 .

(f ) (m =−2, j = 1, |z| < 1).

∞∑
n=0

M−2n+1zn = 4−7z

4−5z + z2 ,

∞∑
n=0

H−2n+1zn = 12−9z

4−5z + z2 .

From the last corollary, we obtain the following results for Mersenne and Mersenne-Lucas numbers.

Corollary 6.16.
Infinite sums of Mn , M2n , M2n+1, M−n , M−2n , M−2n+1 and Hn , H2n , H2n+1, H−n , H−2n , H−2n+1 are given as follows:

(a) z = 1

3
.

∞∑
n=0

Mn

3n = 3

2
,

∞∑
n=0

Hn

3n = 9

2
.

(b) z = 1

5
.

∞∑
n=0

M2n

5n = 15

4
,

∞∑
n=0

H2n

5n = 25

4
.

(c) z = 1

5
.

∞∑
n=0

M2n+1

5n = 35

4
,

∞∑
n=0

H2n+1

5n = 45

4
.
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(d) z = 1

2
.

∞∑
n=0

M−n

2n = −2

3
,

∞∑
n=0

H−n

2n = 10

3
.

(e) z = 1

2
.

∞∑
n=0

M−2n

2n = −6

7
,

∞∑
n=0

H−2n

2n = 22

7
.

(f ) z = 1

2
.

∞∑
n=0

M−2n+1

2n = 2

7
,

∞∑
n=0

H−2n+1

2n = 30

7
.

6.5. Generating Function of Generalized balancing Numbers

In this subsection, we consider the case r = 6, s =−1. A generalized balancing sequence {Wn}n≥0 = {Wn(W0,W1)}n≥0

is defined by the second-order recurrence relation

Wn = 6Wn−1 −Wn−2 (43)

with the initial values W0 = c0,W1 = c1 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = 6W−(n−1) −W−(n−2)

for n = 1,2,3, .... Therefore, recurrence (43) holds for all integer n. For more information on generalized balancing
numbers, see Soykan [13].

The Binet formula of generalized balancing numbers can be written as

Wn = W1 −βW0

α−β
αn − W1 −αW0

α−β
βn

where α and β are the roots of the quadratic equation x2 −6x +1 = 0.Moreover

α = 3+2
p

2,

β = 3−2
p

2.

So

Wn = W1 − (3−2
p

2)W0

4
p

2
(3+2

p
2)n − W1 − (3+2

p
2)W0

4
p

2
(3−2

p
2)n . (44)

Now, we define three special cases of the sequence {Wn}. balancing sequence {Bn}n≥0, modified Lucas-balancing
sequence {Hn}n≥0 and Lucas-balancing sequence {Cn}n≥0 are defined, respectively, by the second-order recurrence
relations

Bn = 6Bn−1 −Bn−2, B0 = 0,B1 = 1, (45)

Hn = 6Hn−1 −Hn−2, H0 = 2, H1 = 6, (46)

Cn = 6Cn−1 −Cn−2, C0 = 1,C1 = 3. (47)
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The sequences {Bn}n≥0, {Hn}n≥0 and {Cn}n≥0 can be extended to negative subscripts by defining

B−n = 6B−(n−1) −B−(n−2),

H−n = 6H−(n−1) −H−(n−2),

C−n = 6C−(n−1) −C−(n−2),

for n = 1,2,3, ... respectively. Therefore, recurrences (45)-(47) hold for all integer n.
For all integers n, balancing, modified Lucas-balancing and Lucas-balancing numbers can be expressed using Bi-

net’s formulas as

Bn = αn

(α−β)
+ βn

(β−α)
,

Hn = αn +βn ,

Cn = αn +βn

2
,

respectively. Here, Gn = Bn and Hn := Hn .

Next, we give the ordinary generating function
∞∑

n=0
Wmn+ j zn of the generalized balancing numbers {Wmn+ j }.

Lemma 6.5.

Assume that |z| < min{
∣∣3+2

p
2
∣∣−m

,
∣∣3−2

p
2
∣∣−m

}. Suppose that fWmn+ j (z) =
∞∑

n=0
Wmn+ j zn is the ordinary generating

function of the generalized balancing numbers {Wmn+ j }. Then,
∞∑

n=0
Wmn+ j zn is given by

∞∑
n=0

Wmn+ j zn = ρ1

ρ2

= z(BmW j+1 −Bm+1W j )+W j

z2 + z(−1)Hm +1

= z(BmW j+1 −Bm+1W j )+W j

z2 + z(6Bm −2Bm+1)+1

where
ρ1 = z((−W0W j+1 + (−W1 +6W0)W j )Wm+1 + (W1W j+1 −W0W j )Wm)+ (W 2

1 +W 2
0 −6W0W1)W j ,

ρ2 = z2(W 2
m+1 +W 2

m −6WmWm+1)+ z((−2W1 +6W0)Wm+1 + (6W1 −2W0)Wm)+ (W 2
1 +W 2

0 −6W0W1).

Proof. Set r = 6, s =−1,Gn = Bn and Hn := Hn in Lemma 5.1. �
Now, we consider special cases of the last Lemma.

Corollary 6.17.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < ∣∣3+2
p

2
∣∣−1 ' 0.171572) .

∞∑
n=0

Wn zn = W0 + (W1 −6W0)z

1−6z + z2 .

(b) (m = 2, j = 0, |z| < ∣∣3+2
p

2
∣∣−2 ' 0.029437).

∞∑
n=0

W2n zn = W0 + (6W1 −35W0)z

1−34z + z2 .

(c) (m = 2, j = 1, |z| < ∣∣3+2
p

2
∣∣−2 ' 0.029437).

∞∑
n=0

W2n+1zn = W1 + (W1 −6W0)z

1−34z + z2 .

(d) (m =−1, j = 0, |z| < ∣∣3−2
p

2
∣∣' 0.171572).

∞∑
n=0

W−n zn = −W0 +W1z

−1+6z − z2 .
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(e) (m =−2, j = 0, |z| < ∣∣3−2
p

2
∣∣2 ' 0.029437).

∞∑
n=0

W−2n zn = W0 − (6W1 −W0)z

1−34z + z2 .

(f ) (m =−2, j = 1, |z| < ∣∣3−2
p

2
∣∣2 ' 0.029437).

∞∑
n=0

W−2n+1zn = W1 − (35W1 −6W0)z

1−34z + z2 .

The last Lemma gives the following results as particular examples (generating functions of balancing, modified
Lucas balancing, Lucas-balancing numbers).

Corollary 6.18.
Assume that |z| < min{

∣∣3+2
p

2
∣∣−m

,
∣∣3−2

p
2
∣∣−m

}. Generating functions of balancing, modified Lucas balancing, Lucas-
balancing numbers are given, respectively, as follows:

(a)

∞∑
n=0

Bmn+ j zn = z(BmB j+1 −Bm+1B j )+B j

z2(B 2
m+1 +B 2

m −6BmBm+1)+ z(6Bm −2Bm+1)+1

= z(BmB j+1 −Bm+1B j )+B j

z2 + z(−1)Hm +1

= z(BmB j+1 −Bm+1B j )+B j

z2 + z(6Bm −2Bm+1)+1
.

(b)

∞∑
n=0

Hmn+ j zn = z((−2H j+1 +6H j )Hm+1 + (6H j+1 −2H j )Hm)−32H j

z2(H 2
m+1 +H 2

m −6Hm Hm+1)+32zHm −32

= z(Bm H j+1 −Bm+1H j )+H j

z2 + z(−1)Hm +1

= z(Bm H j+1 −Bm+1H j )+H j

z2 + z(6Bm −2Bm+1)+1
.

(c)

∞∑
n=0

Cmn+ j zn = z((−C j+1 +3C j )Cm+1 + (3C j+1 −C j )Cm)−8C j

z2(C 2
m+1 +C 2

m −6CmCm+1)+16zCm −8

= z(BmC j+1 −Bm+1C j )+C j

z2 + z(−1)Hm +1

= z(BmC j+1 −Bm+1C j )+C j

z2 + z(6Bm −2Bm+1)+1
.

Now, we consider special cases of the last two corollaries.

Corollary 6.19.
The ordinary generating functions of the sequences Bn , B2n , B2n+1, B−n , B−2n , B−2n+1 and Hn , H2n , H2n+1, H−n , H−2n ,
H−2n+1 and Cn , C2n , C2n+1, C−n , C−2n , C−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < ∣∣3+2
p

2
∣∣−1 ' 0.171572) .

∞∑
n=0

Bn zn = z

1−6z + z2 ,

∞∑
n=0

Hn zn = 2−6z

1−6z + z2 ,

∞∑
n=0

Cn zn = 1−3z

1−6z + z2 .
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(b) (m = 2, j = 0, |z| < ∣∣3+2
p

2
∣∣−2 ' 0.029437).

∞∑
n=0

B2n zn = 6z

1−34z + z2 ,

∞∑
n=0

H2n zn = 2−34z

1−34z + z2 ,

∞∑
n=0

C2n zn = 1−17z

1−34z + z2 .

(c) (m = 2, j = 1, |z| < ∣∣3+2
p

2
∣∣−2 ' 0.029437).

∞∑
n=0

B2n+1zn = 1+ z

1−34z + z2 ,

∞∑
n=0

H2n+1zn = 6−6z

1−34z + z2 ,

∞∑
n=0

C2n+1zn = 3−3z

1−34z + z2 .

(d) (m =−1, j = 0, |z| < ∣∣3−2
p

2
∣∣' 0.171572).

∞∑
n=0

B−n zn = z

−1+6z − z2 ,

∞∑
n=0

H−n zn = −2+6z

−1+6z − z2 ,

∞∑
n=0

C−n zn = −1+3z

−1+6z − z2 .

(e) (m =−2, j = 0, |z| < ∣∣3−2
p

2
∣∣2 ' 0.029437).

∞∑
n=0

B−2n zn = −6z

1−34z + z2 ,

∞∑
n=0

H−2n zn = 2−34z

1−34z + z2 ,

∞∑
n=0

C−2n zn = 1−17z

1−34z + z2 .

(f ) (m =−2, j = 1, |z| < ∣∣3−2
p

2
∣∣2 ' 0.029437).

∞∑
n=0

B−2n+1zn = 1−35z

1−34z + z2 ,

∞∑
n=0

H−2n+1zn = 6−198z

1−34z + z2 ,

∞∑
n=0

C−2n+1zn = 3−99z

1−34z + z2 .

From the last corollary, we obtain the following results for balancing, modified Lucas balancing, Lucas-balancing
numbers.

Corollary 6.20.
Infinite sums of Bn , B2n , B2n+1, B−n , B−2n , B−2n+1 and Hn , H2n , H2n+1, H−n , H−2n , H−2n+1 and Cn , C2n , C2n+1, C−n ,
C−2n , C−2n+1 are given as follows:

(a) z = 1

6
.

∞∑
n=0

Bn

6n+1 = 1,

∞∑
n=0

Hn

6n+2 = 1,

∞∑
n=0

Cn

6n+1 = 3.
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(b) z = 1

36
.

∞∑
n=0

B2n

36n = 216

73
,

∞∑
n=0

H2n

36n = 1368

73
,

∞∑
n=0

C2n

36n = 684

73
.

(c) z = 1

36
.

∞∑
n=0

B2n+1

36n = 1332

73
,

∞∑
n=0

H2n+1

36n = 7560

73
,

∞∑
n=0

C2n+1

36n = 3780

73
.

(d) z = 1

6
.

∞∑
n=0

B−n

6n+1 = −1,

∞∑
n=0

H−n

6n+2 = 1,

∞∑
n=0

C−n

6n+1 = 3.

(e) z = 1

36
.

∞∑
n=0

B−2n

36n = −216

73
,

∞∑
n=0

H−2n

36n = 1368

73
,

∞∑
n=0

C−2n

36n = 684

73
.

(f ) z = 1

36
.

∞∑
n=0

B−2n+1

36n = 36

73
,

∞∑
n=0

H−2n+1

36n = 648

73
,

∞∑
n=0

C−2n+1

36n = 324

73
.

6.6. Generating Function of Generalized Oresme Numbers

In this subsection, we consider the case r = 1, s =− 1
4 . A generalized Oresme sequence {Wn}n≥0 = {Wn(W0,W1)}n≥0

is defined by the second-order recurrence relations

Wn =Wn−1 − 1

4
Wn−2 (48)

with the initial values W0 = c0,W1 = c1 not all being zero.
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The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = 4W−(n−1) −4W−(n−2)

for n = 1,2,3, .... Therefore, recurrence (48) holds for all integer n. For more information on generalized Oresme num-
bers, see Soykan [14].

Binet formula of generalized Oresme numbers can be given as

Wn = (D1 +D2n)αn (49)

where

D1 = W0,

D2 = 1

α
(W1 −αW0) .

i.e.,

Wn = (W0 + 1

α
(W1 −αW0)n)αn

Here, α=β= 1
2 are the roots of the quadratic equation

x2 −x + 1

4
= 0. (50)

i.e. the roots of characteristic equation (50) are equal. Note that

Wn = (W0 +2

(
W1 − 1

2
W0

)
n)× 1

2n .

Now, we define three special cases of the sequence {Wn}. Modified Oresme sequence {Gn}n≥0, Oresme-Lucas se-
quence {Hn}n≥0 and Oresme sequence {On}n≥0 are defined, respectively, by the second-order recurrence relations

Gn+2 = Gn+1 − 1

4
Gn , G0 = 0,G1 = 1, (51)

Hn+2 = Hn+1 − 1

4
Hn , H0 = 2, H1 = 1, (52)

On+2 = On+1 − 1

4
On , O0 = 0,O1 = 1

2
. (53)

The sequences {Gn}n≥0, {Hn}n≥0 and {On}n≥0 can be extended to negative subscripts by defining

G−n = 4G−(n−1) −4G−(n−2),

H−n = 4H−(n−1) −4H−(n−2),

O−n = 4O−(n−1) −4O−(n−2),

for n = 1,2,3, ... respectively. Therefore, recurrences (51)-(53) hold for all integer n.
For all integers n, modified Oresme, Oresme-Lucas and Oresme numbers can be expressed using Binet’s formulas

as

Gn = nαn−1 = n

2n−1 ,

Hn = 2αn = 1

2n−1 ,

On = nαn = n

2n ,

respectively. Here, Gn :=Gn and Hn := Hn .

Next, we give the ordinary generating function
∞∑

n=0
Wmn+ j zn of the generalized Oresme numbers {Wmn+ j }.
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Lemma 6.6.

Assume that |z| < 2m . Suppose that fWmn+ j (z) =
∞∑

n=0
Wmn+ j zn is the ordinary generating function of the generalized

Oresme numbers {Wmn+ j }. Then,
∞∑

n=0
Wmn+ j zn is given by

∞∑
n=0

Wmn+ j zn = ρ1

ρ2

= z(GmW j+1 −Gm+1W j )+W j

z22−2m + z(−1)Hm +1

= z(GmW j+1 −Gm+1W j )+W j

z22−2m + z(Gm −2Gm+1)+1

where

ρ1 = z((−W0W j+1 + (−W1 +W0)W j )Wm+1 + (W1W j+1 − 1

4
W0W j )Wm)+ (W 2

1 + 1

4
W 2

0 −W0W1)W j ,

ρ2 = z2(W 2
m+1 +

1

4
W 2

m −WmWm+1)+ z((−2W1 +W0)Wm+1 + (W1 − 1

2
W0)Wm)+ (W 2

1 + 1

4
W 2

0 −W0W1).

Proof. Set r = 1, s =− 1
4 ,Gn :=Gn and Hn := Hn in Lemma 5.1. �

Now, we consider special cases of the last Lemma.

Corollary 6.21.
The ordinary generating functions of the sequences Wn , W2n , W2n+1, W−n , W−2n , W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < 2 ).

∞∑
n=0

Wn zn = 4W0 +4(W1 −W0)z

4−4z + z2 .

(b) (m = 2, j = 0, |z| < 4).

∞∑
n=0

W2n zn = 16W0 + (16W1 −12W0)z

16−8z + z2 .

(c) (m = 2, j = 1, |z| < 4).

∞∑
n=0

W2n+1zn = 16W1 +4(W1 −W0)z

16−8z + z2 .

(d) (m =−1, j = 0, |z| < 1

2
).

∞∑
n=0

W−n zn = −W0 +4W1z

−1+4z −4z2 .

(e) (m =−2, j = 0, |z| < 1

4
).

∞∑
n=0

W−2n zn = W0 −4(4W1 −W0)z

1−8z +16z2 .

(f ) (m =−2, j = 1, |z| < 1

4
).

∞∑
n=0

W−2n+1zn = W1 −4(3W1 −W0)z

1−8z +16z2 .

The last Lemma üstteki lemma gives the following results as particular examples (generating functions of modified
Oresme, Oresme-Lucas and Oresme numbers).

Corollary 6.22.
Assume that |z| < 2m . Generating functions of modified Oresme, Oresme-Lucas and Oresme numbers are given, respec-
tively, as follows:
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(a)

∞∑
n=0

Gmn+ j zn = z(GmG j+1 −Gm+1G j )+G j

z2(G2
m+1 +

1

4
G2

m −GmGm+1)+ z(Gm −2Gm+1)+1

= z(GmG j+1 −Gm+1G j )+G j

z22−2m + z(−1)Hm +1

= z(GmG j+1 −Gm+1G j )+G j

z22−2m + z(Gm −2Gm+1)+1
.

(b)

∞∑
n=0

Hmn+ j zn = z(Gm H j+1 −Gm+1H j )+H j

z22−2m + z(−1)Hm +1

= z(Gm H j+1 −Gm+1H j )+H j

z22−2m + z(Gm −2Gm+1)+1
.

(c)

∞∑
n=0

Omn+ j zn = 2(OmO j+1 −O j Om+1)z +O j

z2(4O2
m+1 +O2

m −4OmOm+1)+2(Om −2Om+1) z +1

= z(GmO j+1 −Gm+1O j )+O j

z22−2m + z(−1)Hm +1

= z(GmO j+1 −Gm+1O j )+O j

z22−2m + z(Gm −2Gm+1)+1
.

Now, we consider special cases of the last two corollaries.

Corollary 6.23.
The ordinary generating functions of the sequences Gn , G2n , G2n+1, G−n , G−2n , G−2n+1 and Hn , H2n , H2n+1, H−n , H−2n ,
H−2n+1 and On , O2n , O2n+1, O−n , O−2n , O−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < 2).

∞∑
n=0

Gn zn = 4z

4−4z + z2 ,

∞∑
n=0

Hn zn = 8−4z

4−4z + z2 ,

∞∑
n=0

On zn = 2z

4−4z + z2 .

(b) (m = 2, j = 0, |z| < 4).

∞∑
n=0

G2n zn = 16z

16−8z + z2 ,

∞∑
n=0

H2n zn = 32−8z

16−8z + z2 ,

∞∑
n=0

O2n zn = 8z

16−8z + z2 ,

(c) (m = 2, j = 1, |z| < 4).

∞∑
n=0

G2n+1zn = 16+4z

16−8z + z2 ,

∞∑
n=0

H2n+1zn = 16−4z

16−8z + z2 ,

∞∑
n=0

O2n+1zn = 8+2z

16−8z + z2 .
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(d) (m =−1, j = 0, |z| < 1

2
).

∞∑
n=0

G−n zn = 4z

−1+4z −4z2 ,

∞∑
n=0

H−n zn = −2+4z

−1+4z −4z2 ,

∞∑
n=0

O−n zn = 2z

−1+4z −4z2 .

(e) (m =−2, j = 0, |z| < 1

4
).

∞∑
n=0

G−2n zn = −16z

1−8z +16z2 ,

∞∑
n=0

H−2n zn = 2−8z

1−8z +16z2 ,

∞∑
n=0

O−2n zn = −8z

1−8z +16z2 .

(f ) (m =−2, j = 1, |z| < 1

4
).

∞∑
n=0

G−2n+1zn = 1−12z

1−8z +16z2 ,

∞∑
n=0

H−2n+1zn = 1−4z

1−8z +16z2 ,

∞∑
n=0

O−2n+1zn = 1−12z

2−16z +32z2 .

From the last corollary, we obtain the following results for modified Oresme, Oresme-Lucas and Oresme numbers.

Corollary 6.24.
Infinite sums of Gn , G2n , G2n+1, G−n , G−2n , G−2n+1 and Hn , H2n , H2n+1, H−n , H−2n , H−2n+1 and On , O2n , O2n+1, O−n ,
O−2n , O−2n+1 are given as follows:

(a) z = 1.
∞∑

n=0
Gn = 4,

∞∑
n=0

Hn = 4,

∞∑
n=0

On = 2.

(b) z = 1.
∞∑

n=0
G2n = 16

9
,

∞∑
n=0

H2n = 8

3
,

∞∑
n=0

O2n = 8

9
.

(c) z = 1.
∞∑

n=0
G2n+1 = 20

9
,

∞∑
n=0

H2n+1 = 4

3
,

∞∑
n=0

O2n+1 = 10

9
.
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(d) z = 1
4 .

∞∑
n=0

G−n

4n = −4,

∞∑
n=0

H−n

4n = 4,

∞∑
n=0

O−n

4n = −2.

(e) z = 1
5 .

∞∑
n=0

G−2n

5n = −80,

∞∑
n=0

H−2n

5n = 10,

∞∑
n=0

O−2n

5n = −40.

(f ) z = 1
5 .

∞∑
n=0

G−2n+1

5n = −35,

∞∑
n=0

H−2n+1

5n = 5,

∞∑
n=0

O−2n+1

5n = −35

2
.

The results given in the last Corollary can also be obtained by using Binet’s formulas. For example, the results of (e)
of the last corollary can be computed by using Binets’s formulas

Gn = nαn−1 = n

2n−1 ,

Hn = 2αn = 1

2n−1 ,

On = nαn = n

2n ,

as follows:

∞∑
n=0

G−2n

5n = lim
k→∞

k∑
n=0

( −2n

2−2n−1

)
5n = lim

k→∞
(16×

(
4

5

)k

(k +5)−80) =−80,

∞∑
n=0

H−2n

5n =
∞∑

n=0

1

2−2n−1

5n = 10,

∞∑
n=0

O−2n

5n =
∞∑

n=0

G−2n

2
5n =−40.

7. Some Remarks

When we defined the generalized Fibonacci polynomials in (1), we supposed that W0,W1 are arbitrary complex (or
real) polynomials with real coefficients and r and s are polynomials with real coefficients with s 6= 0. However, if we
take W0,W1,r and s are arbitrary complex or real functions (with real coefficients) and z are arbitrary complex or real
number (function), then we can apply to the results obtained in the previous sections (when we check the proofs, we
see that proofs work for these W0,W1,r, s and z). Now, we present some special cases of W0,W1,r, s and z as examples
of functions.
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7.1. The Case r = x + sin x, s = x +cos x, x ∈R
If we set

r = x + sin x,

s = x +cos x,

x ∈ R,

in (1) then we get,

Wn+2 = (x + sin x)Wn+1 + (x +cos x)Wn

with W0 = a(x), W1 = b(x) and

Gn+2 = (x + sin x)Gn+1 + (x +cos x)Gn ,

G0 = 0,G1 = 1,

Hn+2 = (x + sin x)Hn+1 + (x +cos x)Hn ,

H0 = 2, H1 = x + sin x.

We can apply to the results of previous sections for the functions r, s, z. For example, for all integers n, we get, by
Theorem 3.1 (a) (i),(

x + sin x x +cos x
1 0

)n

=
(

Gn+1 (x +cos x)Gn

Gn (x +cos x)Gn−1

)
,

for all x ∈R.
We now apply to Theorem 4.2 for the case r = x + sin x, s = x +cos x, x ∈R.

Theorem 7.1.
For all integers m and j , we have the following sum formulas. If z2(−1)(x + cos x)+ z(−1)(x + sin x)+ 1 6= 0, i.e., if

z 6= 1
2(x+cos x) (−(x + sin x)−

√
(x + sin x)2 +4(x +cos x)), z 6= 1

2(x+cos x) (−(x + sin x)+
√

(x + sin x)2 +4(x +cos x)) then

(a) (m = 1, j = 0).

n∑
k=0

zkWk = zn+2(−1)(x +cos x)Wn + zn+1(−1)Wn+1 + z(W1 − r W0)+W0

z2(−1)(x +cos x)+ z(−1)(x + sin x)+1

(b) (m = 1, j = 0).

n∑
k=0

zkGk = zn+2(−1)(x +cos x)Gn + zn+1(−1)Gn+1 + z

z2(−1)(x +cos x)+ z(−1)(x + sin x)+1

(c) (m = 1, j = 0).

n∑
k=0

zk Hk = zn+2(−1)(x +cos x)Hn + zn+1(−1)Hn+1 − z(x + sin x)+2

z2(−1)(x +cos x)+ z(−1)(x + sin x)+1

If we set z = 1 in the last theorem, we get the following Corollary.

Corollary 7.1.
For all integers m and j , we have the following sum formulas. If 1−cos x − sin x −2x 6= 0, then

(a) (m = 1, j = 0).

n∑
k=0

Wk = Wn+1 + (x +cos x)Wn − (W1 − r W0)−W0

−1+cos x + sin x +2x
.

(b) (m = 1, j = 0).

n∑
k=0

Gk = Gn+1 + (x +cos x)Gn −1

−1+cos x + sin x +2x
.
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(c) (m = 1, j = 0).

n∑
k=0

Hk = Hn+1 + (x +cos x)Hn + (x + sin x)−2

−1+cos x + sin x +2x
.

If we set z = e2i x = cos2x + i sin2x (for x ∈R) in the last theorem, we get the following Corollary.

Corollary 7.2.
For all integers m and j , we have the following sum formulas. If e4i x (−1)(x +cos x)+e2i x (−1)(x + sin x)+1 6= 0, then

(a) (m = 1, j = 0).

n∑
k=0

e2i kxWk = e2i (n+2)x (−1)(x +cos x)Wn +e2i (n+1)x (−1)Wn+1 +e2i x (W1 − r W0)+W0

e4i x (−1)(x +cos x)+e2i x (−1)(x + sin x)+1
.

(b) (m = 1, j = 0).

n∑
k=0

e2i kxGk = e2i (n+2)x (−1)(x +cos x)Gn +e2i (n+1)x (−1)Gn+1 +e2i x

e4i x (−1)(x +cos x)+e2i x (−1)(x + sin x)+1
.

(c) (m = 1, j = 0).

n∑
k=0

e2i kx Hk = e2i (n+2)x (−1)(x +cos x)Hn +e2i (n+1)x (−1)Hn+1 −e2i x (x + sin x)+2

e4i x (−1)(x +cos x)+e2i x (−1)(x + sin x)+1
.

7.2. The Case r = 1, s = 1

For the case r = 1, s = 1,we now apply to Corollary 6.3 for specific z.

Corollary 7.3.
We have the following infinite sum formulas for Fn , F2n , F2n+1, F−n , F−2n , F−2n+1 and Ln , L2n , L2n+1, L−n , L−2n , L−2n+1:

(a) (m = 1, j = 0, z = cos x

3
, |z| =

∣∣∣cos x

3

∣∣∣< ∣∣∣ 1+p5
2

∣∣∣−1 ' 0.618033). We can define two functions f , g :R→R by

f (x) =
∞∑

n=0

(cos x

3

)n
Fn = 6cos x

17−cos2x −6cos x
,

g (x) =
∞∑

n=0

(cos x

3

)n
Ln = 36−6cos x

17−cos2x −6cos x
.

(b) (m = 2, j = 0, z = sin x −cos x

4
, |z| =

∣∣∣∣sin x −cos x

4

∣∣∣∣< ∣∣∣ 1+p5
2

∣∣∣−2 ' 0.381966). We can define two functions f , g : R→ R

by

f (x) =
∞∑

n=0

(
sin x −cos x

4

)n

F2n = 4(sin x −cos x)

17+12(cos x − sin x)−2cos x sin x
,

g (x) =
∞∑

n=0

(
sin x −cos x

4

)n

L2n = 32+12cos x −12sin x

17+12(cos x − sin x)−2cos x sin x
.

(c) (m = 2, j = 1, z = 2

7+x2 , |z| =
∣∣∣∣ 2

7+x2

∣∣∣∣< ∣∣∣ 1+p5
2

∣∣∣−2 ' 0.381966). We can define two functions f , g :R→R by

f (x) =
∞∑

n=0

(
2

7+x2

)n

F2n+1 = x4 +12x2 +35

x4 +8x2 +11
,

g (x) =
∞∑

n=0

(
2

7+x2

)n

L2n+1 = x4 +16x2 +63

x4 +8x2 +11
.
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(d) (m = −1, j = 0, z = 1

4+e i x
= 1

4+cos x + i sin x
, |z| = 1p

17+8cos x
<

∣∣∣ 1−p5
2

∣∣∣ ' 0.618033) . We can define two func-

tions f , g :R→C by

f (x) =
∞∑

n=0

(
1

4+e i x

)n

F−n = 4+e i x

19+e2i x +9e i x
,

g (x) =
∞∑

n=0

(
1

4+e i x

)n

L−n = 36+2e2i x +17e i x

19+e2i x +9e i x
.

(e) (m =−2, j = 0, z = x

5+x2 +x4 , |z| =
∣∣∣ x

5+x2 +x4

∣∣∣< ∣∣∣ 1−p5
2

∣∣∣2 ' 0.381966). We can define two functions f , g :R→R by

f (x) =
∞∑

n=0

( x

5+x2 +x4

)n
F−2n = −x(x4 +x2 +5)

x8 +2x6 −3x5 +11x4 −3x3 +11x2 −15x +25
,

g (x) =
∞∑

n=0

( x

5+x2 +x4

)n
L−2n = (x4 +x2 +5)(2x4 +2x2 −3x +10)

x8 +2x6 −3x5 +11x4 −3x3 +11x2 −15x +25
.

(f ) (m =−2, j = 1, z = cos x

5+13x2 , |z| =
∣∣∣ cos x

5+13x2

∣∣∣< ∣∣∣ 1−p5
2

∣∣∣2 ' 0.381966). We can define two functions f , g :R→R by

f (x) =
∞∑

n=0

( cos x

5+13x2

)n
F−2n+1 = 2(13x2 +5)(13x2 +5−2cos x)

cos2x −6(13x2 +5)cos x +338x4 +260x2 +51
,

g (x) =
∞∑

n=0

( cos x

5+13x2

)n
L−2n+1 = 2(13x2 +5)(13x2 +5−4cos x)

cos2x −6(13x2 +5)cos x +338x4 +260x2 +51
.
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