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1. Introduction and Preliminaries: Generalized Fibonacci Polynomials

The generalized Fibonacci polynomials (or Horadam polynomials or x-Horadam numbers or generalized
(r(x), s(x))-polynomials or (r(x), s(x)) Horadam polynomials or 2-step Fibonacci polynomials)

{W, (W, W5 r(x), (X))} n=0
(o1 {W,,(x)} =0 or shortly {W},},=¢) is defined as follows:
Wy (x) = r(x) Wy_1(x) + s(x) Wy_2(x), Wo(x) = a(x), W1(x) =b(x), n=2 (1

where Wy (x), W (x) are arbitrary complex (or real) polynomials with real coefficients and r (x) and s(x) are polynomials
with real coefficients with r(x) # 0, s(x) # 0.
The sequence {W,} =0 can be extended to negative subscripts by defining
Won (0 = =2 W (00 + —— Wy ()
-n = s(x) —(n-1) s(x) —(n-2)
for n =1,2,3,... when s(x) # 0. Therefore, recurrence (1) holds for all integers n. Note that W_,(x) need not to be a
polynomial in the ordinary sense. For more details on generalized Fibonacci (Horadam) polynomials, see [10]. For

some references on special cases of Horadam polynomials see [3-5, 9, 16, 17] for papers and [1, 2, 6-8, 11, 15] for
books.
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Binet’s formula of generalized Fibonacci (Horadam) polynomials can be calculated using its characteristic equation
(the quadratic equation, polynomial) which is given as

2 —r(x)y—s(x) =0. )
The roots of characteristic equation are

(%) + V1% (x) +4s(x) r(x) = V12 (x) + 4s(x)
alx):=a= , Bx):=p=

2 2 ) 3)

Now, we define two special cases of the polynomials W, (x). (r(x), s(x))-Fibonacci polynomials
{G,(0,1;7(x), s(x)}n=0 (or shortly G,(x)) and (r(x),s(x))-Lucas polynomials {H, (2, r(x);7(x),s(x)},=0 (or shortly
Hj,(x)) are defined, respectively, by the second-order recurrence relations

Gpi2(x) = 1(X)Gps1 +5(X)Gu(x), Go(x)=0,G1(x) =1, 4)
Hyo(x) r(x)Hp +s(x)Hyp(x), Ho(x) =2, Hi(x) =r(x). (5)

The (sequences of polinomials) {G, (x)} ;>0 and {H,(x)},>0 can be extended to negative subscripts by defining

r(x) 1
G_p(x) = —@G—(n—l)(x)*'EG—(n—Z)(x)r
H()——@H ()+LH (x)
-nlX) = () -(n-1n X () —(n-2)X),

for n=1,2,3,... respectively. Therefore, recurrences (4) and (5) hold for all integers n.
NOTE: For the sake of simplicity throughout the rest of the paper, we use

Wy, 1, s, Wo, W1, a, B, Gn, H,, Go, G1, Hy, Hy
instead of

Wi (), r(x), s(x), Wo (x), W1 (x), a(x), B(X), Gn(X), Hn (%), Go(x), G1(x), Ho(x), H1 (%),
respectively, unless otherwise stated. . For example, we write

Wo=rWy_1+sW,,_5, Wog=a,Wy=b, n=2

for the equation (1).
Using the roots a, f and recurrence relation (1), Binet’s formula can be given as follows:

Theorem 1.1 ( [10], Theorem 2).
The general term of the generalized Fibonacci (Horadam) polynomials W,, can be presented by the following Binet’s
formula:

B" , ifa+# B (Distinct Roots Case)

Wi - W ol — W1 —aWy
Wy = a-p a-p (6)
(MW —a(n-1)Wp)a™! | ifa=p (Single Root Case)
Wy - W, Wy —aW
3 { la—ﬁﬁ Oqn— la_aﬁ 0 B" , ifa+# B (Distinct Roots Case)
(nW1 - 5 (n—1) Wp) (%)n_l , ifa=p (Single Root Case)

2. Simson’s Formulas of Fibonacci Polynomials

The following theorem gives Simson’s formula of the generalized Fibonacci polynomials {W,,}.
Theorem 2.1 (Simson Formula of Generalized Fibonacci (Horadam) Polynomials [10], Theorem 5).
For all integers n, we have

Wn+1 Wn
Wn Wn—l

W W

Wo W_p |’ ™

=(=D"s"
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Note that (7) can be written as

W W
Wo W

Wn+ m+1 Wn+m
Wn+m Wn+m—1

= (=]tmgntm

for all integers n, m.
Note also that
wr W
Wo W_,

| Wo
Wo (W —rWp)

since
1
W_,= ;(Wl —rWo).
We define
Aw(n) = Wr%+1 - SWr% —rWpWpiy.
Then
Aw (0) = WE — sWE — rWo Wh.
Simson’s formulas of W,,, G,, H, can be given in the following forms.
Lemma 2.1.
For all integers n, we have
(@ Aw(n)=(-1)"s"Aw(0), i.e,
(W7%+l - SWr% —1rWuWyi1) = (_l)nsn(WIZ - SWOZ —rWoWy).
(b) Ag(n)=(-1)"s"Ag(0) = (-1)"s", i.e,
(Ggwl - SG% —1GyGpy1) = (=1D)"s".
(© Ap(n)=(=D"s"Ag(0) = (r> +4s)(-1)"*1s", ie.,

(Hr21+1 - SHrZL —rHpHyyy) = (1% +4s)(-1) "M 5",

Proof.

(a) Note that (7) can be written in the following form:

Wn+1 Wn
Wy (W1 —rWy)

w

(_l)nsn

since

Wn = rWn,1+sWn,2,

Wo

Wo LWy —rWwp)
1
(=D"s" x ;(Wf — sWE — rWoWy)

(=D WE - sWE - rWoWh)
-D"s" ' Aw (0)

1
Wper = rWp+sWy 1> W, = ;(Wn+1 —rWy),

W_y

1
;(Wl - rWo).

Note also that

Wn+1 Wn
Wy s Wy =1 W)

I
= S(Wn+1 sWy —rWpWyi)

1
SWiy = sWE = rWaWo) = (-D"s"'Aw(©)

(W3+1 - SWr% —TWpWhpi1)

So we get the identity (9).

(D" (WE - sWE — rWoWy).

25

(8)

9)

(10)

(11)
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(b) Since
AG(0) = G2 —sG2 - rGoGy =1,
we get the identity (10).
(c) Since

Ag(0) = H? — sH2 — rHyHy = —(r? +4s),

we get the identity (11). [J
We will use the identities (9), (10) and (11) in the following sections.

3. Generalized Fibonacci Polynomials by Matrix Methods

In this section, we present matrix representations of the sequences W, G, and H,. We also introduce Simson
matrix and investigate its properties.

3.1. Matrix Representations of the Sequences W,,, G, and H,

In the next theorem, we find the Binet’s formulas of W,,, G,, and H,, by matrix method with other results.

Theorem 3.1.
For all integers m, n, we have

(a)

(i) B,=A" ie,
r s "_ Gne1 SGp
10 B Gn SGn_l ’
(i) ifr>+4s#0,i.e, a#p then

r 2s rs "_ H,:, sHj
2 -r)\l1ro) "\ H, sH,,)

ie.,
rs "_ ro2s\! H,,, sH,
10/ \2 -r H, sH,..)
that is,
rs)” _ 1 r 2s\( Hys1  sHj
10 T 2445\ 2 -1 H, sH,
1 rHy1 +2sH, rsH,+2s*H,_
T r244s\ 2Hy1—-rH, 2sH,-rsH,_;
and ifr> +4s=0, i.e, a = f then
rs\"_ (% (n+1) Hpn ~lann,
10/~ 3 L Hy —sa(n-1)Hp )

(iii)

10

_ ( (=Wr + rWo) W1 + sWo W, sWoWyp1 — W1 Wy)
WoWp1 — Wi W, —WiWyi1 + (r Wy + sWo) Wy,

n
(—W12+SW02+rW1W0)( rs )
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ie.,
( (W1 —rWo) Wiy = sWoW,,  —s(WoWyy1 — W W)
(r s)” 3 -WoWyi1+ Wi Wy, Wi W1 — (r Wy + sWo) Wy,
Lo} W2 — sWZ - rWi Wy
~ W1 Wy —1rWo) — sWo Wy, s WoWp1 — Wi W,
3 SWZ+rwowy - W2 SWZ+rwowy - W2
- WoWni1 = Wi Wy ~ WiWipi1 = Wy (r Wi + sWp)
SWG +rWoWy — W} SWG +rWoWy — W
where
W 1% Wy W
—W2 2 — 0 1 _ 0o W1
W1+SWO +rWoh; W, W+ sW W, W |
(b)
A" =G, A+ sG],
ie.,
A" = Gy A+ (Gpy1 =GR,
that is
A" =G I+ Gu(A-1D),
where
10
=[10)
Proof.

(a) Proof are given in [10].

(b) Proof can be given by mathematical induction. But, we present a direct proof as follows. By using (a) (i), we get

r s 10
Gn(l O)HGH(O 1)

rG,+sG,-1 sGy
Gn SGn_l
_ Gn+1  SGp
Gn Sanl
A"

GpA+5sGp_11

Note that since sG;,_1 = (G,+1 — rG;,), we obtain
A" =GpA+ (Gyi1 —1Gp) L

Then, after rearranging we get
A" =G I+ Gu(A—1D). O

We need the following theorem.

Theorem 3.2 ((Honsberger’s Identity)[10]).
For all integers m, n we have

Witem = WiGps1 + sWp1Gpi. (12)

Now, we present some consequences of the last theorem.
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Corollary 3.1.
For all integers m, n, j, we have the following properties:

Wnsj = Wis1Gon + sW;Gunr, (13)
Gmn+j = Gj+1Gmn+SGjGmn-1, (14)
Hpn+j = Hjy1Gmn+sHjGpp-1, (15)

ie.,
Winn+j = WiGmpi1+ (Wjt1 —1W;j)Gmp, (16)
Gmn+j = GjGmn+1+(Gjr1—1Gj)Gmn, (17)
Hpun+j = HiGups1+ (Hjy1 —17Hj)Gpp. (18)

Proof. If we make the following changes

n e a
m < b
in (12), i.e.,
Whim = WG + sWy_1Gpy,
we get
Warp = WaGpi1 + sWa1Gp (19)
Now, if we make the following changes
a < j+1

b © mn-1

in (19), we obtain

Wiin+j = Wijt1Gmn + SW;Gpn-1. (20)
It follows that
Win+tj = WiGmn+1+ (Wi —1W;)Gpmp @D

since

Gmn+1=TGmn + SGmn-1
ie.,

$Gmn-1= Gmn+1 — rGmn.

To complete the proof, set W,, = G,, and W,, = H, in identities (20) and (21), respectively. [J
We also need the following Remark in the sequel.

Remark 3.1.
(13) can be written it the following forms:
Win+j+1 = Wis1Gmp+1 + SWiGnmp, (22)
Winn+j = WiGmp+1+SWj—1Gmn, (23)
Whn+j-1 = WiGmn+sWj-1Gmn-1, (24)

For (22), first replace j with j + 1 and then use the identities (by definition)
SGmn-1 = Gmn+1—TGmn,
Wit = rWi +sWj,

in (13).
For (23), replace

SGmn-1 = Gmn+1—7Gmp,
VVj.H = er+st_1,

in (13).
For (24), just replace j with j—1in (13).
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3.2. Simson Matrix and its Properties

For n € Z, we define

_ Wn+1 Wn
fw(n)—( W, WrH)'

We call this matrix as Simson matrix of the sequence W,,. Similarly, as special cases of W,, Simson matrices of the
sequence G, and H, are

_ Gn+1 Gn
fG(n)—( G, Gn—l)’

and
Hn+1 Hn )
n)= ’
fu(n) ( H, H,
respectively.
Note that fiy (n), fg(n) and fz(n) can be written, respectively, as
Wn+l Wn
(n) = 1 ,
fW Wy ;(Wn+1 —-rWy)
Gn+l Gn
(n) = 1 ,
fo Gn ~(Gne1=7Gp)
Hn+1 Hn
(n) = 1 )
In Hy  ~(Hpy1 =7 Hy)
since
1
Wy = E(Wn+l_rwn)r
1
Gp1 = ;(Gn+1 -rGy),
1
Hy ., = ;(HnJrl —rHy).
Lemma 3.1.

For all integers n, m and j, the followings hold.
@ fwn) =rfwn-1)+sfwn-2),i.e.,

( Wn+1 Wn ):r( Wn Wn—l )+S( Wn—l Wn—z )
Wn Wn—l Wn—l Wn—z Wn—Z Wn—3 )

(b) fw(m) =Afwn-1) and fiv(n) = A" fy (0), i.e.,

(Wn+1 Wi ):(r S)( Wiy, Wn—l)
Wn Wn—l 10 Wn—l Wn—z

and
Wair W \_(r s\ (W1 W
W, W) |10 Wo Wy )
(©) fwn+m)=A"fw(m) and fw(n+m)= A" fiyy(n) i.e.,

(Wn+m+1 Wiim ) (r S)n(Wm+1 Wi )
Wn+m Wn+m71 10 Wm Wmfl '

and

(Wn+m+1 Wham ):(r S)m(WrH-I Wi, )
Wn+m Wn+m—1 10 Wn Wn—l '

and fy(n) = A™ fyy(n—m), i.e.,

(Wn+1 Wy ):(I‘ S)m(Wn—m+1 Wi-m )
Wn Wpoa 10 Wi-m  Wp-m-1)’



30 Sums and Generating Functions of Generalized Fibonacci Polynomials via Matrix Methods

(d
fw(mn+ j)=A"" fw(j)
and
fwmn+j) = (GpA+sG,1 D™ fw (j),
ie.,
fwmn+ j) = (GpA+ (Gpe1 —rGp) D™ fiw ().
(e)
(Wn+1 Wy ):(Gn+1 sGy, )(Wl Wo )
W, Wy Gn sGpo1 J\ Wy Woy )
and
(Wn+m+1 Whtm ): ( Gn+1 SGp )( Wint1 Wi )
Whem  Wham-1 Gn sGu Wi W1 )’
and
(Wn+1 Wy ):(Gm+1 sGm )( Wi-m+1 Wh-m )
Wn Wpo Gm $Gm-1 Wiem  Wiem-1 )’
(f)
((Wl—rWO)Wn+1—SW0Wn —s(MoWpi1 — W1 Wy) )
(WnH W, ): —WoWpns1+ W1 Wy, W1 Wy = (rWy + sWp) W, (W1 Wo )’
Wn Wp W2 —sWZ - rWi W Wo Wo,
and
((Wl—rWO)Wn+1—SW0Wn —s(WoWp41 — W1 Wp) )
(Wn+m+1 Wyem ): ~WoWpns1 + W1 Wy Wi Wpi1 = (rWh + sWp) Wy, (Wm+1 W ),
Wasm  Wnam-1 WE - sWZ - rWwi W Wi W1
and

( (W1 = rWo)Wips1 —sWo Wy, —s(Wo W1 — W1 Wiy) )
( Wy Wy ) 3 ~WoWn+1+ W1 Wy, WiWine1 — (W1 + sWo) Wiy, ( Wiems1 Wiem )
Wn Wi le - SWO2 - rmnWy Wi-m Wpem-1 )’

(8 ifr2 +4s#0, i.e, a# [ then

(W,1+1 W, )_ 1 (an+1+23Hn ran+232Hn_1)(W1 WO)
Wo Wpo1 ) r2+4s\ 2Hyp1—rH, 2sH,—1sHp Wo Wop )’

and

( Wiim+1 Whim ) _ 1 ( rHpi1+2sH, rsHy +232Hn—1 ) ( W1 Wi )
Whim  Wham-1 r2+4s\ 2Hp1—rHy 2sHp—rsHy Wm W1 )’
and

Wit Wy 1 rHpy1+2sHy, rsHy +252Hm—1 Wi-m+1 Whom

( Wn Wpa ) - ( 2Hp1—1rHy  2SHp—rsHp ) ( Wi-m  Wi-m-1 )'

T r244s

and ifr> +4s=0, i.e., a = f§ then

1 1
(Wn+1 Wy, )_ ﬁ(”‘zl)H’lH —zanty, (W1 Wo)
Wo War )\ g7He  —3a(i=DHe [\ Wo Woy )
and
1 1
(Wn+m+1 Wn+m )_ %(n_zl)HnJrl _Eaan (Wm+1 Wm )
Woim  Waem-1 %;Hn _%a(n_l)Hn—l Wi Wp-1 )’
and
1 1
(WM W, ): aq M D Hm —gamHn (Wn_m+1 Wn_m)
Wy Wyo 2y Hn —3am=DHp-y J[{ Waem Wamor )
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Proof.
(@) Use (1),i.e. Wy, =1rW,,_1 +sW,,_o.
(b) By using the definition of W,,, i.e., W, = rW,,_1 + sW,,_», we get
(r s)( W, Wn_l)
1 0J\ Wpr Wy

B (rWn+sWn,1 rWn,1+sWn,2)

Afw(n-1)

Wn Wn— 1

— (Wn+1 Wn )
Wn Wn—l

fw(n).

Now, it follows that fyy (n) = A” fiy (0).
(c) By using (b) we get
fwn+m)=A""fy (0) = A" A" fiw (0) = A" fiy (m).

By interchanging m and n in fi (n+ m) = A" fyy (m), we get fw (n+m) = A™ fiy (n).
Then it follows that

fwn+m) = A"fyw(m) e A" fw(n+m) = fw(m)
o A" fw(=m+n) = fw(n) e fw(n) = A" fww(n—m).
(d) By using Theorem 3.1 (b), i.e.,
GpA+ (Gpy1—1Gp)I = A"
and the identities in (13), (22), (23), (24) i.e.,

Win+j = Wir1Gmn+sW;Gmn-1,
Win+j+1 = Wit1Gmnp+1 +SWiGpmp,
Wmn+j = Wijn+1 + SVVj—len,
Winsj-1 = WiGpmn+sW;1Gmp-1,

we get
(GnA+(Gpi1—1G) D" fw(j) = A™" fw())
_ (Gmn+1 SGmn )(Wj+1 144 )
Gmn  SGmn-1 Wi W
_ (ij+1Gmn+1+5Wijn Wijn+1+SWj—1Gmn)
Wii1Gmn+sWiGmn-1 WjGmn+sWj—1Gmn-1
— (Wmn+j+1 Wmn+j )
Wmn+j Wmn+j—1
= fw(mn+j).
since
n
A = rs)_ Gne1 SGp
10 Gn SGn_1 ’

Note that A" fiy (j) = fw(mn + j) also follows from the identity fy, (n+ m) = A" fiy(m) which is given in (c), by
replacing n and m by mn and j respectively in fiy (n+ m) = A" fyy (m).

(e) Use (b), (c) and Theorem 3.1 (a) which states that

an=|7 S n= Gn1 $Gy
10 Gn Sanl ’

(f) Use (b), (c) and Theorem 3.1 (a) (iii).
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(g) Use (b), (c) and Theorem 3.1 (a) (ii). [

Taking the determinant of both sides of the identities given in Lemma 3.1, we obtain the following Theorem.

Theorem 3.3.
For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fw (n+ m)) = (—s)" det(fw (m)),

and
det(fw (n) = (=5)™ det(fw(n—m)),
ie.,
Wasmer Waem | _ (—5)" Wi+t Wi
Wiem  Whim-1 Wi Wi
W, w,
" Wl
and
Wpe1 Wy — (g™ Wi-m+1 Wnem
W Wy Whiem  Wiem—1
(b) (see Theorem 2.1) Simson’s (or Cassini’s) Identity:
det(fw (n) = (=5)" det(fw (0)),
ie.,
Wpe1 Wy — (C1)s" W Wo
W, W, Wo W_y
Proof.
(a) Taking the determinant of both sides of the identities
fwn+m) = A" fyy(m)
= A" fw(n)

and
fwm) = A" fw(n—m)
which are given in Lemma 3.1 (c), we get the required results.
(b) Take m = 0in det(fy (n+m)) = (—s)" det(fi (m)) in (a) or take the determinant of both sides of the identity fiy (n) =

A" fiy (0) which is given in Lemma 3.1 (b). O

Remark 3.2.

To prove the second matrix identity in Lemma 3.1 (d), we used a consequence (Corollary 3.1) of Honsberger’s Identity
(Theorem 3.2). However, firstly, the second matrix identity in Lemma 3.1 (d) can be proved by induction and then
Honsberger’s Identity, i.e.,

Whim = WnGmi1 + SWp1Gpy

can be obtained just comparing the linear combination of the 2rd row and 1st column entries of the matrices.

From the last Theorem, we have the following Corollary which gives determinantal formulas of (r, s)-Fibonacci
polynomials (take W,, = G, with Gy =0,G; =1).
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Corollary 3.2.
For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fe(n+m)) = (—s)" det(fe(m)),

and
det(fg(n)) = (—s)™ det(fg(n—m)),
ie.,
’Gn+m+1 Gn+m — (—S)n Gm+1 Gm
Gn+m Gn+m71 Gm Gmfl
Gn+1 Gn
= —Sm
=) ‘ Gn Gn—l
and
‘Gm—l Gn = (- S)m‘ Gn m+1 Gn m
G, Gu Gn-m Gn-m-1

(b) Simson’s (or Cassini’s) Identity:
det(fe(n)) = (-s)" det(f(0)),

ie.,

Taking W,, = H, with Hy = 2, H; = r in the last Theorem, we have the following Corollary which gives determinantal
formulas of (r, s)-Fibonacci-Lucas polynomials.

Corollary 3.3.
For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fu(n+m)) = (—s)" det(fu(m)),

and
det(fu(n) = (—s)™ det(fu(n—m)),
ie.,
‘Hn+m+1 n+m — ( S)n m+1 Hm
Hyim Hpym-1 Hy,  Hm
Hn+1 Hn
_ 5"
( ) Hn Hnl

‘ Hn+1 n
Hn Hn 1

— (_S)m' Hpme1 Hp-m
Hp-m  Hp-m-1

(b) Simson’s (or Cassini’s) Identity:
det(fu(n)) = (—s)" det(f(0)),

ie.,

= (P +49)(-D" s
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4. The Sum Formula};_, KW j of Generalized Fibonacci Polynomials via Matrix Methods

From now on, through the paper, we suppose that z is a real or complex number. So we may assume that z is a
scalar value (real or complex) number or function in x € R, for example z =3, z=11-2i, z=cosx, z=e*, z=2+5X,
z=e'* =cosx+isinx, z=5x*—2x+7 for x € R. We also suppose that z # 0 if necessary (needed).

In this section, we give the sum formula }.;_, ZWies ;j of generalized Fibonacci polynomials via matrix methods.
First, we need to present matrix notations to use linear algebra (matrix) method. Suppose that M is a n x n matrix.
Then

MAdj(M) = det(M)I

where I is the identity matrix and Ad j(M) is the adjugate of M. The adjugate or classical adjoint of a square matrix
M is the transpose of the matrix of cofactors of M. The i, j cofactor M;; of M is the scalar (-1)"*/ det M (i| j), where
M (i|j) denotes the matrix that you obtain from M by removing the ith row and jth column. Since,

det(/-M)I=U-M)AdjI-M)
and
n
(Z Mk) (I-M)=(I-M")
k=0
for any square matrix M, we get
n
(Z Mk)det(l—M)=(I—M”+1)Adj(I—M). (25)
k=0

Note also that

o = (% )
Wi Wi
B ( w; —(Wj+1—rV\/,))
If
M = zAmzz(r S)m
10
_ z(GmH sGm )
Gm SGm-1 )’

then we have

n
ZkAWlk'

det(I-zA™) = (I =z"" VAT A (T - zA™),

and then, since fiy (mk + j) = A" fiy,(j) by Lemma 3.1 (d), we get

n
Z ZkAmk
k=0
— (I—Zn+1Amn+m)Ad](I—ZAm)fW(])

det(I—zA™) det(I—zA™)

fw ()

n
Y zkfw(mk+j))

k=0

4.1. The Sum Formula }}_, Z*Wpes ;i of Generalized Fibonacci Polynomials in Terms of Generalized Fibonacci
Polynomials

By using Theorem 3.1 (a) (iii), we can give the sum formula 7! Z*Woks j of generalized Fibonacci polynomials

via matrix methods (in terms of elements of the sequence of generalized Fibonacci polynomials).

Theorem 4.1.
For all integers m and j, we have the following sum formulas.
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(a) Ifzzl“l +2zI +T'3 #0 then

isz o Z2"2@) +2"1@, + 203 + 0,4 26)
& ° Tmk 22T + 2T + 13

_ Op(2)

C Tw(2)

where

Ow(z) = 2""20) + 210, + 203 + Oy = 2" A(WjWie1 — Wini W) Winnemar + (Wje1 = TW) Wiy —
SWi W) W) + 2" H (Wo W1 = Wi W) Winnsma1 + (Wi Wist + (FWi + SWo) W) Wi mn) + 2((=Wo Wjs1 +
(W1 + rWo) W) W1 + (Wi Wjgq + sSWo W) W) + (WP = sSWE — rivg W) W

2201 = 2" (Wi Wins1 = Wit Wi) Winnamar + (W1 = rWj) Wi — SWi W) Wi m)
210y = 2" (W Wikt = Wi W) Wi + (= Wi Wit + (F Wy + sWo) W) Winmn)

203 = Z(-WoWj1 + (W1 + rWo) W) Wip1 + (W1 Wiy + sSWo W) W,yp,)

04 = (W2 = sWZ - rWoW)W;

lLe.,

Ow(z) = Zn+2®1+zn+1®2+z®3+®4 — Zn+2(_1)(W12—sW02—rWoWl)((—HmGj+Gm+j)Wmn+m+1+(_Hm(Gj+1—
rG)+ G js1 = TG Y Winnsm) + 2" (D WE = sWE = rWo WD) (G Winnms1 +(Gjs1 = TG Winsmn) + 2(WF =
SWE = rWoW)(GuWji1 = G W) + (W] = sWE — rWo W) W

"0 = Z"P(-DWE - W - rWoWD(—HmGj + Gus DWinims1 + (wHu(Gjs1 — 1G)) + Gpyji1 —
er+j)Wmn+m)
2"10, = 2" (1) (WE = sWE — rWoW1) (Gj Winnsm1 + (Gjs1 = TG)) Wins mn)
203 = Z(Wf = sSWZ = rWoWi) (G Wis1 — Gpaa Wj)
04 = (W2 = sWZ - rWoW)W;
and
Tw(z) = 2°T1+2l2+T3 = 22 (= 1)"'s™ (WE = sW — r WoWh) + 2(—1) Hpy (WP = sSWZ = r WoWh) + (W2 — sSWZ - rWo Wh)
Z’T1 =22 (W2, — sSW2 — T Wy, Wia1)
2Ty = 2((=2Wi + 1 Wo) Wins1 + (r Wi + 25 Wo) Wipy)
T3=WZ—sWZ-riwoW
ie.,
Tw(z) = 2°T1 + 2T + T3 = (22 (=)™ s + 2(=1) Hyy + D (WE — sSWE — riWp W)
2T = 22 ()" s (W} = sWZ — rivgWh)
2y = 2(—=1) Hpy (WE = sSWE — riWpWh)
T3=W2-sWZ-rWoW;
(b) Ifzzl“l + 2zl +T3=u(z—a)(z—b) =0 forsomeu,a,be Cwithu#0anda#b, i.e., z=aorz=D>b then
z": Zkak+j _ (n+2)z2""10; + (n+1)2"0, +®3'
=0 2z +T

(c) Ifzzl"l +zl+ T3 =u(z—a)? = 0 for some u,ac C withu#0, i.e., z= a, then

L _ (n+2)(n+1)z"01+ (n+1)nz""10,
Y 2 Wiksj = T .
k=0 1

Proof. Note that
Aw (0) = Wi = sWE — rWy Wy
(a) We set, by using Theorem 3.1 (a) (iii),
ros\" Gm+1 SGm
1 0) =z( Gm  $Gm-1 )

Z( Gm+1 sGp, )
Gn Gmi1—1Gnp

( Wy —rWo)Wipy1 = sWoWy,  —s(WoWipe1 — W1 W)
-WoWps1 + Wi Wy, Wi W1 — (rWy + sWo) Wy,

WE - sWZ-rWwi W

M = zAm:z(
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in (25). Then we get

WV Wy = rWo) = sSWoWnm _ sz NoWmir = Wi Wi
[ oA = SWE+rWoW, — W2 SWZ +rWoWy — Wi
A= Wi W Wi 2 Wi T+ sWh)
SWE+rWow, — W} SWE+rWoW, - Wi
After some calculations, we see that
1
det(I-zA™) = T'w(z)
W2 —sW2—rw Wy

1

= (2°Ty + 22 +T'3)
W2—sw2-rwiw, 2P

where I'y(z) = 22T + zls + I's, 22T, zI'1, I's are as in the statement of (a) of Theorem, i.e.,
T'w(z) = z°T1 +zl2 + T3,
2T =22 (W2, | = sW2 — T Wy, W),
ng = Z((—2W1 + rW())Wm+1 + (rW1 +28W0)Wm),
T3=WZ—sWZ-riwpW,,
By Lemma 2.1 (a) we know that

W2, ) = SW2 = r Wy Wiy = (=) (W2 = sWZ — r Wy Wy)
so that

2T = 22 (=) (WE - sWE — rivpWh).
Since

(—2W1 + rWo) W1 + (Wi +25Wo) Wiy, = — Hypy (WE — SWE — rWo W)
we get

20y = 2(=1) Hp (W2 — sSWE — ripWh).

Therefore,
1
det(I-zA™) = (Z2(W2, | = SW2 — 1 Wy Wii1)
W2 —sW2-rwiW, " "
+2((=2Wh + 1 Wo) Wi 1 + (r Wy + 25 Wo) W) + WE — sWE — rWoWh)
(DTS 2(-1) Hy + D)W = sW§ — 1 WoW)
WEZ - sWZ-rwi W
_ erl +zl +1'3
WZ - sWZ-rm W
= Z2(=1D)"s" + z(~1)Hp + 1.
Now,
ZW1Wm+1—Wm(TW1+SWo) +1 sz WoWms1 — W1 W,
2 2 2 2
LT my _ SWO +rWoW, - W. SW0 +I‘W()W1—W1
AdjI=2zAT) = L WoWnir A Wt (Wi = rWo) = sWoWm
SWE +rWoWy — Wi SWG +rWowy — Wi
and
na1 W1 =1Wo) Wit 1 — SWoWpemn +1 oon+l WoWmsmn+1 = W1 Wpimn
[ g+ gmnem _ ‘ SWE+rWoW, — W2 5 SWE+rWoW, — W2
“ - _gn+l WoWim+mn+1 = W1 Wmaemn 1 — gn+l (rWi + sWo) Wiy mn — W1 ]1/Vm+mn+1
SWZ +rWow, — W2 SWZ +rWoWy — W
and
fmk+ ) Wink+j+1 Wink+j
w(mk+ j) =

Wink+j ;(ka+j+1_erk+j) .
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Then, the 2nd row and 1st column entry of matrix (I — z"“Am'”m)Adj(I —zA™) fiy (j) is equal to

1
W2 —sWZ - rWwi W

(Zn+2®1 + Zn+1@2 + 203 + Q4)
where Oy (2) = 2""201 + 210, + 203 + O4, 27201, 2105, 203, @4, are as in the statement of (a) of Theorem.
Note that we have used d’Ocagne’s identity, i.e.,
W Wins1 = Wit Wiy = —(WE = SWE = rWoW1) (= Hu G + Gsn)
and the identities

(—WE + sWE+rWiWg)Gy, = WoWypy — Wi W,
SCWE+SWE+TrWiW))Gy = —Wy Wi + (r Wy + sWo) Wiy

when computing and simplfying z**20;, z""*'©, and z0s.

Note also that, since det(I —zA™)(X}_ 2 fy (mk+ j) = (I = 2" LA™ ™M) Ad (I — zA™) fw (j), i.e., matrices over
the either side is equal, the 2nd row and 1st column entry of matrix det(/ - zA™) (X} _, z* i (mk + J)) is equal to
the 2nd row and 1st column entry of matrix (I — z"*! A™"* ") Ad j(I — zA™) fw (j). So, to complete the proof, we
will just compare the linear combination of the 2nd row and 1st column entries of the matrices. Then, we get

! 2 "~k
(z F1+zF2+F3) z"W, k+i
W2 — sWZ - rWiWy ,;0 e
1

- w2 — SW62 - r (2201 +2""%0, + 203 + 0y)
1

and so
iszmk+‘ _ 220, + 210y + 203+ 04
k=0 / z2F1 +2zlh+T'3
_ Op(2)
Tw(z)

(b) We use (26). For z=a or z = b or z = ¢, the right hand side of the above sum formula (26) is an indeterminate
form. Now, we can use L'Hospital rule. Then we get (b) by using

i e L (2"201 + 210y + 203 + Oy)
k=0 %(zzl"l + 2zl + Fg) =a
_ (n+2)z2"101+(n+1)2"0, + 03
- 2z + T ea
O (n+2)z2"10; + (n+1)2"0, + 03
Z b*W; = .
=0 2z +Ty z=b

(c) We use (26). For z = a, the right hand side of the above sum formula (26) is an indeterminate form. Now, we can
use L'Hospital rule (two times). Then we get (c) by using

2
%(Zn-&@l + Zn+1®2 + 203 +0Q4)

2
k=0 % (22T + 2zl +T'3)
Now, we consider special cases of Theorem 4.1.

Theorem 4.2.
For all integers m and j, we have the following sum formulas.

(@ (m=1,j=0).
() If22(-1)s+z(-1)r +1#£0, i.e, ifz # zls(—r— Vr244s), z# Zis(—r+ Vr2 +45s) then

Z"2(=1)sWy, + 2" (= 1) Wyyiq + 2(W) — 1 W) + W
Z2(-Ds+z(-Dr+1 )

n
Z Zka =
k=0
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(ii) Ifzz(—l)s+z(—1)r+ 1 = 0 provided that r2+4s # 0, ie, if z = 2—15(—r— Vr2+4s) or z = zls(—r+
2
V'r2 +4s) provided thats#—rz then

i . _ (n+2)2" N (1) sWy, + (n+ 1)z (- 1) Wye1 + (W) — 1 W)
P 2z(-1)s+ (= D)r ‘
2 2
(iii) Ifz( s+ z(— 1)r+1—(z——)2 Oprovldedthatr +45=0, ie., ifz=— s:;,s:—rz then
iz’cw _ (n+2)(n+1)2" (1) sWy + (n+ 1) nz" " (-1) Wy
P 2(-D)s '

(b) m=2,j=0).

() IfZ°s® + z(-1)(r? +25) + 1 #£0, i.e., if z # ﬁ((r2 +28)+1rVr2+4s), z # ?_—iz((r2 +25)—rvVr2 +4s) then

izkwﬁ 22 W + 2" (=1) (r Waps1 + sWay) + 2(r W — (1 + ) Wo) + Wo.
P 22 +z(-1)(r2+25) +1

(i) Ifz%s* + 2(-1)(r? +25) + 1 = 0 provided that r* + 4s # 0, i.e., if 2 = 55 (12 +25) + 1Vr? +4s) or 2= 75 ((r* +
2
25) — rvV'r? + 4s) provided that s # —% then

i (n+2)z2""12Wo, + (n+ 12N (=1 (r Wape1 + sWay) + Wy — (r2 + s)Wo)
Z =
P 2252 + (D)2 +25)
4 r’+2s 4 r2
(iii) Ifz°s>+z(-1)(r>+2s)+1=(z— ﬁ)z =0 provided that 1> +4s =0, i.e., ifz = e ST then

(n+2)(n+1z"s?Wo, + (n+ 1)nz" 1 (=1) 1 Waps1 +sW2n)
ZZ W2 282

(© (m=2,j=1).
() If22s* +2(-D)(r* +29) +1£0, i.e, if 2# 555 (r? +28) + 1V12 +45), 2# 55 (r* +25) = rVr? + 4s) then

izkw 222 Wo 1 + 2L (= 1) (12 + §)Wap1 + ST Wap) + 2(— Ds(Wi = rivy) + Wi
&< ke = Z2s2+z2(-1)(r? +2s) +1

(i) If2°s* +2(=1)(r? +25) + 1 = 0 provided that r* +4s #0, Le., if 2= 55 ((r* +25) + rVr? +4s) orz = 55 ((r +
2
2s) — rvV'r? + 4s) provided that s # _rz then

izkwk _ (n+2)2" 1 2 Wapi1 + (n+ 1) 2 (=1 ((r? + $) Waps1 + ST Way) + (— 1)S(W1—rW0)
=N 2252+ (=1)(r? +29)
4 r2+2s 4 r2
(iif) Ifzzsz+z(—1)(r2 +28)+1=(z—- —2)2 =0 provided thatr® +4s=0, i.e., ifz= o7 ==, s=-1 then
r S .

M+2)(n+1)z"s*Wops1+ (n+Dnz" Y =112 + ) Wayi1 + STWap)
252 ’

n
Y Woksr =

) (m=-1,j=0).
() I[f2 (-1 +zr+s#0,ie,ifz#3(r+VrZ+4s), z# 2(r— Vr2 +4s) then

22 ()W, + 2" (1) sW_ ), 1+zW1+sW0
Z2(=1)+zr+s

n
Z ZkW_]C =
k=0
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(ii) Ifzz(—l) + zr + s = 0 provided that r2+45#0, ie., ifz= %(r +Vr2+4s)orz= %(r — V12 +4s) provided that
2

.
s#—— then
? 4
i KW, = (n+2)z" N (=DW_,+ (n+ 12" (-1)sW_,,.1 + W .
k=0 2z(-D+r

2
r r
(i) Ifz>(-1)+zr+s=(z— 5)2 =0 provided that r*> +4s =0, i.e., if z = >S="7 then

isz 4+ (n+ D" (DW_y + (n+ Dnz" (-1 sW_,_y
= 2-1) |

(e (m=-2,j=0).
() If22 +z2(-1)(r? +25) + s> £0, i.e., if z # %((r2 +28) +1Vr2+4s), 2# 3 ((r* +25) = rVr? + 4s) then
Z"PPWoon + 2" N (1) S(Wegy — TWeopo1) + 2(=1) (r Wi + sWp) + s2 W,

n
k
Z"W_op =
,;20 2k Z22+z(=1)(r2 +2s) + 52

(ii) Ifz2 +z(-1)(2+28)+s%2=0 provided that r2+4s5#0, ie., ifz= %((r2 +28)+rVri+4s)orz= %((r2 +28)—
2
rv'r2 + 4s) provided that s # _rz then

Xn: W= +2)2"  Wepp + (n+ 12" (=1)s(Wopp = rWopp—1) + (=1) (r Wi + sWp)
o 22+ (=1)(r% +25) :

r2+2s r? r?
=—,s=—— then
2 4

2
-
(iii) Ifz> +z(-1)(r? +2s) + s> = (z— Z)Z =0 provided that r* +4s =0, i.e., ifz =

i KWy = (n+2)(n+1)z"W_zp+ (n+1)nz"" 1 (=1)s(W_pp, — rWoan-1)
2
k=0

) (m=-2,j=1).
() IfZ22+z2(-1)(r? +25) + s> £0, i.e., ifz # %((r2 +28) +1rVr2+4s), 2# 3 ((r* +25) = rVr? + 4s) then
Z"2(rWeon+ SWeon_1) + 27 N (1) Wegyo1 + 2(=1)((r2 + )Wy + 1sWp) + Wy

n
k
zZ"W_ =
,;20 2kl 22 +2z(-1)(r? +2s) + §2

(ii) Ifz2 +z(-1)(2+28)+s%2=0 provided that r2+4s5#0, ie., ifz= %((r2 +28)+rvVri+4s)orz= %((r2 +28)—
2
rv'r2 +4s) provided that s # _rz then

i FWoen = (n+2)2" N Weop + SWeop_1) + (n+ 12" (= 1) P We_o,1 + (1) (% + )W) + rsWp) '
= 22+ (-1)(r2+2s)
2 2 2 2
r re+2s r r
(iii) Ifz2 +z(-1)(r? +2s) + s = (Z_Z)Z =0 provided that r* +4s =0, i.e., ifz = Ty then

LA _ (n+2)(n+ 12" (rWopp+ sW_gp_1) + (n+ 1)nz" 1 (1) $* Wz
Y 2 Wooks = > .
k=0

4.2. The Sum Formula }}_, Z*Wpes ;i of Generalized Fibonacci Polynomials in Terms of Generalized Fibonacci
Polynomials and (r, s)-Fibonacci Polynomials

By using Theorem 3.1 (a) (i), we can give the sum formula ¥;'_, Z*Wies j of generalized Fiibonacci polynomials
via matrix methods (in terms of elements of the sequence of generalized Fibonacci polynomials and (7, s)-Fibonacci

polynomials).

Theorem 4.3.
For all integers m and j, we have the following sum formulas.
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(a) Ifzzl“l +2zI +T'3 #0 then

1 k Zn+2®1 + Zn+1®2 + 203+ 04
P Wink+j = 2
=0 zel+ 2zl + 13
_ Owl(a)
T'w(z)
where
Ow(z) = 2201 + 210 + 203 + Oy = 2" (WjGms1 — Wjs1Gm)Gmemns1 + (Wjt1 — rWj)Ger —

SWiGn)Gsmn) + 2" (=W Gpsmns1 + 0 Wj = Wji1) Gimemn) + 2(Wjs1Gp = WiGs1) + Wi,
2201 = 2" (WjGmi1 = Wis1Gim) Gt mns1 + (W1 = W) Grust = SWiG ) G mn)s
2"10y = 2" =W Grimns1 + W = Wis1) G mn),

203 =z(Wj1Gm = W;jGms1),

0,=W;,

and

T'w(z) =2°T1+ 2l + T3 = 22(=1)""s" + 2(r Gy — 2Gps1) + 1,

22Ty = 22 (-1)™ms™,

2l =2z(rG,y, —2Gm+1),

I's=1.

(b) Ifzzl“l +zl[h+T3=u(z—a)(z—b) =0 forsomeu,a,be Cwithu#0anda#b, i.e., z=aorz=D>b then

1
i KW= (n+2)z"1e,+ (n+1)2"0, +®3‘
= ] 2201 +T>

(©) Ifzzl“l +zl+T3=u(z— a)? = 0 for some u,ac C withu #0, i.e., z = a, then

LA _ (n+2)(n+1)2"01 + (n+1)nz""'0,
Z 2" Wink+j = oT .
k=0 1

Proof. We only prove (a). The proof of (b) and (c) are as in Theorem 4.1 (b) and (c), respectively.
Proof of (a). We use the same method as in Theorem 4.1 by setting

m
_ m _ r.s _ Gm+1  SGm
M = zZA _Z(l 0) —z( G SGm—l)
_ Z(Gm+1 sGm )
Gn Gmi1—-1Gp
in (25). Then we get
10 zG $zG
_ m _ _ m+1 m
I-zA (0 l) ( z2Gm —Z(er_Gerl))
_ l_ZGm+1 _SZGm
- -2Gm  z(rGy—Gpe1)+1 )"

After some calculations, we see that

det(I - zA™) = 22(G%,,, — 5G2, = G Gms1) + 2(rGpy — 2Gpy1) + 1.

m+1 "~

By Lemma 2.1 (b) we know that

(G2, =G —1GpGpyy) = (D)™™,

m+1 "

So

detI—zA™ = Z2(=1)"s"+z2(rGy —2Gme1) + 1
I'w(z)

where Ty (z) = 23T + 22T, + z['3 + [y, 2Ty, 22T, 23, T4 are as in the statement of (a) of Theorem.
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Now,

Adj(I—zAm)z(Z(er_Gm+1)+1 szGpy,

z2Gm 1-2zGms1

and

J— g1 gmn+m _ ( 1- 2" Gemns1 =$2" 1 Gppimn

-2 Gpamn 2" (rGramn — Gmamns1) +1

and

f (mk+ 1) ka+j+1 ka+j

wlm =
P Wanksy < Wik o1 = rWonke )

Then, the 2nd row and 1st column entry of matrix (I — z**1 A"+ ") Ad j(I — zA™) f (j) is equal to
Zn+2@1 + Zn+1®2 + 203+ 0,

where Oy (2) = 2201 + 210, + 203 + O4, 2201, 27105, 203, O4, are as in the statement of (a) of Theorem.

Note also that, since det(I-zA™) (X} _, 2k fy (mk+ j) = (I - 2"V A" ™ Ad j(I - zA™) fw (), i.e., matrices over the
either side is equal, the 2nd row and 1st column entry of matrix of matrix det(I - zA™)(L}_, z* fw (mk + J)) is equal
to the 2nd row and 1st column entry of matrix (I — 2" A™"*"™) Ad j (I - zA™) fiy (j). So, to complete the proof, we will
just compare the linear combination of the 2nd row and 1st column entries of the matrices. Then, we get

n
(2T1 + 202 +T3) Y 25 Wipsj = (21201 + 2730, + 203 + 04)

k=0
and so
i ZkakJr o Zn+2®1 + Zn+1®2 + 203+ 04
k=0 / erl + 2zl +13
_ Ow(@
Tw(z)

o0
5. Generating Function ). W, ;z" of Generalized Fibonacci Polynomials
n=0

In this section, we present generating function of the sequence Wy, ; and its special cases.
Next, we give the ordinary generating function Z Winns j2" of the sequence Wy, j (in terms of elements of the

sequence of generalized Fibonacci polynomials and (r, s)-Fibonacci and (r, s)-Fibonacci-Lucas polynomials).

Lemma 5.1.

Assume that |z| < min{|a|™"™, | ﬁ| ™. Suppose that fw, . .(z) = }: Winnsj2" is the ordinary generating function of the
=0

mn+]

o0
generalized Fibonacci (sequence of) polynomials (Wi« j}. Then, Y. Wy, jz" is given by
n=0

zO3 + B4
Z°T1+ 2zl +T3
Z(Gij+1 - Gm+1Wj) +W;
Z2(=1)Msm 4 z(-1)H,, + 1
2(GuWit1— Gms1 Wj) + W
Z2(=1)"sM + z(rGpm —2Gma1) + 1

()
Z Wmn+jzn =

n=0

where (as in Theorem 4.1 (a))
203 = z((-WoWji1 + (=W1 + rWp) Wj) Wip1 + (W1 Wit + sSWo W) Wyy,),
Oy = (WP = sWZ —rigWp W,
and
2Ty = Zz(Wran - SWI’%I — T WnWina),
ng = Z((—2W1 + TW()) Wm+1 + (I‘W1 +28W0)Wm),
T3 = (W2 —sWZ-rivpWy).
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Proof. Use Theorem 4.1 (a) and Theorem 1.1. (J
Now, we consider special cases of Lemma 5.1.

Corollary 5.1.
The ordinary generating functions of the sequences Wy, Wa,,, Woy11, W—_p, W_oy,, W_s,,41 are given as follows:

(@ (m=1,j=0,z <min{|a|‘1,|ﬁ|_l})-

°° Wo+ (W1 —1rWp)z
Zann: 0 ( 1 0) '
n=0

1-rz—sz?

(b) (m=2,j=0,|z] <min{lal?,

BlI7%D.

o n Wg+(rW1—(r2+s)W0)z
> Wanz" = 2 2.2
=0 1-(re+2s)z+s°z

(© (m=2,j=1,lzl <minflal 2, |8| ).

x WI—S(Wl—rW())Z

Wz +1Zn= .
=0 " 1-(r2+2s)z+ 5222

(d) (m=-1,j=0,|z| <min{lal,|B]}).

_ sWo+ Wiz

(o8}
Y W= S0 E
=0 s+rz—z

(€ (m=-2,j=0,lz| <minflal?,|B['}.

o sZWO—(rW1+sW0)z

W,g Z" = .
=0 " $2—(r2+28)z+z2

(f) (m=-2,j=1,lzl <minflal?,||*).

oo W = ((r2 + Wy + rsWy)z
Woop412" =

= $2—(r24+28)z+z2

Proof. Use Lemma 5.1 (or Theorem 4.2). [
Lemma 5.1 gives the following results as particular examples (generating functions of (r, s)-Fibonacci and (r, s)-
Fibonacci-Lucas polynomials).

Corollary 5.2.
Assume that |z| < min{|a|™™, | ,Bi_m}. Generating functions of (r, s)-Fibonacci and (r, s)-Fibonacci-Lucas polynomials
are given, respectively, as follows:

(a)

x n 2(GmGj+1 — Gm+1Gj) +Gj
Gmn+jz Y= >
frr z7(Gr, 1 —SGr = TG Gpi1) + 2(rGp —2G 1) + 1
Z(GmGj+1 - Gm+1Gj) + Gj
Z2(=1)Mmsm 4 z(-1)H,, + 1
z2(GmGj+1 — Gm+1Gj) + Gj

Z2(=1)MsM 4 z(rGp —2Gpme1) +1°

(b)

z2((—=2Hj1 + rHj)Hps1 + (rHj + 2sHj) Hp) — (r? + 45) H;j
Z2(H?,, | — SH3, — r Hp Hpi1) + 2(r? + 48) Hpy, — (12 + 45)
z2(GmHj+1 - Gp+1Hj) + Hj
Z2(=1)"s™ + z(—1)Hp, + 1
z2(GmHj+1 — Gy Hj) + Hj
Z2(=1)"sM+ z2(rGpym —2Gme1) +1°
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Proof. In Lemma 5.1, take W), = G,, with Gy =0, G; = 1 and W,, = H,, with Hy = 2, H) = r, respectively. [

Now, we consider special cases of Corollay 5.1 (or Corollary 5.2).

Corollary 5.3.
The ordinary generating functions of the sequences G, Goy, Gon+1, G-n, G-2p, G2n+1 and Hy,, Hap,, Hopy1, H-p, H_2p,

H_5,+1 are given as follows:

(@ (m=1,j=0,lz| <minflal™!,||""D.

o0 n Z
Z an = 27
foyar l-rz-sz
=) 2-rz
Z ann = —2
= l1-rz-sz
(b) (m=2,j=0,lz| <minllal2, || ).
00 rz
G Zn = »
V;) 2n 1-(r2+25)z+ s222
0o 2—(r2+2¢)z
Y Hopz" = — 2 2,2°
= 1-(rc+28)z+s°z
(© (m=2,j=1,lz <min{|al_2,|,5|_2})-
o) 1-sz
G Zn = ’
n;o 2nt+l 1-(r2+2s)z+ 5222
in s r+rsz .
n=0 " 1-(r2+2s)z+ 222
(d) (m=-1,j=0,lzl <minflal, |f]}).
[0}
z
IR
= s+rz—z
o n 2s+rz
Z H—VLZ = .
= s+rz—z
(&) (m=-2,j=0,lzl <minflal?, |6|*).
oo -rz
G_ Zn = »
n;o 2n $2—(r2 +25)z+ 22
oo ; 22— (r’ +29)z
2 Hoon2" = 2= (r2+28)z+ 2%
n=0
(® (m=-2,j =11zl <min{la,|B]*).
iG o s2—(r*+9)z
—2ntl s2—(r2+29)z+ 2%’

3
Il
o

rs®2—r(r®+3s)z

n _
s2—(r2+28)z+2z%"

H_2n+12

18

S
I}
o

Proof. Use Corollay 5.1 (or Corollary 5.2). [

6. Special Cases of Generating Function of Generalized Fibonacci Polynomials

In this section, we present special cases of the ordinary generating function of generalized Fibonacci polynomials
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6.1. Generating Function of Generalized Fibonacci Numbers

In this subsection, we consider the case r = 1, s = 1. A generalized Fibonacci sequence {W,} >0 = {W,(Wy, W1)} =0
is defined by the second-order recurrence relation

Wy =Wpo1+ Wy, (27)

with the initial values Wy = ¢y, W1 = ¢1 not all being zero.
The sequence {W,} =0 can be extended to negative subscripts by defining

W_p=-W_g-1)+W_(n-2

forn=1,2,3,.... Therefore, recurrence (27) holds for all integer n. The Binet formula of generalized Fibonacci numbers
can be written as

_Wi-pWo ., Wi—aWo

Wy, = n 28
" a-p a-p p (28)
where a and S are the roots of the quadratic equation x> — x — 1 = 0. Moreover
1+v5
a =
2
p o120
2
So
n n
Wi = pWwo) (1552)" - i - awe) (155)
W, = )

V5

Now, we define two special cases of the sequence {W,,}. Fibonacci sequence {F,},>¢ and Lucas sequence {L;},>0
are defined, respectively, by the second-order recurrence relations

F, = Fp1+Fy, FK=0FR=1, (29)

Ly = Ly-1+Lp-2, Lo=2L1=1, (30)

The sequences {F;},,=0 and {L,},>¢ can be extended to negative subscripts by defining
Fop = Fu-n+F-n-2),
Lp = Lu-n+Ll-m-2

for n =1,2,3,... respectively. Therefore, recurrences (29)-(30) hold for all integer n.For all integers n, Fibonacci and
Lucas numbers can be expressed using Binet’s formulas as
a — ﬁn

a-p"’

L, = a"+p",

Fp =

respectively. Note that here, G,, = F, and H, = L,,.

(e o)
Next, we give the ordinary generating function Y. Wy, ;z" of the generalized Fibonacci numbers.
n=0

Lemma6.1.

-m -m
Assume that |z| < min{ —1+2\/§| ’| 1_2\/g|

[e )
}. Suppose that fw,,,, ;(2) = ¥. Winns ;2" is the ordinary generating function
n=0

[e.¢]
of the generalized Fibonacci numbers {Wy, 4 j}. Then, 3. Wi,y ;2" is given by
n=0

® W an _ PL_ 2(FmWjs1 — Fn1 Wj) + W;
= 02 Z2(=1)™M+z(=1) Ly + 1
2(Fn Wi i1 — Fna W) + W;

Z2(=1)"+ z(Fpp, —2Fpe1) +1

where
p1 = 2(~Wo Wiy + (= Wi + Wo) W) Wiy + (Wi Wigy + Wo W) Wip,) + (WE = WE — Wo W) W,
p2 = 22 (W2 | = W2 = Wiy Wini1) + 2((=2W + Wo) Wi + (W) + 2Wo) Wy,) + (WE — WG — W W)).
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Proof. Setr=1,s=1,G,, = F,, and H, = L, in Lemma 5.1. [J
Now, we consider special cases of the last Lemma.

Corollary 6.1.

The ordinary generating functions of the sequences Wy, Wy, Woy11, W—_p, W_oy,, W_s,,41 are given as follows:

-1
@ (m=1,j=0,lz1<|5| " ~0618033).

_ Wo+ (W1 -Wp)z

(e ]
Y Wy2" 5
=0 l1-z-z

(b) m=2,j=0,|z|<

-2
15| ~ 0.381966).

S Wo + (W1 = 2W,
ZWann: 0 ( ! ZO)Z.
=0 1-3z+2z

-2
(© (m=2,j=1,lz<| 55| " =0.381966).

(e o]
Wop2" =
,ZZ‘O " 1-3z+7?

@ (m=-1,j=0,lz < |'5| ~0.618033).

_ Wo+ Wiz
C1+4z-22"

2
(&) (m=-2,j=0,lz <|'52|" ~0.381966).

(o]

Wo— (W1 +Wp)z

W_y,z" =
2n 1-3z+22

n=0

2
() (m=-2,j=1,lzl < |'55| = 0.381966).

[es]
n_

Wi — (W1 —Wp)z

Wy —0@2W, + Wy)z

W_zn+12

— 2
=0 1-3z+z

The last Lemma gives the following results as particular examples (generating functions of Fibonacci and

Fibonacci-Lucas numbers).

Corollary 6.2.

-m -m
Assumethat|z|<min{|%g‘ "_1—2\/§| b

respectively, as follows:

(@
[0}
n
an+jZ
n=0

(b)

Lmn+jzn

1

Generating functions of Fibonacci and Fibonacci-Lucas numbers are given,

z2(FmFj+1— Fm1 Fj) + Fj

ZZ(F,Zn_,_l - an —FpnFp1) + 2(Fp —2Fp41) +1
Z2(FpFj+1— Fm+1Fj) + Fj

Z2(-1)M+z(-1) Ly, +1
2(FmFjo1— Fni1 Fj) + Fj

Z2(=1)M + z(F,, —2F 1) + 17

z2((=2Ljs1+ L)Ly + (Lje1 +2Lj)Ly) —5L;
Z2(L2 . — L% — LinLys1) +52Ly =5
Z(FpLj+1— Fm1Lj)+Lj
Z2(-1)™+2z(-1) Ly +1
Z(FmLjs1 —FpaLj) +L;

Z2(=1)"+ z(Fp, —2F 1) +1°
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Now, we consider special cases of the last two corollaries.

Corollary 6.3.
The ordinary generating functions of the sequences Fp, Fopn, Fony1, F-pn, F_on, F—ony1 and Ly, Loy, Lop+1, Ly, L_op,

L_5,,41 are given as follows:

-1
@ (m=1,j=0,lzI<|5| " ~0618033).

2 z
S Rt = — 2
=0 1-z-z
io:L Z" = _272 .
= 1-z-22
-2
(b) (m=2,j=0,1zl<|55| " =0.381966).
(0]
z
Fopz" = ——,
ngb an 1-3z+22
i":L . 2-3z
= AT 13z+22
-2
(© (m=2,j=1,lz1<| 5| " ~0.381966).
iF Z" = _1oe
= 2n+1 = 1-3z4+ 22
S Lppne" = —12
=5 antl 1-3z+22"
@ (m=-1,j=0,lz < |'5%| =0.618033).
[ee]
z
S Fad =
=0 1+z-z
iL zn = i
e 1+z-2%
2
(&) (m=-2,j=0,lzI<|'5%| =0.381966).
[e.¢]
—Z
Fopz" = ——
n;o an 1-3z+22
i":L . 2-3z
oy T T 1-3z+ 22
2
() (m=-2,j=1,lzl < |'55| ~0.381966).
iF n 1-2z
_ 2" = —
=0 anl 1-3z+22
°X°:L oo 1-4z
el T 132+ 22

0

3
Il

From the last corollary, we obtain the following results for Fibonacci and Fibonacci-Lucas numbers.

Corollary 6.4.
Infinite sums of Fp, Fon, Fon+1, F-n, F-25, F_op41 and Ly, Loy, Loys1, L_p, L_op, L2541 are given as follows:
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(@ z=3.
o0
F,
I
n:02
XL
Y =6
n:02
(b) z=1.
& FZn
Zg—n =3
n=0
& L2n
Zs_n =9
n=0
(€ z=1.
Fons
Z 3n - 6’
n=0
= L2n+1
n=0
d) z=1.
iF_n _ 2
n=0 2n - 5’
® L,
Z 2n = 2
n=0
() z=1.
s F—2n
Z 3n = _3’
n=0
o L—Zn
>l
n=0
) z=1.
« Foon+1
Z 3n - 3’
n=0
o0
L_2p+1
Pl -
n=0

6.2. Generating Function of Generalized Pell Numbers

In this subsection, we consider the case r = 2,s = 1. A generalized Pell sequence {W;,},=0 = {W,,(Wp, W)} =0 is
defined by the second-order recurrence relation

Wy, =2Wy,_1+ Wj_o, (31)

with the initial values Wy = ¢y, Wi = ¢; not all being zero.
The sequence {W,},>¢ can be extended to negative subscripts by defining

W_p==2W_(n-1y + W-_(n-2)

for n=1,2,3,.... Therefore, recurrence (31) holds for all integer n.
The Binet formula of generalized Pell numbers can be written as

Wl—ﬁWOan_ Wl—aW()
a-p a-p

Wy = B" (32)
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where @ and f are the roots of the quadratic equation x*> —2x — 1 = 0. Moreover

1+v2,
1-V2.

a

B

So

_ (W - W) (L+V2)" - (W1 - aWp)(1 - V2)"
2v2 '

Now, we define two special cases of the sequence {W,}. Pell sequence {P,} >0 and Pell-Lucas sequence {Q} ;>0 are
defined, respectively, by the second-order recurrence relations

Wh

P, = 2Py 1+Pp2, Py=1,P =0, (33)
Qn = 2Qn71 + Qn72r QO = 2» Ql = 2) (34)
The sequences {P,} >0 and {Q,},=0 can be extended to negative subscripts by defining
P_p = =2P_(n-1)+P-(n-2
Q-n = =20-(n-1n+Q-mn-2

for n=1,2,3,... respectively. Therefore, recurrences (33)-(34) hold for all integer n.
For all integers n, Pell and Pell-Lucas numbers can be expressed using Binet’s formulas as

an_ﬁn

p, = ,
n a-p

Qn = a”"'ﬁ”)

respectively. Here, G,, = P, and H,, = Q.

o0
Next, we give the ordinary generating function Y. Wy, ;z" of the generalized Pell numbers {W;, j}.
n=0

Lemma 6.2.
— — (e e}
Assume that 2| < min{|1+v2|",|1- V2| "}. Suppose that fw,,,.;(2) = ¥ Wy ;2" is the ordinary generating func-
n=0

(e e]
tion of the generalized Pell numbers {Wy,+ j}. Then, 3. Wyny jz” is given by
n=0

3 Wmn+jzn £
n=0 P2
2(PmWjt1— P+ Wj) + W;
Z2(-1)M+z(-1)Qy, +1
Z2(PmWijs1 — P Wj) + W;

Z2(-1)"+ z(2Pp, —2Pp41) +1

where
p1=2((=WoWjs1 + (= W1 + 2Wo) W) W1 + (W1 Wiy + Wo W) W) + (W12 - W02 —2WoW)Wj,
p2 =22 (W2, — W2 = 2Wp Wini1) + 2(=2W) + 2Wo) Wipp1 + QW) +2Wo) Wiy) + (WE — WG —2Wo W)).

Proof. Setr =2,s=1,G,, = P, and H,, = Q, in Lemma 5.1. [J
Now, we consider special cases of the last Lemma.

Corollary 6.5.
The ordinary generating functions of the sequences Wy, Way,, Wo i1, W_p, W_pp, W_p,11 are given as follows:

@ (m=1,j=0,lzl<|1+ V2| =0.414213).

x Wo + (W1 —2W,
Zann: o+ (W 20)2'
=0 1-2z-2z

b) (m=2,j=0,lzl < |1+v2| > =0.171572).

oo Wo+ (rW; —5Wp)z

Wz Zn=
= 1-6z+ 22
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© (m=2,j=1,lzl < |1+v2| > =0.171572).

e Wl—(Wl—ZW())Z
Wop2" = I
=0 1-6z+z

d) (m=-1,j=0,lzl < |1-v2| ~0.414213).

Wo+ Wiz

(&)
W_,z" =
nZ::0 " 1+2z-27?

(© (m=-2,j=0,lz<|1-V2|" ~0.171572).

Wo—(2W1+Wp)z

(e
W_pp2" =
,;0 2n 1-6z+ 272

) (m=-2,j=11zl<|1-v2|* =0.171572).

=) Wy —GW) +2Wy)z
W_op412" = 3 .
=0 1-6z+2z

The last Lemma gives the following results as particular examples (generating functions of Pell and Pell-Lucas num-

bers).

Corollary 6.6.
Assume that |z| < min{|1+v2|™" |1~ v2|™""}. Generating functions of Pell and Pell-Lucas numbers are given, respec-

tively, as follows:

(a)
x . 2(PmPj+1—Pm+1Pj) + Pj
Z Pmn+jZ = o >
n=0 z°(P,, 1 — Ph—2PmPm+1) + 22Pp —2Pp41) + 1
z2(PmPj+1— Pm+1Pj) + Pj
Zz(—l)m+z(—l)Qm+1
2(PmPj+1—Pm+1Pj) + Pj
Z2(=1)M+ z(2P;, —2Ppe1) +1°

(b)
i Qe i = 2((=2Qj4+1 +2Q))Qm+1 + 2Qj+1 +2Q))Qm) —8Q;
n=0 Y Z2(Q%,,1 — Q5 —2QmQm+1) +82Qp —8

m+1
Z2(PnQj+1— Pm+1Qj) +Qj
Z2(-1)"+z(-1)Qp +1
2(PmQj+1— Pm+1Qj) +Q;
Z2(=1)"M + z(2Py, —2Ppi1) + 17

Now, we consider special cases of the last two corollaries.

Corollary 6.7.
The ordinary generating functions of the sequences Py, P2y, Papy1, P—p, P—2p, P_2p41 and Qy, Q2p, Q2n+1, Q—pn, Q-25,

Q—_2,+1 are given as follows:

@ (m=1,j=0,lzl<|1+ V2| =0.414213).

& z
anzn = 27
=0 1-2z-z

iQ o= 2-2z
" 1-2z—-2%"
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) (m=2,j=0,lzl<|1+v2| > =0.171572).

ip 2z
8 = —,
= 1-6z+2?
iQ oo 2-6z
= T Y G 22
© (m=2,j=1,lzl<|1+ V2| =0171572).
& 1-z
Pypz" = ———,
o = EntL 1-6z+ 22
iQ = 2+2z
o T G 22
d (m=-1,j=0,|z| <|1- V2| ~0.414213).
()
z
Y P_pz" = —
=0 1+2z-2z
°X°:Q o 2+2z
=TT 1422-22
(€ (m=-2,j=0,lzl <|1- V2| =0.171572).
& -2z
Poppe" = ———
n;O an 1-6z+2°

iQ 2 = 2—-6z
P 1-6z+ 22

) (m=-2,j=1,1zl<|1-v2|* =0.171572).

ip n 1-5z
_on+12" = ———,
-l 1-6z+ 72
S 2-14z
n
o412’ = ———.
nng 2n+1 1627 22

From the last corollary, we obtain the following results for Pell and Pell-Lucas numbers.

Corollary 6.8.
Infinite sums of Py, Pap, Poy+1, P—n, P—on, P—2n+1 and Qyp, Q2p, Q2n41, Q—pn, Q-25, Q—2,41 are given as follows:
(a) !
a) z=-—.
3
°z°: P, 3
n=o 3" -2
o0
IR
n=0 3
1
b) z=-.
(b) 6
X P,
Y 2= 12,
n=0 6
o0
Z QZn = 36.

S
Il
[=)
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© -1
€) 2=

Pspi1

P18
»
S

S
Il
o

Q2n+1 - 84.

18

3
I
[=)

1
(d) z= g

(e) -1
€ z=c.

[e%)
> s = 12

i Q—Zn - 36.

1
(f) Z—é.

i Q-2n+1 _ 1

6.3. Generating Function of Generalized Jacobsthal Numbers

In this subsection, we consider the case r = 1, s = 2. A generalized Jacobsthal sequence {W,,} >0 = {W,,(Wy, W1)} =0

is defined by the second-order recurrence relation

Wy =Wy 1 +2W;_o, (35)
with the initial values Wy = ¢y, Wi = ¢; not all being zero.
The sequence {W,},,>¢ can be extended to negative subscripts by defining
1 1
Won==3We-n+ 5 Won-2)
for n=1,2,3,.... Therefore, recurrence (35) holds for all integer n.
The Binet formula of generalized Jacobsthal numbers can be written as
Wwi-pWo , Wi—aW .,
w, = a’ — 36
n oy a—p B (36)
_ pa"=—pp"
a-p

where @ and f are the roots of the quadratic equation x*> — x —2 = 0 and

p1 = Wi—pWp
p2 = Wl—CZW().

Moreover
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So

W, = (Wy — pWp) x 2" — (W —aWp) x (-1)"
n— 3 .

Now, we define two special cases of the sequence {W,}. Jacobsthal sequence {J,},>¢ and Jacobsthal-Lucas se-
quence {j,},=0 are defined, respectively, by the second-order recurrence relations

In
Jn

Jn-1+2Jp—2, Jo=0,]1=1, (37)
Jn-1+2jn—2, jo=2,j1=1, (38)

The sequences {J,} =0 and {j,} =0 can be extended to negative subscripts by defining

1 1
]—n = _5]—(n—1)+§]—(n—2)
. 1. 1.
J-n = —51—(n—1)+§]—(n—2)

for n=1,2,3,... respectively. Therefore, recurrences (37)-(38) hold for all integer n.
For all integers n, Jacobsthal and Jacobsthal-Lucas numbers can be expressed using Binet’s formulas as

B an_ﬁn ~ an_ﬁn
]Vl - a—ﬁ - 3 )

jn = a”_{_ﬁ"}

respectively. Here, G, = J,, and Hy, = jp.

oo
Next, we give the ordinary generating function }. Wy, ;z" of the generalized Jacobsthal numbers {W;;+ j}.
n=0

Lemma 6.3. -~
Assume that|z| < min{2™™, 1}. Suppose that fw,,,, ;(2) = ¥. Wpnjz" is the ordinary generating function of the gener-
n=0

alized Jacobsthal numbers {Wy,+ j}. Then, % Winns j2" is given by
n=0

3 Wmn+jzn P
n=0 P2
2UmWji1 = Im+1 W) + W;
Z22(-1)"2M 4+ z(- 1) jm +1
2UmWjs1 = Im+1 Wj) + W;
Z2(=1D)™M2M + z(Jyn = 2] m+1) + 1

where
p1=2((=WoWjs1 + (=Wi + Wo) W) Wips1 + (WL Wig + 2Wo W) Wiy) + (W] = 2W5 — Wo W) W,
p2 =22 (W), = 2Wp, = Wiy Wini1) + 2((=2Wi + Wo) Wi + (Wi +4Wo) W) + (W] = 2W§ — WoW4).

Proof. Setr=1,s=2,G, =J, and H, = j, in Lemma 5.1. [J
Now, we consider special cases of the last Lemma.

Corollary 6.9.
The ordinary generating functions of the sequences Wy, Wa,,, Wayi1, W_p, W_oy,, W_s,,41 are given as follows:

(@ (m=1,j=0,lzl<3).

e Wo+ (W, —Wy)z
Zann: o+ (W 20).
=0 1-z-2z

(b) (m=2,j=0,lzl<}).

x Wo+ (W) —3Wp)z

W,z =
= ren 1-5z+4272
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(© (m=2,j=1,zI<}).

W1 — 2(W1 - W())Z
1-5z+4z%2

oo
Y Wopn 2" =

n=0

(d (m=-1,j=0,|z] < 1).
x 2Wo + W,
o iz,
=0 2+z-2z
() (m=-2,j=0,lz|<1).

AW — (W +2Wp)z
4-5z+22 ’

00
Z W_gnz” =
n=0

f) m=-2,j=1,lz| < 1).

4W; - BWi +2Wy)z

o0
w_ Z" =
Z an+l 4-5z+272

n=0

The last Lemma gives the following results as particular examples (generating functions of Jacobsthal and
Jacobsthal-Lucas numbers).

Corollary 6.10.
Assume that|z| < min{2™"",1}. Generating functions of Jacobsthal and Jacobsthal-Lucas numbers are given, respectively,

as follows:

(@)
i}mnﬂ_zn S— Z(me]j+1—]m+1]j)+]j
=0 22U =2l = ImIm+1) + 2Um — 2T me1) + 1
zUUmJj+1 = Im+1Jj) + 7
Z2(-1)m2M 4 Z(=1) j + 1
3 z2UmJj+1 = ImerJj) +Jj
22D 42U = 2 ) + 1

(b)
2((=2jj+1+ jj)jme1 + (Jj+1 +4j)) jm) —9);
Zz(jrzm.l _zjrzn_jmjmﬂ) +92jm—9
zUmjj+1—Ime1jj) +Jj
Z2(=1)M2M 4 Z(=1) jp + 1
z2Umjjsr = Tme1jj) +Jjj
Z2(-1)M2M 4 z(Jy — 2] me1) + 1

D18

jmn+jZ

1l
(=}

n

Now, we consider special cases of the last two corollaries.

Corollary 6.11.
The ordinarygenemtingﬁmctions Ofthe sequences Tn» Jons Jona1, J=ny J—2n, J—2n+1 and jn» jZn; j2n+1, ].—n, ].72n, ]‘72n+1

are given as follows:

1
(a) (m: 1)] :O)|Z| < 5)

o0 n z
] Z = —)
,,;0 " 1-z-22°
s 2—-z
2t = ——
Zjn 1-z-2z2

S
Il
[=}
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1

1
(c) (m=2rj=1r|z|<z)-

() (m=-2,j=0,lz|< D).

(f) (m = _Z)j = 1)|Z| < ].)

From the last corollary, we obtain the following results for Jacobsthal and Jacobsthal-Lucas numbers.

Infinite sums of Jn, J2n, Jan+1, J-ns J-2n, J-2n+1 a0 jn, j2n, J2n+1, j-n» j-2n, j-2n+1 are given as follows:

Corollary 6.12.
(@ z= L
=3
1
b) z=-.
(b) z 5

P18

Jon2" =

N
Il
(=]

[18
~.
s
N
|

3
Il
(=]

(e

n
Y Jenn1z" =
n=0

o0

. no_
Z]2n+1Z =
n=0

o0
Z ]—nzn =
n=0

[e.0]
S jnd" =
n=0

0
Z J-2n2" =
n=0

oo
Z j—2nzn =
n=0

(e e}

n
Z J-onnz” =
n=0

(]

Y jannz" =

n=0

N
Il
[=]

M2
RS

P18

B
I
[=)

18
2y

S
I}
(=]

8
2z

B
I
(=}

1-5z+4z2’

2-5z

T 1-5z+422°

1-2z
1-5z+4z2’
_ 1+2z
 1-5z+4z%

24+2z—2%
44z
242z—22

4-5z+2z%
8-5z
4-5z+2%°

4-3z
4-5z+2z2’

4-7z
4-5z+z%

W

»-h'l 5

o

SE
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(© !
c) z=-—.
5
§]2n+l _ s
n=0 5"
°z°:]2n+1 _ 35
n=0 5" 4’
1
d) z=-.
(d) >
f[ﬁ._g
n=0 2" 9r
o0
Z]‘_: =2
n:02
(e =
e) z=-—.
2
io:]—Zn _ _g
n=0 2" 7’
Ozo:]—Zn _ %
n=0 2" 7 .
1
f) z=-.
) 5
i":]—mﬂ _ 10
n=0 2n 7'
ij—2n+l _ 2
2n 7

S
1l
o

6.4. Generating Function of Generalized Mersenne Numbers

In this subsection, we consider the case r = 3, s = —2. A generalized Mersenne sequence {W,,} ;>0 = {W,,(Wp, W1)} =0
is defined by the second-order recurrence relation

W, =3W,_1 -2W,_, (39)
with the initial values Wy = ¢y, Wi = ¢ not all being zero.
The sequence {W,},>¢ can be extended to negative subscripts by defining
W_,= 3 W. ! W.
-n— 2 -(n-1) 2 —(n-2)

for n = 1,2,3,.... Therefore, recurrence (39) holds for all integer n. For more information on generalized Mersenne

numbers, see Soykan [12].
The Binet formula of generalized Mersenne numbers can be written as

Wl—ﬁWOan_ Wl—aW()
a-p a-p

where @ and B are the roots of the quadratic equation x*> —3x + 2 = 0. Moreover

Wy, = :Bn

So
Wy, = (Wh = Wp)2" — (W) —2Wp). (40)
Now, we define two special cases of the sequence {W,}. Mersenne sequence {M,},>9 and Mersenne-Lucas se-
quence {H,},=¢ are defined, respectively, by the second-order recurrence relations
M, = 3Mp-1-2Mp—2, My=0,M; =1, (41)
Hy 3Hy-1-2Hy, Hy=2,H =3, (42)
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The sequences {M},} ;>0 and {H,},>0 can be extended to negative subscripts by defining

3 1
]W—n - 2 fu—(n—l) 2 ju—(n—z)r
H_, = H_,— 1H_ —
n 2 (n-1) 2 (n—-2)»

for n=1,2,3,... respectively. Therefore, recurrences (41)-(42) hold for all integer n.
For all integers n, Mersenne and Mersenne-Lucas can be expressed using Binet’s formulas as
al’l n
+ b =2"-1,
(a-p) P-a)
H, = a"+p"=2"+1,

M, =

respectively. Here, G, = M,, and Hj, := H},.

(e 9]
Next, we give the ordinary generating function Y. Wy, ;z" of the generalized Mersenne numbers {W;,+ j}.
n=0

Lemma 6.4. -
Assume that|z| < min{2™™, 1}. Suppose that fw,,,, ;(2) = ¥. Wpnjz" is the ordinary generating function of the gener-
n=0

o0
alized Mersenne numbers {Wy, ., j}. Then, ¥ Wiy ;2" is given by
n=0

o0
WWH’H—jZn ~
n=0 [
Z(MmVVj+1 - Mm+1Wj) + Wj
z22M + z(-1)H,, + 1
z2Z(Mp Wit — M1 Wj) + W;

z222M + z(3My, —2Mpp41) + 1

where
p1=2(~Wo Wiy + (Wi + 3Wo) W) W1 + (Wi Wjs1 — 2Wo W) Wiy,) + (WE + 2WE = 3Wo W) W,
P2 =22 (W3 ) +2Wh = 3Wp Wis1) + 2((—2W) +3Wo) Wit + BW) —4Wp) Wyy,) + (WE + 2WE — 3WoWh).

Proof. Setr =3,s=-2,G,, = M, and H;, := H, in Lemma 5.1. (J
Now, we consider special cases of the last Lemma.

Corollary 6.13.
The ordinary generating functions of the sequences Wy, Way,, Way11, W_p, W_oy,, W_z,,41 are given as follows:

1
(@ (m=1,j=0,|z|< 5).

e Wo+ (W) —3Wy)z
Zann: o+ (W 2o)
=0 1-3z+2z

1
(b) (mzzrj =0)|Z| < Z)-

x Wo+ (BW, -7TWy)z
ZWZnZn: b+ BW 20) .
=0 1-5z+4z
X 1
() (m=2,j=1,lzl< Z)'
=) Wi +2(W) —3Wy)z
Wop12" = 3
=0 1-5z+4z
d (m=-1,j=0,lz|<1).
x —2Wo+ Wz
Z W_,z" = 0—12_
=0 -2+3z-z
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() (m=-2,j=0,lzl<1).

s} AWy — (BW) —2Wp)z
ZW—Znan o—(BW - o)'
=0 4—-5z+z
) m=-2,j=1,]z< D).
® AW, — (TW; —6Wy) z
Wopyey 2" = 1—@W 0 0) '
=0 4-5z+z

The last Lemma gives the following results as particular examples (generating functions of Mersenne and
Mersenne-Lucas numbers).

Corollary 6.14.
Assume that |z] < min{2~™,1}. Generating functions of Mersenne and Mersenne-Lucas numbers are given, respectively,

as follows:

(@)

X n zZ(MmMj+1 — Mm+1Mj) + M;

Mmn+jz" = > g2 )
=0 22 (M2, | +2M?% = 3MyMms1) + 23 My —2Mps1) + 1
zZ(MmMj+1 — Mpm+1Mj) + M;
Z22M 4 z(-1)H,, + 1

zZ(MmMj+1 — Mm+1Mj) + M;
z222M + zB3Myy —2Mps1) +1°

(b)

X " z2((=2Hj+1+3Hj)Hpv1 + BHj1 —4Hj)Hp) — H;j
Hmn+jz 5 112 )
= 22(H2,, | +2H% ~3Hy Hys1) + 2Hp — 1
Z2(MmHj1 — Mpm+1 Hj) + Hj
222"+ z(=1) Hyp + 1
Z(MmHjr1 — Mm+1Hj) + Hj
222M 4+ z(3M,, —2Mpp 1) +1°

Now, we consider special cases of the last two corollaries.

Corollary 6.15.
The ordinary generating functions of the sequences My, Moy, M1, M_y, M_2p,, M_2,41 and Hy,, Hoy, Hopi1, H-p,
H_5,, H_»,41 are given as follows:

1
(@ (m=1,j=0,|z|< 5).

X z
Y Mpz" = 5
=0 1-3z+2z
S n 2-3z
Y Hpz" = 5
=0 1-3z+2z
. 1
(b) (m=2,1=0,|z|<Z).
& n 3z
S My = —2
=0 1-5z+4z
iH o 2-5z
T 1 bz+422
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1
(©) (m=2,j=1,lz|< Z)'

iM n 1+2z
Z = :—’
o rantl 1-5z+422
iH n 3-6z
2" = =
o i 1-5z+4272
(d) (m=-1,j=0,lzl < 1).
(o)
z
Y M_,Z" = —
=0 -2+3z-z
iH = -4+3z
=TT 243222
() (m=-2,j=0,lz|<1).
X M n -3z
_opet = ———,
= an 4-5z+2°
io:H 2 " = ﬂ
P 4-5z+2%
) m=-2,j=1,]z|<1).
iM n 4-7z
op12" = ——,
o e 4-5z+ 22
iH ; 12-9z
o412’ = ———.
2nl 4-5z+2°

n=0

From the last corollary, we obtain the following results for Mersenne and Mersenne-Lucas numbers.

Corollary 6.16.
Infinite sums of My, Moy, May+1, M_y, M_op, M_2,41 and Hy,, Hap, Hopy1, H-y, H-2y, H_25,41 are given as follows:
(a) !
a) z=-—.
3
i": M, 3
n=0 3" - 2,
020: Hy, 9
Z3n 2
1
b) z=-.
(b) 5
i M, 15
n=0 5" '
S Hppy 25
n=0 S
(c) !
c) z=-—.
5
°Z°: Man+1 _ 35
n=0 5"
i Hop1 _ 45
57 4

S
Il
(=]
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1
d) z=-.
(d) >
iM_n 2
n=0 2n - 3,
iH_n 10
n=o 2" I
(e) L
z=-.
2
iM_gn _ 6
n=o 2" 7
iH_Zn 22
n=0 2n - 7
1
f) z=-.
09)] >
iM—ZnH _ 2
n=0 2n 7,
Hop1 30
-

018
|

n
n=0 2

6.5. Generating Function of Generalized balancing Numbers

In this subsection, we consider the case r = 6, s = —1. A generalized balancing sequence {W,,} ;>0 = {W,(Wy, W1)} =0
is defined by the second-order recurrence relation

Wy, =6Wy_1 — Wy_2 (43)

with the initial values Wy = ¢y, Wi = ¢; not all being zero.
The sequence {W,},>¢ can be extended to negative subscripts by defining

W_p=6W_(n-1)— W_(n-2

for n = 1,2,3,.... Therefore, recurrence (43) holds for all integer n. For more information on generalized balancing
numbers, see Soykan [13].
The Binet formula of generalized balancing numbers can be written as

Wi-fWo n_Wi-aWp

Wn=—"— ; a—p p"
where @ and f are the roots of the quadratic equation x*> — 6x + 1 = 0.Moreover
a = 3+2V2,
B = 3-2V2.
So
w, = M8 2V2)Wo B+2vz)n - B 2V2)Wo B-2v2)". (44)

42 42

Now, we define three special cases of the sequence {W,,}. balancing sequence {B,},>0, modified Lucas-balancing
sequence {H,},>0 and Lucas-balancing sequence {C,},=>¢ are defined, respectively, by the second-order recurrence
relations

B, = 6By-1—-By—2, By=0,B;=1, (45)
H, = 6Hy,1—Hy—», Hy=2,H =6, (46)
Chn = 6Cy—1—Cy—2, Cp=1,C;=3. (47)
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The sequences {B,} >0, {Hn}n=0 and {C,} >0 can be extended to negative subscripts by defining
B_y = 6B_(n-1) =~ B-(n-2),

= 6H_(n-1)~ H-(n-2),

= 6C_n-1—C-n-2),

D
I 3
| |

for n=1,2,3,... respectively. Therefore, recurrences (45)-(47) hold for all integer 7.
For all integers n, balancing, modified Lucas-balancing and Lucas-balancing numbers can be expressed using Bi-
net’s formulas as

a,n ﬁn
By, = +
"7 (@-p  (B-a)
H, = a"+p",
a,n+ n
Cp = —Zﬁ ,

respectively. Here, G,, = B, and H,, := Hj,.

(e o]
Next, we give the ordinary generating function Y. W, ;z" of the generalized balancing numbers {W, . j}.
n=0

Lemma 6.5. oo
Assume that |z| < min{|3+2v2|™",[3-2v2|""}. Suppose that fu,,.,(2) = ¥. Wn ;2" is the ordinary generating
n=0

[e.e]
function of the generalized balancing numbers {Wy, .4 j}. Then, Y. Wi,y ;2" is given by
n=0

o0
Wmn+jzn £
n=0 P2
z2(BmWji1— Bm+1Wj) + W;
224+ z(-1)H, +1
Z2(BpWjt+1— Bn+1Wj) + W;
22+ 2(6Bym — 2Bme1) + 1

where
p1 = 2(—WoWjs1 + (= Wi +6Wo) W) Wiy + (W) Wiy — Wo W) Wiy,) + (W + WE —6Wo W)W,
p2 =22 (W2, | + W2 = 6Wiy Wini1) + 2((—2Wi + 6Wo) Wi + (6W) — 2Wo) Wy) + (WP + WZ — 6Wo ).

Proof. Setr =6,s=-1,G;, = B, and H;, := H,, in Lemma 5.1. (J
Now, we consider special cases of the last Lemma.

Corollary 6.17.
The ordinary generating functions of the sequences Wy, Way,, Woy11, W—_p, W_oy,, W_s,,41 are given as follows:

@ (m=1,j=0,lzl<|3+2v2| ' =0.171572).

x Wo+ (W), —6Wp)z
Zann: o+ (W 20)
=0 1-6z+2z

(b) (m=2,j=0,lzl < |3+2v2| " =0.029437).

o Wy + (6W; —35Wp)z

Wa,z" =
= 1-34z+ 22

© (m=2,j=1,lzl < [3+2v2| " =0.029437).

x n Wi+ (W) —6Wp)z
1-34z+2z%

Wont12” =
n=0

(d (m=-1,j=0,|z| <|3-2v2| =0.171572).

-Wo+ Wiz

(e
W_opz'= ——.
,;0 " -1+6z—2?
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(@ (m=-2,j=0,lzl < |3-2v2|" = 0.029437).

Wo— (6W) —Wp)z
1-34z+ 22

o)
Z W,gnz" =
n=0

6) (m=-2,j=11lzl<|3-2v2|" ~0.029437).

e} Wi —(35W; —6Wy)z

W_op412" =
pr 1-34z+2?

The last Lemma gives the following results as particular examples (generating functions of balancing, modified
Lucas balancing, Lucas-balancing numbers).

Corollary 6.18.
Assume that |z| < min{|3+2v2| ", |3-2v2|""}. Generating functions of balancing, modified Lucas balancing, Lucas-

balancing numbers are given, respectively, as follows:

(@)

S g n Z(BmBj+1—Bm+1Bj) + Bj

mn+jZ = 5 5

n=0 z (Bm+1+Bm—6BmBm+1)+z(6Bm—ZBm+1)+1

z2(BmBj+1 — Bm+1Bj) + B
22+ z2(-1)Hpy + 1

z(BmBj+1— Bm+1Bj) + Bj
z2+2z(6By;; —2Bjp1) +1

(b)
i oo AC2Hja +6H) Hypy + 6H sy —2H;) Hyn) ~32H,
o 22(H?,, | + H2, — 6 Hy Hyp1) + 322 Hyy — 32
_ 2(BmHji1~Bmy1Hj) + H;j
B 22+z(-1)Hpy, +1
_ z(BmHj+1—Bn+1Hj) + Hj
T 224 2z(6Bp—2Bmi1) +1
(c)
e . z2((=Cj4+1 +3Cj)Cp+1+ (BCjy1 — Cj)Cry) —8C;
Cmn+jZ = > )
= 22(C2,, | +C% ~6CuCps1) +162Cy, —8

z2(BnCj+1 —Bm+1Cj) +C;
Z2+z(-1)Hp+1
Z(Bmcj+1 - Bm+lcj) + Cj
Z2+2(6B;y —2Bpme1) +1

Now, we consider special cases of the last two corollaries.

Corollary 6.19.
The ordinary generating functions of the sequences B,,, Boy, Bop+1, B—n, B—2n, B—2p+1 and Hy, Hoy, Hopt1, H-p, H-2p,
H_3,4+1 and Cy,, Cop, Cop1, C—py, C_2p, C_2p41 are given as follows:

(@ (m=1,j=0,lzl<|3+2v2| " =0.171572).
S n
nX::anZ T 1-6z+22
- n
,;]an T 1-6z+22

(e )
Cpz" = ——.
,;0 " 1-6z+2°
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b) (m=2,j=0,lzl < |3+2v2| " =0.029437).

& 6z
Bz = —— o,
,;0 2n 1-34z+ 2%

s n 2-34z
Y Hpuz" = ————
=0 1-34z+z

S n 1-17z
Y Conz" = —————.
=0 1-34z+z

(© (m=2,j=1,lzl <|3+2v2| > =0.029437).

i":B n 1+z
s —
= el 1-34z+ 22
iH = 6—62z
=0 ST 1 3474 22
X 3-3z
Cop12" = ————.
,;0 antl 1-34z+ 22
d) (m=-1,j=0,lzl < |3-2v2|=0.171572).
(e 0]
Z
Y Bt = —2
=0 -1+6z-2z
"Z": [T -2+62z
—n< = -,
= -1+6z— 22
ic n -1+3z
—n< = —).
= -1+6z—z2
(€ (m=-2,j=0,lzl < |3-2v2|" =0.029437).
2 -6z
Z B_gnZn = >
=0 1-34z+z
i - 2-34z
—2nl
=0 an 1-34z+ 22
e 1-17z
Z C_gnZn = >
=0 1-34z+z
(6) (m=-2,j=11zl<|3-2v2|" ~0.029437).
S i 1-35z
— V4 = -,
= antl 1-34z+ 22
S " 6—198z
_ z'W = —
= imaned 1-34z+ 22
S i 3-99z
— Z = —)\.
= antl 1-34z+ 272

From the last corollary, we obtain the following results for balancing, modified Lucas balancing, Lucas-balancing

numbers.

Corollary 6.20.
Infinite sums of B, Boy, Ban+1, B—n, B_2n, B_on+1 and Hy, Hyp, Hapy1, Hop, H-2p, H-2p41 and Cy, Cop, Copy1, C—p,

C_2p, C_2,,41 are given as follows:

1
(@ z= E
[eS) B, _
= gntl ’
Y =1
= gn+2 ’
[0}
Z 65:—11 =3

3
I
(=]



1
(b) Z—%.
(© -1
(¥ Z—36.
1
(d) Z—g.
(e) z—i
36
1
(f) Z—%.

=
™~
N

P18
I

w
F 8
N

3
Il
o

&
S

3
I
(=]

oy
S
3

S
Il
(=)

IQ w
Do
S

B
I}
[=)

6.6. Generating Function of Generalized Oresme Numbers

In this subsection, we consider the case r = 1,s = —i. A generalized Oresme sequence {W,} ;>0 = {W,,(Wy, W1)} =0

is defined by the second-order recurrence relations

1
Wy =Wy_1— ZWn—Z

with the initial values Wy = ¢y, Wi = ¢1 not all being zero.

18
w
(o2}
S
Il

S
1l
o

18
w
&
S
Il

P18
D
N
I

P18
T w
|
=g
I

3
I
o

18
w
(o3}
S
|
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216
73
1368
73
684

—

216
73
1368

73

684

73 °

36
73

648
73
324
=

63

(48)
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The sequence {W,},>¢ can be extended to negative subscripts by defining
Wopn=4W_(n-1) —4W_(n-2)

for n=1,2,3,.... Therefore, recurrence (48) holds for all integer n. For more information on generalized Oresme num-
bers, see Soykan [14].
Binet formula of generalized Oresme numbers can be given as

Wy, = (D1 + Dy n)a” (49)
where

D, = W,

S
Il

1
— (W —aWy).
a
ie.,
1 n
Wy, = (W + p (W —aWp) ma

Here, a = = % are the roots of the quadratic equation

5 1
x*=x+-=0. (50)
4
i.e. the roots of characteristic equation (50) are equal. Note that

Wy = (W +2

W, lw) )x 2
-=Wy|n) x —.
17270 2n

Now, we define three special cases of the sequence {W,}. Modified Oresme sequence {G;},>0, Oresme-Lucas se-
quence {H,} >0 and Oresme sequence {O,},>o are defined, respectively, by the second-order recurrence relations

1

Gn+2 = Gn+1 - ZGn; GO =0,G1 =1, (51)
1

Hn+2 = Hn+1 - ZHn’ HO =2,H =1, (52)
1 1

On+2 = Op+1-— ZOn, 00=0,0, = > (53)

The sequences {G,} =0, {Hn}n=0 and {O,},>0 can be extended to negative subscripts by defining

G-n = 4G-(n-1)—4G_(n-2),
= 4H_(p-1y—4H-(n-2),
O-p = 40_(3-1)—40-(n-2),

i
|

for n=1,2,3,... respectively. Therefore, recurrences (51)-(53) hold for all integer n.
For all integers n, modified Oresme, Oresme-Lucas and Oresme numbers can be expressed using Binet’s formulas
as

_ n-1 _ n
G, = na = on T
1
_ n_
H, = 2a = on
n
_ n_
O, = na = o

respectively. Here, G, := G, and Hj, := Hj,.

(e o)
Next, we give the ordinary generating function Y. Wy, ;z" of the generalized Oresme numbers {W;, ;}.
n=0
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Lemma 6.6. -~
Assume that |z| < 2™ . Suppose that fw,,,.;(2) = Y. Winnsj2" is the ordinary generating function of the generalized
n=0

o0
Oresme numbers (W1 j}. Then, Y Wy, j2" is given by
n=0

o0

01
Y Wineje" = —
n=0 02

2(GmWijs1 — G Wj) + W;
z2272m 4 Z(-1)H,, +1
2(GmWjs1 — G Wj)+ W;
22272M 4 7(Gpy —2Gme1) + 1

where
1 1
p1=2((=WoWji1+ (W1 + Wo)Wj) Wip1 + (W1 Wjyq — ZWOWj)Wm) +(W2 + ZWOZ - WoWn)Wwj,

1 1 1
p2 =22 (W2, + ZW,% — Wy Wini1) + 2((=2Wy + W) W1 + (W) — EWO)W,,,) + (W2 + ZWO2 —WoWy).

Proof. Setr=1,s= —i,Gn :=Gy and Hy, := H, in Lemma 5.1. [
Now, we consider special cases of the last Lemma.

Corollary 6.21.
The ordinary generating functions of the sequences Wy, Way,, Woy1, W_y,, W_pp,, W_3,,41 are given as follows:
(@ (m=1,j=0,lz|<2).

OXO: W 2" = AW +4(W, — Wy)z
=" 4-4z+2z2

(b) (m=2,j=0,|z| <4).

x . 16Wo+(16W) —12Wp)z
Z WgnZ = > .
=0 16-8z+z
(© (m=2,j=1,|lz| <4).
o 16Wy +4(W) — Wy)z
Wop412" =
an+l 16— 8z + 22

n=0

1
(d) (m = _]-)j :O,lzl < 5)

iW n Wy +4W; 2z
_pilt = ———.
T T —1+4z-422

1
() m=-2,j=0,|z| < Z)'

® Wo—41@W, —Wy)z
Z Wop2" = 0 —4(4Wy 20)
=0 1-8z+16z
. 1
) m=-2,j=1,|zI< Z)'
s W1—4(3W1—W0)Z
w_ 2" =
an+l 1-8z+ 1622

n=0

The last Lemma iistteki lemma gives the following results as particular examples (generating functions of modified
Oresme, Oresme-Lucas and Oresme numbers).

Corollary 6.22.
Assume that |z| < 2™. Generating functions of modified Oresme, Oresme-Lucas and Oresme numbers are given, respec-
tively, as follows:
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(@)
> . 2(GmGj+1— Gm+1Gj) +Gj
Gmn+jz = 1
n=0 z2(G? +L—}an—GmeH)+z(Gm—2Gm+1)+1

m+1
Z(GmGj+1 - Gm+1Gj) + Gj
z2272m 4 z(-1)H, +1
2(GmGj+1 — Gm+1Gj) + G
22272m 4 2(Gyy —2Gppe1) + 17

(b)
> n z2(GmHj+1 — Gp+1Hj) + Hj
Hmn+jz = 2o2m
=0 z=2 +z(-1)H, +1
z2(GmHjy1 —Gm1 Hj) + Hj
Z2272M 4 2(Gyy = 2Ga1) + 17

(c)
x n 2(0m0j+l_ojom+l)z+ Oj
Omn+jz = 5 5 >

= Z2(40% | + 02 —401,0m41) +2 (0 —20p41) 2+1

2(GmOj+r1 = Gm+10j) + O;
22272M 4 z(=1)Hpy + 1

Z(Gmoj+1 - Gm+loj) + Oj
Z22272M 4 2(Gpy —2Ge1) + 17

Now, we consider special cases of the last two corollaries.

Corollary 6.23.
The ordinary generating functions of the sequences G, Goy, Gon+1, G-n, G-2p, G-2n+1 and Hy,, Hap,, Hopy1, H-p, H-2p,

H_3,41 and Oy, Ozy, O2541, O—p, O—2y, O_2541 are given as follows:

(@ (m=1,j=0,lzl<2).

oXo:G Z" = 4—Z

= 4-4z+27%

iH o = 8-4z

= 4—4z+7z%
2z

(o)
Opz" = ————.
,;O " 4-4z+ 272

(b) (m=2,j=0,|z| <4).

X 16z
ZGZnZ = Ta _ao 1 .2
n=0 16-8z+z
= " 32-8z
ZHZHZ = a2
n=0 16-8z+z
S 8z
Zoznz = Ta_ a1 .2
n=0 16-8z+z
(© (m=2,j=1,]lz|<4).
b 16+4z
G 2= — =
ngo el 16— 8z + 22
iH oo 16-4z
n=0 2l 16 -8z +2z22’
s 8+2z
Ospi12" = ——.
2 Oznaa 16— 8z + 22

S
Il
(=]
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1

i(;_ . S
=" ~1+4z-4z2
°Z°:H n —2+4z
_p2 = —,
= —1+4z-422
Qo e B
= —1+4z—422

1
(e) (m = _Z)j = 0)|Z| < Z)

& n -16z
Y Gopd" = — =
=0 1-8z+16z
°° n 2-8z
Y Hops" = ———
=0 1-8z+16z

S n -8z
Y Opp" = ———— .
=0 1-8z+16z

1
(f) (m = _Zyj = 1Y|Z| < Z)-

i ST o

= T T gz 1622

i o = 1-4z

o R T g2+ 1622

°° 1-12z
Ogp12" = —————.

,;0 anel 2-16z+3222

From the last corollary, we obtain the following results for modified Oresme, Oresme-Lucas and Oresme numbers.

Corollary 6.24.
Infinite sums of Gy, Gon, Gan+1, G—n, G-2n, G_2n+1 and Hy, Hap, Hopt1, H-yy, H_2p, H_3p41 and Oy, O2p, Ozp41, Oy,

O_2p, O_2,41 are given as follows:

(@ z=1.
(o]
Z Gn = 4,
n=0
[e.]
Hn = 4)
n=0
[e.e]
O, =2
n=0
(b) z=1.
i G 16
2n =
n=0 9
i 8
H2n =
n=0 3
i 8
Oz, = -
n=0 9
() z=1.
x 20
Y Gopns1 = —,
n=0 9
i 4
Hypyy = -,
n=0 3
x 10
Y O = R

3
Il
o



68 Sums and Generating Functions of Generalized Fibonacci Polynomials via Matrix Methods

_1
(d) z= e
> G_,
Z 4qn = _4’
n=0
> H_,
Z 4qn = 4’
n=0
> 0.,
nZO " _2
_1
(e) z= 5
S G-
Y =2t = 8o,
n=0 5
s Hfzn
S 0=
Y 55" = —40.
n=0
_1
(f) zZ= 5-
2 G—2n+1
nZ'O 5 o
i Hoont1 _ 5
n=0 5" '
i O—2n+1 - _§
n=0 5" 2

The results given in the last Corollary can also be obtained by using Binet’s formulas. For example, the results of (e)
of the last corollary can be computed by using Binets’s formulas

_ n
G, = na” 1:2n_1,
1
— n _
H, = 2a = on T’
n
— n_ _"
0, = na =0
as follows:
Ea
x G_ k m 4 k
Y =2 = lim Z—nzlim(IGX(—) (k+5) —80) = 80,
n=0 5 k—’OOnzO 5 k—o0 5
1
‘i H_», _ i": 2-2n-1 _ 10
n=0 5" n=0 5" ’
G—Zn
o0 0—271 [o0) 2
> o = > o =-40
n=0 n=0

7. Some Remarks

When we defined the generalized Fibonacci polynomials in (1), we supposed that Wy, W; are arbitrary complex (or
real) polynomials with real coefficients and r and s are polynomials with real coefficients with s # 0. However, if we
take Wy, W1, r and s are arbitrary complex or real functions (with real coefficients) and z are arbitrary complex or real
number (function), then we can apply to the results obtained in the previous sections (when we check the proofs, we
see that proofs work for these Wy, W, 1, s and z). Now, we present some special cases of Wy, W1, r, s and z as examples

of functions.
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7.1. TheCaser =x+sinx,s=x+cosx, xR
If we set

X +sinx,

\{
Il

©
Il

X +cosx,

x € R,
in (1) then we get,
Wito = (x +sinx) Wy + (x + cosx) W,

with Wy = a(x), Wi = b(x) and

Gn+2 (x+sinx)Gyy1 + (x+cosx) Gy,
GO 0) Gl = lr
H,.» = (x+sinx)H,;1 + (x+cosx)H,,

Hy = 2,H; =x+sinx.

We can apply to the results of previous sections for the functions r, s, z. For example, for all integers n, we get, by
Theorem 3.1 (a) (i),

X+sinx x+cosx "_ Gni1 (x+cosx)Gy
1 0 | G, (x+cosx)Gy_1 )’

forall x e R.
We now apply to Theorem 4.2 for the case r = x +sinx, s = x+cosx, xeR.

Theorem 7.1.
For all integers m and j, we have the following sum formulas. If z*>(~1)(x +cosx) + z(=1)(x + sinx) + 1 # 0, i.e., if

z# m(—(awsinx) - \/(x+sinx)2+4(x+cosx)), z# 2(x+—iosx)(—(x+sinx) + \/(x+sinx)2 +4(x+cosx)) then

(@ (m=1,j=0).

i W = 22 (1) (x + cos X) Wy, + 2L (= 1) W41 + 2(Wy — rWp) + Wo
= k z2(=1)(x+cosx) + z(-1)(x +sinx) + 1

(b) m=1,j=0).
n G, = Z"2(—1)(x+cosx)Gy, + 2" (1) Gy + 2
= k z22(=1)(x+cosx) + z(-1)(x +sinx) +1

() (m=1,j=0).
L . 22 (1) (x+cosx)H,, + 2" (=1) Hyp1 — z(x +sinx) + 2
P Z2(=1)(x +cosx) + z(—1)(x +sinx) + 1

If we set z = 1 in the last theorem, we get the following Corollary.

Corollary 7.1.
For all integers m and j, we have the following sum formulas. If1 — cosx —sinx —2x # 0, then

(@ (m=1,j=0).

z": W = Wyl +(x+cosx)W,, — (W) —rWy) — W
<o k= —1+cosx+sinx+2x '

(b) (m=1,j=0).

n Gpe1+ (x+cosx)G,—1
> Gi=
k=0

—1+cosx+sinx+2x
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() (m=1,j=0).

n Hy +(x+cosx)H, + (x+sinx) —

Y Hi= -
=0 —1+cosx+sinx+2x

If we set z = € = cos2x + i sin2x (for x € R) in the last theorem, we get the following Corollary.

Corollary 7.2. . '
For all integers m and j, we have the following sum formulas. If e***(~1)(x + cos x) + e**(~1)(x +sinx) + 1 # 0, then

(@ (m=1,j=0).

21(n+2)x( 1) (x+cosx) W, + eZl(n+1)X( DWier + eZl.)C(Wl —rWp) + W()

i ezlkak

) e*i¥(—1)(x + cosx) + €2¥(=1) (x +sinx) + 1
(b) (m=1,j=0).

3 kG, = D1 (x+ €05 X) Gy + €TV (-1) Gy + €

= e4iX(—1)(x + cosx) + e2iX(—=1)(x +sinx) + 1

(© (m=1,j=0).

X MF2)% (1) (x + cos x) Hy, + e2/ 1+ DX (— 1)Hn+1—e2’x(x+smx)+2
e4X(—1)(x+ cosx) + e2i*(—1)(x +sinx) + 1

n .
Z eszka
k=0

7.2. TheCaser=1,s=1

For the case r = 1, s = 1,we now apply to Corollary 6.3 for specific z.

Corollary 7.3.
We have the following infinite sum formulas for Fy,, Fop, Fopt1, F-n, F—ony F-opy1 and Ly, Lo, Lop+1, L, L2y, Loop41:

COsSXx COosSXx
<

-1
(@ (m=1,j=0,z= 3 Nzl = | 3 1+2‘[5| =~ 0.618033). We can define two functions f,g:R— R by

X cosx\n 6cosx
Xx) = F, = ,
F@) ,;0( 3 ) " 17-cos2x—6cos x
X (cosx\n 36—-6cosx
X = L = .
8 ,;)( 3 ) "7 17 -cos2x—6cos x
sinx —cosx sinx—cosx -2
(b) (m=2,j=0,z= T,Izl = 2 < ’”2‘/5‘ = 0.381966). We can define two functions f,g:R—R
by
X (sinx—cosx 4(sinx — cos x)
X = = »
f& Z‘( ) 2n 17 +12(cosx —sinx) —2cos xsinx
) i (smx cosx) 32+12cosx—12sinx
xX) = = .
§ =0 an 17+ 12(cosx —sinx) —2cosxsin x

-2
< 1+\/§) =(0.381966). We can define two functions f,g:R— R by

2
c) (m=2,j=1,z=——=,|z| =
(© (m=2,j >l ‘

7+x2 2
X 2 \" x*+12x2+35
X = F =,
e n;o(ﬂxz) 2T Bk 4 11
0 = i( 2 )”L _ x*+16x%+63
W= L \7 ) T e
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1 1 1
d (m=-1,j=0,z= — = Nzl = < ‘1_‘/5’ =~ 0.618033). We can define two func-
@ ( ] 4+¢i*  4d4cosx+isinx 2] V17 + 8cosx 2 ) fi fu

tions f,g:R—C by

Fo) = i( 1 )" 4+
X -,
—o\4+eix 19+ e2i% 4+ 9ei*
o) - i( 1 \"  36+2e*¥+17e
89 = Lhveir 19+ e2i% + 9elx

X
— |Z|=|
5+ x2 + x4’ 5+ x2 + x4

2
(€ m=-2,j=0,z= | < | 1_2‘/§| =~ 0.381966). We can define two functions f,g :R— R by

Fo) = i ( )n B —x(x*+x*+5)
- 5+x2+x4 2T x84 2x6 —3x5 +11x4 —3x3 + 11x2 — 15x+ 25’
) = i ( )" _ (x* + x% +5)(2x* +2x> - 3x + 10)
g8 = 4 5+x2+x4 2T x84 2x6 —3x5 + 11x4 —3x3 + 11x2 — 155+ 25
CcosXx cosx 2
() m=-2,j=1,z= 5113 51zl = |5+ 3.2 ) < | 1_2‘/5) =0.381966). We can define two functions f,g:R — R by
X X
Fo) = OZO:( cos X )" B 2(13x% +5)(13x? + 5—2cos x)
T =5413x2) TP Cos2x— 6(13x2 +5) cos x + 338x% + 260x2 + 51
0 = °Z°:( oS X )" ~ 2(13x% +5)(13x% +5—4cosx)
g = 5+13x2) "7 Cos2x—6(13x2 +5) cos x +338x +260x2 +51°

n=0
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