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Abstract:  One of the best known and oldest identities for the Fibonacci sequence {F} is
Fp+1Fn-1-F2=(-)"

which was derived first by R. Simson in 1753 and it is now called as Simson or Cassini Identity. In this paper, we gen-
eralize this result to generalized m-step Fibonacci numbers and give an attractive formula. Furthermore, we present
some Simson’s identities of particular generalized m-step Fibonacci sequences. Also we give Simson identity of Gaus-
sian Generalized m-step Fibonacci Numbers.
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1. Introduction

Several generalizations of Fibonacci numbers and identities have been studied by mathematicians over the years.
In this paper, we generalize Simson’s identity to generalized m-step Fibonacci sequences. Before presenting our
main result (Theorem 3.1) we give some background. For m = 2, the generalized m-step Fibonacci numbers,
Vi(Vo, Vi, Vo, e, Vi 1311, 72,55 ooy T Y nzm (01 shortly {Vy},2), (n = m), is defined by the m-order linear recurrence
relation

m
Vn = Z riani = ern,l + r2Vn,2 + r3Vn,3 +...+ rm,lvn,m,l + I‘mVn,m @8]
i=1

with m initial terms
Vo =co, Vi =c1, Va=¢25000, Vi1 = Ci—1,

where r;, 1 < i < m, are all real numbers and c;, 0 < i < m — 1, are all real or complex numbers. Such a sequence is
also called the generalized Fibonacci m-sequence, or generalized m-nacci sequence, or the m-generalized Fibonacci
sequence.
The sequences {V};} ,=, can be extended to negative subscripts by defining
_ Tm-1

'm-2 'm-3 ! 1
Vin=- Vo - — Ve~ ——Vem-3) = o = — Ve-tm-1) + — Veti-my
m 'm 'm 'm 'm
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forn=m-2,m—-1,m, m+ 1.... Therefore, recurrence (1) holds for all integer 7.
For m = 2, the m-step Fibonacci numbers, U,, (n = m), is defined by the m-order linear recurrence relation

m
Un=ZUn—i:Um—l+Um—2+Um—3+---+Un—m 2
i=1
with m initial terms

Uec=0 , —-m+2<k=<0
{ k m 3)

U_js1=1, k=m

Some of the well known members of this m-step Fibonacci numbers include Fibonacci numbers F,, (m =2, U = F),
Tribonacci numbers T, (m =3, U = T), Tetranacci numbers M,, (m = 4, U = M) and Pentanacci numbers P,, (m =5,
U =P). Herer; =1forall 1 <i < m.See Table 1 for some values of these numbers.

Table 1. The first few sequences of m-step Fibonacci numbers.

m Name n -6 -5 —4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10
2 Fibonacci Fy -8 5 -3 2 -1 1 0 1 1 2 3 5 8 13 21 34 55
3 Tribonacci Tn -3 2 0 -1 1 0 0 1 1 2 4 7 13 24 44 81 149
4 Tetranacci My, 0 0 -1 1 0 0 0 1 1 2 4 8 15 29 56 108 208
5 Pentanacci Py 0 -1 1 0 0 0 0 1 1 2 4 8 16 31 61 120 236

Like the m-step Fibonacci numbers, m-step Lucas numbers are defined by the same the m-order recurrence re-
lations (2) but with different initial terms, namely the m-step Lucas numbers, W,, , is defined by the m-order linear
recurrence relation

m
Wp=) Wpoi=Wpo1+ Wi+ Wpg+..+ Wy, (4)
i=1
with the m initial terms

Wie=-1, —-m+1<k=<-1
{ k " (5)

szm ’ k=0

Some of the well known members of this m-step Fibonacci numbers include Lucas numbers L, (m =2, W = L),
Tribonacci-Lucas numbers K;, (m = 3, W = K), Tetranacci-Lucas numbers R,, (m = 4, V = n) and Pentanacci-Lucas
numbers Q, (m =5, W = Q). Here r; = 1 for all 1 < i < m. See Table 2 for some values of these numbers.

Table 2. The first few sequences of m-step Lucas numbers.

m Name n -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10
2 Lucas Ly 7 -4 3 -1 2 1 3 4 7 11 18 29 47 76 123
3 Tribonacci-Lucas Ky -5 5 -1 -1 3 1 3 7 11 21 39 71 131 241 443
4 Tetranacci-Lucas Ry 7 -1 -1 -1 4 1 3 7 15 26 51 99 191 367 708
5 Pentanacci-Lucas Qn -1 -1 -1 -1 5 1 3 7 15 31 57 113 223 439 863

Next we consider the case r; =1forall1 <i <m-—1 and r,,;, = 2. For m = 2, m-step (order) Jacobsthal numbers,
UG I I e T3 L L e L2}z (o8 shortly (T} =), (n 2 m), is defined by the m-order linear recur-
rence relation

m—1
T =Y nl A2, (6)
i=1

with m initial terms
J§™ =0and J" =1fori=1,2,..,m-1.

For the mth order Jacobsthal-Lucas numbers j" we use the same recursion (6) with initial conditions j;’”) = j;m_l)

fori=0,1,2,...,m—1 and j(()Z) =2, j{2) = 1. See Table 3 and Table 4 for mth order Jacobsthal numbers and mth order

Jacobsthal-Lucas numbers, respectively.
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Table 3. The first few sequences of mth order Jacobsthal numbers.

m Name n -3 -2 -1 o0 1 2 3 4 5 6 7 8 9 10
2 secondorderjacobsthal J2 3 -1 1 0o 1 1 3 5 11 21 43 8 171 341
3 third order Jacobsthal @ 1 1 0o o0 1 1 2 5 9 18 37 73 146 293
4  fourthorderJacobsthal 3’ 3 1 -1 o 1 1 1 3 13 25 51 103 205
5 fifth order Jacobsthal o 1 o -1 o0 1 1 1 1 4 9 17 33 65 132

Table 4. The first few sequences of mth order Jacobsthal-Lucas numbers.

m Name n -3 -2 -1 0 1 2 3 4 5 6 7 8
2 second order Jacobsthal-Lucas j 22) — é % - % 2 1 5 7 17 31 65 127 257
3 third order Jacobsthal-Lucas ~ j& 1 -1 1 2 1 5 10 17 37 74 145 293
4 fourthorderJacobsthal-Lucas  j$ -2 1 1 2 1 5 10 20 37 77 154 308
5 fifth order Jacobsthal-Lucas  j¥ 1 1 1 2 1 5 10 20 40 77 157 314

For more details about generalized m-step Fibonacci numbers we refer to, for example, the works in [2-4], among
others. Now, we consider the cases m = 2,3,4,5 of the generalized m-step Fibonacci numbers separately.
Horadam sequence (generalized Fibonacci sequence) {V;,(Vy, V1; 1, $)} =0 (or shortly {V};},,>0) is defined as follows:
VanVn—l'f'SVn—Z; VOZCO’VI =y nz=2 (7)
where Vj, V) are arbitrary reel or complex numbers and r, s are real numbers. The sequence {V};},>9 can be extended
to negative subscripts by defining
r
Vop=—-
s
forn=1,2,3,... when s # 0. Therefore, recurrence (7) holds for all integer n. See Table 5 for a few members of Horadam
sequences.

1
Vo1 + 3 V_(n-2)

Table 5. A few members of Horadam sequences.

Sequences (Numbers) Notation
Fibonacci {Fn}={Vn(0,1;1,1)}
Lucas {Lpt ={Vp(2,1;1,1)}
Pell {Pn}={Vn(0,1;2,1)}
Pell-Lucas {Qn} ={Vn(2,2;2,1)}
second order Jacobsthal {Jn} =1{Vn(0,1;1,2)}
second order Jacobsthal-Lucas {int =1Va(2,1;1,2)}

The first few values of the sequences with non-negative indices are shown below (see Table 6).

Table 6. A few values of Horadam sequences with non-negative and negative indices.

n__ -8 -7 6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8
F, -21 13 -8 5 -3 2 -1 1 o 1 1 2 3 5 8 13 21
Ly 47 -29 18 -11 7 -4 3 -1 2 1 3 4 7 11 18 29 47
P, -408 169 -70 29 -12 5 -2 1 0 1 2 5 12 29 70 169 408
Q. 1154 -478 198 -82 34 -14 6 -2 2 2 6 14 34 8 198 478 1154
o - & -2 4 -2 3 1L 1 0 1 1 3 5 11 21 43 8
Jn % —% % —5—5 i -2 2 -1 2 1 5 7 17 31 65 127 257

The generalized Tribonacci sequence {V,,(Vy, V1, Vo; 1, 8, 1)} n>0 (o1 shortly {V,},,>0) is defined as follows:
Vi=1rVp1+tsVp2+tVy3, Wo=co,Vi=c,Va=¢2, n=3 (8)

where Vj, V1, V, are arbitrary reel or complexs numbers and r,s, ¢ are real numbers. The sequence {V},},>¢ can be
extended to negative subscripts by defining

S r 1
Vop= _;V—(n—l) - ?V—(n—Z) + ;V—(n—3)
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forn=1,2,3,... when t # 0. Therefore, recurrence (8) holds for all integer n.

In literature, for example, the following names and notations (see Table 7) are used for the special case of r, s, t and
initial values.

Table 7. A few members of generalized Tribonacci sequences.

Sequences (Numbers) Notation
Tribonacci {Tyt=1{Vn(0,1,1;1,1,1)}
Tribonacci-Lucas {Kn}t=1{Vn(3,1,3;1,1,1)}
Padovan (Cordonnier) {Pn}=1{V,(1,1,1;0,1,1)}
Pell-Padovan {Rn} =1{V»(1,1,1;0,2,1)}
Jacobsthal-Padovan {JPn}=1{V,(1,1,1;0,1,2)}
Perrin {Qnl =1{Vn(3,0,2;0,1,1)}
Pell-Perrin {pQn} ={Vn(3,0,2;0,2,1)}
Jacobsthal-Perrin {JQn} =1Vn(3,0,2;0,1,2)}
Padovan-Perrin {Sut =1{v,(0,0,1;0,1,1)}
Narayana {Nn}={Vy(0,1,1;1,0,1)}
third order Jacobsthal {Jnt =1{Vn(0,1,1;1,1,2)}
third order Jacobsthal-Lucas {jn} =1Va(2,1,5;1,1,2)}

The first few values of the sequences with non-negative and negative indices are shown below (see Table 8).

Table 8. A few values of generalized Tribonacci sequences.

n -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 1 8
Tn 4 1 -3 2 0 -1 1 0o o0 1 1 2 4 7 13 24 44
Kn 3 -15 11 -1 -5 5 -1 -1 3 1 3 7 11 21 39 71 131
Py 0 1 -1 1 0 0 1 o 1 1 1 2 2 3 4 5 7
R 67 —41 25 -15 9 -5 3 -1 1 1 1 3 3 7 9 17 25
Ph & & -5 5 -3 i ] o 1 1 1 3 3 5 9 11 19
Qn 5 -1 -2 4 -3 2 1 -1 3 0 2 3 2 5 5 7 10
pQ, 156 -9 59 -3 22 -13 8 -4 3 0 2 3 4 8 11 20 30
o, ¥/ -5 5 ¥ - 2 1 -1 3 0 2 6 2 10 14 14 34
Sn 1 -2 2 -1 0 1 -1 1 0 o0 1 o0 1 1 1 2 2
Ny 0 -2 1 1 -1 0 1 o o 1 1 1 2 3 6 9
Jn %1 - _5% - 7% %% e e o o0 1 1 2 5 9 18 37 73
jn -3 = z -2 3 1 -1 1 2 1 5 10 17 37 74 145 293

The generalized Tetranacci sequence {V,(Vy, V1, Vo, V3; 1,8, t, )} n=o (01 shortly {V,},,>0) is defined as follows:
Vi=1rVp1+sVp2+tVys+uVyy, W=c,Vi=c,Va=c,,V3=c3, nz4 9

where Vj, V1, V,, V3 are arbitrary reel or complex numbers and r, s, t, u are real numbers. The sequence {V,},>0 can be
extended to negative subscripts by defining

v, =-Lv ‘v "v Ly
-n= U -(n-1) U —(n-2) u —(n-3) 0 —(n—-4)

forn=1,2,3,... when u # 0. Therefore, recurrence (9) holds for all integer n.

In literature, for example, the following names and notations (see Table 9) are used for the special case of 1, 5, t, u
and initial values.

Table 9. A few members of generalized Tetranacci sequences.

Sequences (Numbers) Notation
Tetranacci {Mpn}=1{Vn(0,1,1,2;1,1,1,1)}
Tetranacci-Lucas {Rn}=1{Vn(4,1,3,7;1,1,1,1)}
fourth order Jacobsthal {Jnt =1{Vn(0,1,1,1;1,1,1,2)}
fourth order Jacobsthal-Lucas {jn} =1Vn(2,1,5,10;1,1,1,2)}

The first few values of the sequences with non-negative and negative indices are shown below (see Table 10).
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Table 10. A few values of generalized Tetranacci sequences.

n -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9

M, -3 2 0 0 -1 1 0 o0 o0 1 1 2 4 8 15 29 56 108
R, 15 -1 -1 -6 7 -1 -1 -1 4 1 3 7 15 26 51 99 191 367
In -3 1k é7—§; - 71’—3 - 3 +r -1 0o 1 1 1 3 7 13 25 51 103
n B -8 4L £ g -2 3 1 2 1 5 10 20 37 77 154 308 613

The generalized Pentanacci sequence {V,,(Vp, V1, Va2, V3, Va; 1, 8, £, 1, 1)} =0 (o1 shortly {V,},,0) is defined as follows:
Vn=1Vp_1+$Vpo+tVps+uVy_g4+vVys Vo=co,Vi=c1,Va=¢2, Va=c¢3,Va=0¢4, =5 (10)

where Vy, V1, V5, V3, Vy are arbitrary reel or complex numbers and r, s, ¢, © are real numbers. The sequence {V,},>¢ can
be extended to negative subscripts by defining

u t s r 1
Vop=—=Vopn——Vopro— = Vopus = —Vopsa+ —Vopss
v v v v v

forn=1,2,3,... when u # 0. Therefore, recurrence (10) holds for all integer .
In literature, for example, the following names and notations (see Table 11 ) are used for the special case of 7, s, t, u, v
and initial values.

Table 11. A few members of generalized Pentanacci sequences.

Sequences (Numbers) Notation
Pentanacci {Pn}=1V»(0,1,1,2,4;1,1,1,1,1)}
Pentanacci-Lucas {Qn} =1V»(5,1,3,7,15;1,1,1,1,1)}
fifth order Jacobsthal nt=1{Vn(0,1,1,1,1;1,1,1,1,2)}
fifth order Jacobsthal-Lucas {jnt =1{Vn(,1,5,10,20;1,1,1,1,2)}

The first few values of the sequences with non-negative and negative indices are shown below (see Table 12).

Table 12. A few values of generalized Pentanacci sequences.

n -8 =7 6 -5 -4 3 -2 -1 0 1 2 3 4 5 6 7 8 9

Pn 0 0 0 -1 1 0 0 0 o0 1 1 2 4 8 16 31 61 120
Q. -1 -1 -7 9 -1 -1 -1 -1 5 1 3 7 15 31 57 113 223 439
In a0 -4 - -l 3 1 0 -1 o0 1 1 1 1 4 9 17 33 65
Jn % % % }—28 —%1 ?—1 i 1 2 1 5 10 20 40 77 157 314 628

2. Particular Cases of Main Result

There is a well-known Simson Identity (formula) for Fibonacci sequence {F,}, namely,
Fpi1Fpo = Fp=(-1)"
which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This can be
written in the form

Fn+1 Fn

= (-D".
Fyp Fpa |~ 0D

A search of the literature turns up that there are many identities including Simson (Cassini), Catalan, d’Ocagne,
Melham, Tagiuri, Gelin-Cesaro, Gould identities, see for example, [5-12]. See also [13-15] for the work of some gener-
alizations of Fibonacci numbers.

Next, we consider generalized Horadam numbers V,, = rV,_1 + sV,_» with 2 initial terms Vj = ¢y, V1 = ¢; and
present a formula for those numbers.

Theorem 2.1 (Simson Formula of Horadam Numbers).
For all integers n we have

' Vn+1 Vn
Vn Vn—l

n W

— (_l)nsn
W Vo

. 11)
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Proof. We proof by induction on n. Firstly, we prove the formula (11) for n = 0. For n = 0, it is obvious that the formula
is true. Now, we assume that the formula (11) is true for n = k, that is

_ k| V1 W
=D Vo Vo

'Vk+1 Vi
Vi Vi

Then by induction hypothesis, we obtain

‘sz Vet rVie1+sVie Vi :r‘ Vir1 Vin ‘ Ve Vien
Vi1 Vi rVi+sVior Vi Vi Vi Vicr Vi
Virr Vi ( rk| V1 Vo )
= - ==s({(=D"s
‘ Vi Vka1 Vo Vo
_ k| V1 W
= (-D"" s Vo Vo |

i.e., the formula (11) is true for n = k+ 1. Thus, (11) hold for all integers n = 1.
Now we consider the formula (11) for n < —1. Take kh = —n so that k = 1. So we need to prove by induction that for
h =1 we have

Vopr Ve h-n| V1 W
=(-1)""s . (12)
' Vep Vopa W Vo
For h =1, the formula is true because
Vo Vool _ _|Va W |__| ~fW+ivi W
Vo Vo | Voo Voo | [ =tva+ivg vy
_ _‘ Vo Vo | |3V Vo |1V Vo
-tV Vo sVo Voo s|Vo Vo |
Now, we assume that the formula (12) is true for & = k, that is
Vogrr Vek k—k| V1 Vo
=(-1""s . 13
‘ Ve Vo |- g v 13
Then by induction hypothesis (13), we obtain
'V—(k+1)+1 V_(k+1) :' Vo Voga :_‘V—k—l V_g :_‘—fV—k+%V—k+1 V_g
Vok+y)  Voken—1 Vog-1 Vog Vog—2 Vg1 “LV + Vi Vogn
_ _‘ -tV Vi _'%V—kﬂ V_k
IV Vora Ve Vika
_ 1 Vi Ve :_l((_l)fks—k i % )
s| Vok Voga s Vo Vo
— (1) k1 (kD) i W |_ _ 1y (k4D —(k+D) i W
=D s W Vo =D S Vo Vo

so that the formula (12) is true for & = k + 1. Thus, (12) holds for all integers z = 1 and so (11) holds for all integers
n < —1. This completes the proof. O

Remark 2.1.

Theorem 2.1 is given in Horadam [10, 11]). In fact, in [10], Horadam gave a beautiful formula more general case,
namely Catalan Identity for Horadam numbers. We provide the proof of Theorem 2.1 here because it pave the way the
method to prove the general case.

We can write Theorem 2.1 as
fn)==D"s"£(0)

Vn+1 Vn
Vn Vn—l
ular Horadam sequences.

n %

Ve Voo | In the following Table 13, we present Simsons’s formula of partic-
0 V-1

where f(n) = ‘

and f(0) = ‘
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Sequence: Vj, Simson Formula Sequence: Vj, Simson Formula
Fp fm)=(-D" Ln f(m)y=5(-D""T
Pn fm==n" Qn fm=8(-n"-!
In fm) = (-nn2n-t Jn fm) =9(-nn-12n-1

Next we consider generalized Tribonacci numbers V;, = rV;,_1 + sVj,_» + tV},_3 with 3 initial terms Vy = ¢y, V1 =1,
V2 = Co.

Theorem 2.2 (Simson Formula of Generalized Tribonacci Numbers).
For all integers n we have

Viie Vel Vi .. W
Vielr Vo Vpr |=t"| V1 Vo Vop|. (14)
Vi Vi1 Vi W Vo Voo

Proof. We prove by induction on . Firstly, we prove the formula (14) for n = 0. For n = 0, it is obvious that the formula
is true. Now, we assume that the formula (14) is true for n = k, that is

Vit Vil Vi . V. i W
Virr, Ve Vi |=t"|W1 Vo Vo
Vieo Vil Vie—2 Vo Vo1 Voo

Then by induction hypothesis, we obtain

Virs V2 Vien1
Vivz Vierwn Vi
Vil Vi Viar

TVi2 + $Vir1 + Vi Virz Viesa
= | TVes1+ Ve + Vi1 Vi Vi
TVi+sVioi+tVieo Vi Vi
IViro Virz Vinl SVt V2 Visl tVi
= | Vi1 Vier Ve |+ sVk Vi Vi
Vi Vi Via sVicr Ve Vi
Vi Viks2 Vin Virz Vil Vi
V-1 Vieknr Ve | =t Vinn Vi Vier

Vire Vien
+| tVk-1 Vienn Vi
tVieo Vi Via

Vie Ve Vi Vi V-1 Vie-2

v hn W 1 W
=ty v v |l= v v v,
Vo Vo1 Voo Vo Vo1 Vo,

i.e., the formula (14) is true for n = k+ 1. Thus, (14) holds for all integers n = 1.

Now we consider the formula (14) for n < —1. Take & = —n so that h = 1. So we need to prove by induction that for
h=1

Vopez Vopar Von V. i W
Vo Von Vo |=tTMwv vy v . (15)
Vo Vopor Vopo Vo Va1 Ve

For h =1, the formula is true because

i Vo Vo Voo W —Vo-tVvi+iVa i W
Vo Vol Vio| = |V Vo Vo |=| =3Va-IW+4iVi Vo Vo
Vop Vip Vig Vg Vo Vo, VL -Iva+ivy Vo Vo,
Vo i V| |-t i W | | i W
= |=3Va Vo Vo |+ =tVo Vo Vo |+ Vi Vo Vo
—SV, Vo Vo LV Vo Vo, Wo Vo Vo,
Vv, Vi WV
= -l VW Vi

Vo Vo Voo
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Now, we assume that the formula (15) is true for h = k, that is

Vogse Vogrr Veg o, 1 W
Vi Vie Voo =t %wv v v . (16)
Vik Vgl Vog—2 Vo Vau Voo

Then by induction hypothesis, we obtain

Votke+n+2 Votern+1  Vo(ern) Vo Vo Vogar
Vot Vegery  Veern-1 |=| Voo Vo Vor2
Vokry  Veern-1 Voken—2 Vop-1 Vg2 Vogs
Vgt Vogn Vop | | =3Vae=FVorn + 1 Vorsz Vg Veg
= | Vi Ve Ve |=| = 3Vaa =5V + iV Vi Vo
Vokes Voger Vokz | | =g Voka = f Vg + 1 Vo Vogor Voo
-V Vi Ve Vi Vognn Ve Wogio Vogrn Vg
= | =iVakr Vi Vo |+ —3Vae Vi Vo [+ 3V Ve Viga
Vo2 Vigr Vige2 Vo Vogr Vg Vg Vigor Vg
Vokre Vogrr Vog 1 V. i W . i W
= 2| Vo Vo Vo = Vo Vo= e ® v v v
Ve Vog-1 Vg2 Vo Vo Vo Vo Vo1 Ve

i.e., the formula (15) is true for h = k+ 1. Thus, (15) holds for all integers /2 = 1 and so (14) holds for all integers n < —1.

This completes the proof. O

We can write Theorem 2.2 as

fm)=1t"f(0)

Vn+2 Vn+1 Vn VZ Vl VO
where f(n)=| Vys1 Vi Vpopjand f(O)=| Vi Vo V|
Vi Vi1 Vi VWw Vo Voo

In the following Table 14, we present Simsons’s formula of particular generalized Tribonacci sequences.

Table 14. Simsons’s formula of some generalized Tribonacci sequences.

Sequence: Vj Simson Formula Sequence: Vj Simson Formula
Ty fm=-1 Ky f(n) =—-44
Py, f(n)=-1 Rn f(n)=-4
JPy flny==-2" Qn f(n)=-23
pQn fmy=-11 JQn f(n)=-13x2"*1
Sn f(n)=-1 Ny fm)=-1
Tn f(n) =-2""1 Jn f(n)=—-9x2n+l

Next we consider generalized Tetranacci numbers V;, = rV;,_; + sV;,_2 + tV,_3 + uV,,_4 with 4 initial terms

V():CO, Vl =y ‘/ZZCZJV3=C3'

Theorem 2.3 (Simson Formula of Generalized Tetranacci Numbers).
For all integers n we have

Viez Varz Va1 Vi Vs Vo, Vi W
Viez Vil Voo Vi non|l V2o Vi Vo Vo
=-D"u . a7
Viir Vo Vo1 Vo i W Vo1 Vo,
Vi Vi1 Va2 Vi-s W Vo Vo Vo

The proof can be given exactly as the proof of Theorem 2.1, so we omit it.
We can write Theorem 2.3 as

fm)=E=D"u"f(0)
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Vits Viez Vel Wi s o I W
Vit Vel Voo Vi V. 1 W V4,
Vn+1 Vn Vn—l Vn—2 Vl VO V—l V—2 '
Vi Vi1 V2 Vis Vo Vou Voo Vog

where f(n) = and f(0) =

In the following Table 15, we present Simsons’s formula of particular generalized Tetranacci sequences.

Table 15. Simsons’s formula of some generalized Tetranacci sequences.

Sequence: Vj Simson Formula
Mp fy=nnT
Ry f(m) =563(-1)"
In fm=0
in fm) = (=1)"2""23°

Next we consider generalized Pentanacci numbers V,, = rV,,_1 + sV,,_o + tV;,_3 + uV,,_4 + vV,,_5 with 5 initial terms
V():Co, V1 =0Q0, V2=Cz,V3=(,‘3,V4=C4.

Theorem 2.4 (Simson Formula of Generalized Pentanacci Numbers).
For all integers n we have

Vita Vnes Ve Vpr Wy Vi, s Vo V1 W
Viis ez Vel Voo Vi Vs Vo Vi W Vo
Viez Vel Vo Voo Vo [=0" | Vo VI W Vo Vo |, (18)
Vier Voo Vi1 Vo Vies i Vo Vo1 Voo Vg
Vi Vi1 Vi Vs Viy Vo Vor Voo Vg Vo

The proof can be given exactly as the proof of Theorem 2.2, so we omit it.
We can write Theorem 2.4 as

fm)=v"f(0)

Vita Virs Viez Vel Vi Vs V3 Vo i W
Vits Viez Vil Ve Vi s Vo i W V4,
Wheref(n): Vn+2 Vn+1 Vn anl ang andf(O): Vg V1 V() Vfl sz .
Virr Voo Vo1 Viz Vs iVo Vo Voo Vg
Vi Vi1 Va2 Vip-sz Vi W Vo Vo Vg V4

In the following Table 16, we present Simsons’s formula of particular generalized Pentanacci sequences.

Table 16. Simsons’s formula of some generalized Pentanacci sequences.

Sequence: Vj, Simson Formula
Py fm) =1
Qn f(n) =9584
In fl)=2""2x11
Jn fm)=2""3x3%x19

3. Main Result: Simson Formula of Generalized m-step Fibonacci Numbers

Now we consider the m-order linear recurrence relation
m

V,= Z riVp—i=nVo1+nrnVis+rVys+..+1rmVi—m.
i=1
For m = 2, we define f by

Vn+m—l Vn+m—2 Vn+m—3 e Vn+2 Vn+1 Vn
Viem-2 Vaem-3 Vaem-a -+ Vn+1 Vn Vi1
Vn+m—3 Vn+m—4 Vn+m—5 Tt Vn Vn—l Vn—2
fm=| : '
Vn+2 Vn+1 Vn oo Vn—m+5 Vn—m+4 Vn—m+3
Vn+1 Vn Vn—l tee Vn—m+4 Vn—m+3 Vn—m+2
Vn Vn—l Vn—Z oo anm+3 Vn7m+2 Vn7m+1
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Note that

Vin-1 Vm—2 V-3 -+ V2 %1 Vo
Vin-2 V-3 Vip-a - 1% Vo Vo
V-3 Vin-4 Vip-s -+ Vo V4 Vo,

foy=1 : R : :
V2 1% Vo o Vines Vemea Vomas
141 VWw Voo o Vinsa Vomes Vo
Voo Voo Voo o Vinrs Voo Vomn

Motivated by the cases m = 2,3, 4,5, we are ready to present our main result for the arbitrary m.

Theorem 3.1 (Simson Formula of Generalized m-step Fibonacci Numbers).
Let m = 2. Then for all integers n we have

f)=ymr] f0) (19)
where

) = 1 , modd

Y= (-D" , meven -’

Proof. We prove the theorem by induction for n = 0, the proof of the case n < —1 being similar. As in the proof of
the cases m = 2,3,4,5 we need to consider m separately as odd and even. We provide the proof of the even cases.
For n =0, it is obvious that the formula is true. Now, we assume that the formula (19) is true for n = k. Then we will
complete the inductive step n = k + 1 as follows: Note that

Vk+m Vk+m—1 Vk+m—2 e Vk+3 Vk+2 Vk+1
Vk+m—1 Vk+m—2 Vk+m—3 Tt Vk+2 Vk+1 Vk
Viem-2 Virm-3 Viem-4 -+ Vinl Vi Vi
fle+1) = : : : : : : :
Vk+3 Vk+2 Vk+1 T Vk—m+6 Vk—m+5 Vk—m+4
Vies2 Vi Vieo o Vicmas Viemea Viemas
Vi1 Vi Vit Viemsa Viemes Viemas2

Using the recurrence relations
Viem = NVism-1+12Viem—2+73Viem-3 + ...+ m Vi
Viem-1 = T Viem—2+12Viem-3+13Virm-a + oo + T Vi1

Viem—2 = N Vikem-3+12Viem-a+73Viem—s+ ...+ mVi_2

Vies = NVia + 12V +13Vie+ o+ T Ve mas

Vier = NV + 12V +r3Vior + oo+ T Ve maz

Vier = NV +rViei+13Vi-s + oo+ 1 Ve man
in the 157 column of the determinant f(k + 1) and expanding 1°" column as m — 1 additions and then after rearranging
the determinant, we obtain

Vi Vieem-1 Viem—2 -+ Viezs Viez Vil
V-t Virm—2 Viem-3 -+ Vi Vi1 Vi
Ve Vikrm-3 Viem-4 -+ Vin Vi Vi
Jlk+1) = 1m : : : : : :
Vk—m+3 Vk+2 Vk+1 Tt Vk—m+6 Vk—m+5 Vk—m+4
Vi-m+2 Vil Vi o Viemss Viemea Viemas
Virli-m Vi V-1 0 Viemed Vieem+s Viemao
Vk+m—1 Vk+m—2 Vk+m—3 tte Vk+2 Vk+1 Vk
Viem-2 Vitm-3 Vitm-a =+ Vsl Vi V-1
Vitm-3 Virm-4 Viem-s - Vi Vi-1 Vi—2
= TTIm : : : : : :
Vire  Vikn Vi Viems Viem+a Vi-mas
Vi1 Vi V-t o Viem+a Viemes Vieeme2
Vi Vi-1 V-2 Vicmts Viemez Viem+

—rm((=DFrE F0) = CDF R £(0).
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This completes the inductive step and the proof of the theorem.

Remark 3.1.

Of course, this paper could be shorthened. To calculate Simson Identity we needed sequences and the values of the
elements of those sequences. But a search of the literature shows that it is not easy to find sequences of altogether the
case m = 2,3,4,5 of the generalized m-step Fibonacci numbers in a single reference. So, as much as presenting new
results, we wanted to fill this gap as well by giving the sequences and the values of their elements as tables.

4. Simson Formula of Gaussian Generalized m-step Fibonacci Numbers

For m = 2, the Gaussian generalized m-step Fibonacci numbers, {GV,,(GVy, GV1,GVa,..., GV 1511, 12,5, oo Tm)dnz=m
(or shortly {GV,;} n=m), (n = m), is defined by the m-order linear recurrence relation

m
GV, = Z riGVy_i=rGVy_1+rGVy 2+r3GV,_3+ ...+ rm-1GVy—m—1+rmGViu—m (20)
i=1
with m initial terms
GVo=W+iV_, GV =V1+iVy, GVo=Vo+iV1,....,GVyo1 = Vi1 +i V-0,
where r;, 1 =i < m, are all real numbers and V;, 0 < i < m—1, are all real or complex numbers. Such a sequence is also
called the Gaussian generalized Fibonacci m-sequence, or Gaussian generalized m-nacci sequence, or the Gaussian

m-generalized Fibonacci sequence. For more information on Gaussian numbers, see [8].
The sequences {GV,},=m can be extended to negative subscripts by defining

Fm-1 'm—-2 F'm-3 rn 1
GVop=—2GV 1) — 222GV ng) — == GV_(n-3) = oo = — GV_(n—(m-1) + — GV_(n—m)
'm 'm 'm 'm 'm
forn=m-2,m—-1,m,m+ 1.... Therefore, recurrence (20) holds for all integer .

Note thatfor n =0
GV, =V, +iV,1 21)

and
GV_,=V_,+iV_,_1.
For m = 2, we define h by

GViim-1 GVpim—2 GVpim-3 -+ GVpyo GVin GV,
GViim-2 GViem-3 GVpym—g - GVins1 GV GV
GViim-3 GVpim—-4 GVpym-s - GVy GVip-1 GVy—2
h(n) = : : : : : : :
GVn+2 GVn+1 GVn GVn7m+5 GVn—m+4 GanerS
GVn+l GVn GVn—l GVn—m+4 GVn—m+3 GVn—m+2
GVVL GVn—l GVn—Z GVn—m+3 Gvn—m+2 GVn—m+1
Note that
GVip-1 GVp—2 GVyy—z -+ GV, GV GW
GV GViy—z GViyyey -+ GV GV GV_;
GVin-z GViy—y GViyys -+ Gl GV_1 GV_,
hO) =1 : Do : E
GV, GW1 GV - GViprs GVopesa GVoppys
GV GVo  GV_y -+ GVipyg GVopigs GVopy2
GWw GV GV -+ GVigys GVopro GVopny

Now we present Simson Formula for Gaussian generalized m-step Fibonacci numbers.

Theorem 4.1 (Simson Formula of Gaussian Generalized 1:-step Fibonacci Numbers).
Let m = 2. Then for all integers n we have

h(n) = z(m)r)} h(0) (22)

where

z(n):{ 1 , modd

D" , meven '

The proofis exactly as in the proof of Theorem 3.1.
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