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1. Introduction and Preliminaries

Recently, there have been so many studies of the sequences of numbers in the literature, see for example [5, 11]. On
the other hand, the matrix sequences have taken so much interest for different type of numbers. For matrix sequences
of generalized Horadam type numbers, see for example [2, 3, 6, 17-19, 21, 26], and for matrix sequences of generalized
Tribonacci type numbers, see for instance [1, 14, 15, 22, 23].

In this paper, the matrix sequences of Tetranacci and Tetranacci-Lucas numbers will be defined for the first time in
the literature. Then, by giving the generating functions, the Binet formulas, and summation formulas over these new
matrix sequences, we will obtain some fundamental properties on Tetranacci and Tetranacci-Lucas numbers. Also,
we will present the relationship between these matrix sequences.

First, we give some background about Tetranacci and Tetranacci-Lucas numbers.

Tetranacci sequence {M,},>o (sequence A000078 in [13]) and Tetranacci-Lucas sequence {R,},>o (sequence
A073817 in [13]) are defined by the fourth-order recurrence relations

My=Mu_1+Mu_2+My_3+My_y, My=0,M=1,My=1,M3=2 (1)
and

Ry,=Ry_1+Ry2+Ry3+Ry—4, Ro=4Ri1=1,R,=3,R3=7 (2)
respectively. The sequences {M,} >0 and {R,} =0 can be extended to negative subscripts by defining

M_y =-M_(n-1) = M-(n-2) = M—(n-3) + M—(n-1)
and

R_y=-R_(n-1)—R-(n-2y = R-(n-3) — R-(n-9
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Table 1. A few Tetranacci and Tetranacci-Lucas Numbers.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
My 0 1 1 2 4 8 15 29 56 108 208 401 773 1490
M-y 0 0 0 1 -1 0 0 2 -3 1 0 4 -8 5
Ry 4 1 3 7 15 26 51 99 191 367 708 1365 2631 5071
R, 4 -1 -1 -1 7 -6 -1 -1 15 -19 4 -1 31 -53

forn=1,2,3,...respectively. Therefore, recurrences (1) and (2) hold for all integer n.This sequence has been studied by
many authors and more detail can be found in the extensive literature dedicated to these sequences, see for example
[7,9,10, 12, 16, 24, 25].

Next, we present the first few values of the Tetranacci and Tetranacci-Lucas numbers with positive and negative
subscripts in the following Table 1:

We can give some relations between {M,} and {R,} as

Rn=—Mui3+6Mu1— M, 3
and

Ry =-Myi2+5My1 —2M; — My 4)
and also

Ry =4My+1 —-3Mp—2Mp—1 — My (5)
and

Ry =My, +2My_1 +3My_s+4M,_3 6)

Moreover, we have

563M, =86R;+3—61R,+2 —71R,41 —87R, (7
and

563M,, = 25R 42+ 15R,11 — Ry +86R,_1 (8)
and also

563M,, = 40R,+1 +24R, + 111R,,_1 + 25R,,_» 9)

Note that the last seven identities hold for all integers n.
Itis well known that for all integers n, usual Tetranaci and Tetranacci-Lucas numbers can be expressed using Binet’s
formulas

an+2 ﬁn+2 7/n+2 5n+2
M, = + + + (10
(@=Pla-pa-6) P-a)P-NP-06 F-ay-p-06 ©G-a)6-FOb-Y)
(see for example [7] or [27])
or
a-1 ,, B-1_,, y-1 ,, &6-1_,_
M, = n-1 n-1 n-1 5" 1 11
"= 5a—8” +5ﬁ—8ﬁ +5y—87 "55-8 b
(see for example [4])
and
Rp=a"+p"+y"+6" (12)
respectively, where a, B,y and § are the roots of the equation x* — x> — x> — x — 1 = 0. Moreover,
1 1 1 /11 9 13 -1
a=-+-w0+-1/—— —owl,
4 2 2V 4 4
1 1 1 /11 13
B = +-w--\—-w+—o0],
4 2 2V 4 4
1 1 1 /11 9 13 1
Y = —-—-w+-\/——w—-—ow,
4 2 2V 4 4
1 1 1 /11 13
0 = ———wWw— -\ ——@w2-— —1,
4 2 2V 4 4



Yiiksel Soykan / Int. J. Adv. Appl. Math. and Mech. 7(2) (2019) 57 — 69

where

54 108

1/3 1/3
11 (—65 563) (—65 563)
w= + + .

J— —_— + _—
12 54 108

Note that we have the following identities:

a+pf+y+6 =1,
af+ay+ad+Py+po+ys = -1,
afy+apféb+ayd+pyé = 1,
afyé = —1.

The generating functions for the Tetranacci sequence {M,} > and Tetranacci-Lucas sequence {R,},=( are

(e 00 2 3
X 4-3x-2x"—-x
n n
E M, x" = R and E R,x" = 3 -
=0 l1-x—xc—x°—x =0 l-x-—x*-x>—x

59

(13)
(14)
(15)
(16)

17

Note that the Binet form of a sequence satisfying (1) and (2) for non-negative integers is valid for all integers n. This
result of Howard and Saidak [8] is even true in the case of higher-order recurrence relations as the following theorem

shows.

Theorem 1.1 ([8]).
Let{wy} be a sequence such that

{fwpl=awp1+awp—o+...+ arwy—x

for all integers n, with arbitrary initial conditions wy, wi, ..., Wi_,. Assume that each a; and the initial conditions are

complex numbers. Write

fx) = xk— alxk_l - azxk_2 -

e — Af—1 X — A

x—an)® (- a)®..(x—ap)
withdy+do + ...+ dp, =k, and ay, ay, ..., ay distinct. Then

(@) Foralln,

k
wy =y Nn,m)am,"
m=1
where
rm—1
N(n,m)= AT + AV n+ ..+ AP nm~t = 3 AUt
u=0

(18)

(19)

with each Ai.m) a constant determined by the initial conditions for {w,}. Here, equation (19) is called the Binet
form (or Binet formula) for {w,}. We assume that f(0) # 0 so that {w,} can be extended to negative integers n.

If the zeros of (18) are distinct, as they are in our examples, then

wy=A1(a) + Az(a)" + ... + Ap(ap)™.

(b) The Binet form for {w} is valid for all integers n.

2. The Matrix Sequences of Tetranacci and Tetranacci-Lucas Numbers

In this section we define Tetranacci and Tetranacci-Lucas matrix sequences and investgate their properties.
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Definition 2.1.
For any integer n = 0, the Tetranacci matrix (9;,) and Tetranacci-Lucas matrix (%) are defined by

My = Myt My + My_3+ My, (20)
Ry = Ry 1+Rpo+Rn3+Rn-4, (21
respectively, with initial conditions
1000 1111 2221 4 4 3 2
0100 1000 1111 2221
Ao=loo1o0l ™ o100 100071111
0001 0010 0100 1000
and
1 2 3 4 3 4 5 1
4 -3 -2 -1 1 2 3 4
Zo=| 45 | BT 4 32
-1 0 6 -1 -1 5 -2 -1
7 8 4 3 15 11 10 7
3 4 5 1 7 8 4 3
Z2=11 2 3 4 |73 4 51
4 -3 -2 -1 1 2 3 4

The sequences {4} n>0 and {Z ,} >0 can be extended to negative subscripts by defining
M-y = =M n-1) = M—(n-2) = M—(n-3) + M (n-1)
and
R-n=~%-(n-1) ~ %-(n-2) ~ B-(n-3) + B—(n-4)

for n=1,2,3,... respectively. Therefore, recurrences (20) and (21) hold for all integers n.
The following theorem gives the nth general terms of the Tetranacci and Tetranacci-Lucas matrix sequences.

Theorem 2.1.
For any integer n = 0, we have the following formulas of the matrix sequences:

Mn+1 Mn+Mn—1 +Mn—2 Mn+Mn—l Mn
M = Mn Mn—l +Mn—2+Mn—3 Mn—l +Mn—2 Mn—l 22)
" Mn—l Mn72 + Mnf3 + Mn74 Mn72 + Mn73 Mnfz

Mn—Z Mn—3+Mn—4+Mn—5 Mn—3+Mn—4 Mn—3

Rn+1 Rn + Rn—l + Rn—2 Rn + Rn—l Rn
R — Rn Rn—l + Rn—2 + Rn—3 Rn—l + Rn—z Rn—l (23)
" Ryp1 Rp2+Rp-3+Rp-4 Rp2+Rpy-3 Ry |

Rpn-2 Rp-3+Rp-a+Rp-5 Ry-3+Rp-a Rp-s

Proof. We prove (22) by strong mathematical induction on 7. (23) can be proved similarly.
If n =0 then we have

My, My+M_1+M_», My+M_1 My 1000

Mo = My M_; +M_2+M_3 My+M_, M, _ 0100

0= My Moy+Ms3+M_4 M o+M_3 M_, 10010

M_o M 3g+M 4+M5 M 3+M_4 M_3 0001

which is true and

M, My + Mo+ M_, M + My M, 1111

U = My, My+M_1+M_», My+M_1 My _ 1000

" My Mo,+Moo+M_g M.,+M, M_; | {0100

My Moy+M3+M_4 Mo+M3 M, 0010
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which is true. Assume that the equality holds for n < k. For n = k + 1, using the fourth-order recurrence relations (1),
we have

M1 M+ Mie—1 + My + M3
Miyo Mg+ Mg+ My Mg+ M Meg
Myy1 Mg+ M2+ M M1+ Mg Mg
My Mg+ Mg+ M3 M1+ Mg2 My
My-1 My—2+ My-3+Mp—g Mg+ My-3 Mg

Thus, by strong induction on n, this proves (22).
We now give the Binet formulas for the Tetranacci and Tetranacci-Lucas matrix sequences.

Theorem 2.2.
For every integer n, the Binet formulas of the Tetranacci and Tetranacci-Lucas matrix sequences are given by

My = Ara”+Bi1p"+Cry" + D167, (24)
Ry = Aa” +Byf" + Coy™ + D26". (25)
where
4 = Mo+ a @+ D)ty +ala—1) Mo+ atls Bl:Mo+ﬁ‘1(ﬂ+1)ﬂl+ﬁ(ﬁ—1)ﬂ2+ﬁﬂ3
a(a-p)(a—v)(@-5) ’ pla-p)(a—v)(@-5) ’
C = Mo+ oy + 1)y +y(y — V)Ml +y M3 1:Mo+6*1(6+1),%1+6(6—1)M2+5M3
y(@=B)(a-r)@-0) ’ 5(a—p)(a-r)@-0)
4y = Ro+a la+1) % +ala— 1Ry +aRs BZZ%0+ﬁ*1(ﬁ+1)@1+ﬁ(ﬁ—1)%2+ﬁ%3
ala-p)(a-y)@-0) ’ pla-p)(a-7)@-5) ’
C, = %0+y’1(y+1)%1+}/(y—1)§£2+y%3, 2:@0+6*1(6+1)%1+6(6—1)%2+6%3

Y(a=p){a7) @5 5(a—P)a-7) (@0

Proof. We prove the theorem only for n = 0 because of Theorem 1.1. We prove (24). By the assumption, the charac-
teristic equation of (20) is x* — x® — x> — x — 1 = 0 and the roots of it are a, 8,7 and §. So it’s general solution is given

by
-/%n = Ala” +Blﬁn +C1)/n +D16n.

Using initial condition which is given in Definition 2.1, and also applying lineer algebra operations, we obtain the
matrices Aj, By, C1, D as desired. This gives the formula for .#,.

Similarly we have the formula (25).

The well known Binet formulas for Tetranacci and Tetranacci-Lucas numbers are given in (10) and (12) respectively.
But, we will obtain these functions in terms of Tetranacci and Tetranacci-Lucas matrix sequences as a consequence of
Theorem 2.1 and Theorem 2.2. To do this, we will give the formulas for these numbers by means of the related matrix
sequences. In fact, in the proof of next corollary, we will just compare the linear combination of the 2nd row and 1st
column entries of the matrices.

Corollary 2.1.
For every integers n, the Binet’s formulas for Tetranacci and Tetranacci-Lucas numbers are given as

an+2 ﬁn+2 Yn+2 6n+2

@ Pa-1a-2 B-aB-Np-20 T-ar-Pr-0 ©G-a00-pHO-7
R, = a"+p"+y"+6".

M, =

Proof. From Theorem 2.2, we have

My = Alan+Blﬁn+C1}’n+D15n
Mo+ a N a+ Dty +ala— Dby +adls , Mo+ LB+ 1)ty + P(B—1)blo + ptls
= a’ + ﬁ
a(a-p)(a-y)(@-0) BB—-a)(B-7)(B-0)
+ﬂo+y—1(y+1)ﬂl+y(y—1w2+mz3 n+/ﬂ0+5—1(5+1w1+6(5—1)M2+6M36n

Yy —a)y =By -9) 606-a)(6-P6-7)
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By Theorem 2.1, we know that

Mn+1 Mn+Mn—1 +Mn—2 Mn+Mn—l Mn
Mn Mn—l +Mn—2+Mn—3 Mn—l +Mn—2 Mn—l

Mn—l Mn72 + Mn—s + Mn—4 Mn—z + Mnf?: Mnfz

Mn—2 Mn—3 + Mn—4 + Mn—5 Mn—3 + Mn—4 Mn—3

My =

Now, if we compare the 2nd row and 1st column entries with the matrices in the above two equations, then we obtain
Ra+l@+D+a(@-1)

. (2,6+%(,B+1)+,6(ﬁ—1))
n = an— +
(a=pB)(a-r)(@- B-a)(B-7(B-0)
y+y(r+)+y(y-1)  @6+ie+n+66-1)
Y +
y-a)y-p)y-0) B-a)5-B)bE~7Y)

'Bn—l

at? ﬁn+2
= +
(@a-Pla-N@-6) B-a)B-1(B-0)
Yn+2 5n+2

+ + .
y-a)y-By-6 ©B-a)6b6-0E-7)

From Theorem 2.2, we obtain

R

Aya™ + Bo "+ Coy + +Dy6"

Ro+a la+ DB +al@a-1DRo+aRs , Ro+B L B+1DR+BB- 1R+ PR3 _,
) a(a—p)(a-7) @0 “r Bla—p)(a-7)@-0) ¢
+920+y_1(7+1)9?31+y(y—1)%2+y%3Yn+9?0+6‘1(6+1)921+6(6—1)922+6923 "

Y(a=p)(a-7)(a-98) §(a=p)(a-v)(a-08)

By Theorem 2.1, we know that

Rn+1 Rn + Rn—l + Rn—Z Rn + Rn—l Rn
Rn Rn—l + Rn72 + Rn—s Rn—l + Rnfz Rn—l

Rn—l er—2 + Rn—3 + Rn—4 Rn—2 + Rn—B Rn—2

Ry-2 Ry-3+Rp-a+Rp—5 Rp—3+Ry—4 Ry-3

R =

Now, if we compare the 2nd row and 1st column entries with the matrices in the above last two equations, then we
obtain

7a+l@+D+3a@-D+4) , Tp+5(B+1)+3B(B—1)+4)
ala=Plla-n@-0 " pB-AF-1-9)

Ty+5(r+D)+3y(r-1)+4  76+L16+D+36@-1+4)
Yr=-Ab-N0-0) ' s(-pl-16-0

Using the relations (13)-(16) and considering a, 8,y and § are the roots the equation x*—x3—x%2-x—-1=0, we obtain

n =

Ta+l@+D+3a@-1)+4)
a(a-p)(a-y)(@-0)
7B+ 5(B+1)+36(B-1)+4)
B(B-P)(B-7)(6-0)
Ty+5(r+1)+3y(y-1)+4)
Y(r=8)(r-7)(r-9)
(76+5(0+1)+36(6—1)+4)
5(6-p)(6-7)©@-0)

So finally we conclude that
n=a+ " +y"+5"

as required.
Now, we present summation formulas for Tetranacci and Tetranacci-Lucas matrix sequences.
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Theorem 2.3.
Form = j =0, we have

—2(Mmn+om+j+ Mmnrm+j — Mom+j — Mm+ ) + 2Ry (Mnnsm+ j — M+ )
n-1 +2(= )" (Mmn-m+j = M-m+ ) + Rom + 2R = Roy = 2) (Mn s j — M)

Mot = (26)
igo e (R2,— Ry — 2R + 2+ 2(=1)"(1 — R_,))

and

—Z(an+2m+j +e%mn+m+j _e%vaLj _e%erj) + 2Rm(%mn+m+j _%m+j)

nil% 20" RBmn-m+j~ B-m+)) + Rom +2Rm ~ Ry = 2)(Rmns j — Rj) -
o (R2,— Royn — 2Ry +2+2(=1)"(1 — R_p))

Proof. Note that,

n-1 n-1 L L L L
Z-/%mHj — (AI(XMl+J+B1ﬁml+]+C1')/n”+]+D16ml+])
i=0 i=0
X amn_l . ﬁmn_l Ymn_l 6mn_1
= Ajal + B p/ +Cry/ + D6/
la(am—l) lﬁ(ﬁm—l) 1Y(Ym_1) 1 (5’"—1)
and
n—1 n-1 L L L L
%mﬂj — Z(AzamH]+Bzﬁml+]+czyml+]+D25mt+])
i=0 i=0
amn_l ’an_l Ymn_l 5mn_1
= Aya! + By p/ +Cory! + D,/
za(am_l) 2ﬁ(ﬁm_1) 21Y(Ym_l) 2 (5m_1)

Simplifying the last equalities in the last two expression imply (26) and (27) as required.
As in Corollary 2.1, in the proof of next Corollary, we just compare the linear combination of the 2nd row and 1st
column entries of the relevant matrices.

Corollary 2.2.
Form= j =0, we have

—Z(an+2m+j + an+m+j - M2m+j - Mm+j) +2Rm(an+m+j - Mm+j)

ni:lM o +2(—1)m(an7m+j_M7m+j)+(R2m+2Rm_R§n_2)(an+j_Mj) 28)
o (R2,— Royy — 2Ry + 2+ 2(=1)"(1 = R_p))

and

—2(Rmn+2m+j + Rmn+m+j — Rom+j — Rm+j) + 2Rm (Rmn+m+j — R+ )
"fR _ +2(=D"(Rmn-m+j = R-m+) + (Rom + 2R = Ry, = 2) (Rmp+ j — R) 29)
e (R2, — Rom — 2R +2+2(=1)™(1 - R_p))

Note that using the above Corollary we obtain the following well known formulas (see, for example, [25]]) (taking
m=1,j=0):

n-l Myso—My+M,_1-1 nzl Rpyso—Rp+Ry_1+2
Z Mi - n+2 n3 n—1 and Z Ri - n+2 n?) n—1 )
i=0 i

We can write last two formulas as

& Mpi2+2Mp+ My —1 n Rpi2+2Ry+Ry—1+2
ZMi: n+2 g n-1 andZRi: n+2 1; n-1 )
i=0 j

We now give generating functions of .4 and %.
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Theorem 2.4.
The generating function for the Tetranacci and Tetranacci-Lucas matrix sequences are given as

1 B3+x°+x x*+x X
X 1-x x5+ x2 x?
x2 X — x? —x*—x+1 x3
fﬂ . X ox2-xd =X —x%+x -3 -x%-x+1
X =
= 1-x—x?2—-x3—x*
and
Ax3+3x24+2x+1 -3x3+2x2+2x+2 —2x3—4x%2+2x+3 —x3-2x2-3x+4
—x3-2x>-3x+4 5x3+5x2+5x-3 -2x3+4x>+5x-2 —x>-2x*>+5x-1
—x3-2x*+5x-1 5-8x 6x3+7x% -2 -x>+6x>-1
o0 —x3+6x2-1 5x — 8x? x3-6x2-8x+6 7x3+x%2-1
Z.%’nxnz
n=0 1-x-x%>—x3—x*
respectively.

Proof. We prove the Tetranacci case. Suppose that g(x) = Y>.7° | ./, x" is the generating function for the sequence
{M} n=0. Then, using Definition 2.1, and substracting x f (x), x* f(x), x> f(x) and x* f (x) from f(x) we obtain (note the
shift in the index » in the third line)

(l—x—xz—x3—x4)g(X)

o0 o0 (e o0 (e
= Y Mpx"—x Y M =P M =Y M =Y My X"

n=0 n=0 n=0 n=0 n=0
00 [e) [e) [e) [e)

— Z '/%nxn _ ./%nanrl _ Z ./%nanrz _ Z ./%nanr:‘} _ Z ./%nxn+4
n=0 n=0 n=0 n=0 n=0
(0] o0 o0 o0 o0

= Y Mpx" =) My X" =) My X =) My—3x =) Mg X"
n=0 n=1 n=2 n=3 n=4

= (M +M1x+¢%2x2 +M3x3) — (Mox + M xz +M2x3) - (Moxz +./%1X3) —./ﬁ[()x3
0
+ Z (My = My = Mp—3 — Mp—3— Mn—4)X"

n=4
= Mo+ (M — M) X+ (Mo — My — M) X + ( My — My — My — M) X°

Rearranging above equation, we get

Mo+ (M — M) X+ (My — M — M) XP + (M — My — My — M) X
1-x—x%2—x3—x* '

gx)=

This completes the proof.

Tetranacci-Lucas case can be proved similarly.

The well known generating functions for Tetranacci and Tetranacci-Lucas numbers are as in (17). However, we
will obtain these functions in terms of Tetranacci and Tetranacci-Lucas matrix sequences as a consequence of Theo-
rem 2.4. To do this, we will again compare the the 2nd row and 1st column entries with the matrices in Theorem 2.4.
Thus we have the following corollary.

Corollary 2.3.
The generating functions for the Tetranacci sequence {M,} ,>o and Tetranacci-Lucas sequence {R,} >0 are given as
4-3x-2x*-x3

() n X () n
HZ_:OM,,x Dby UL HZ_:ORnx e (30)

respectively.
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3. Relation Between Tetranacci and Tetranacci-Lucas Matrix Sequences

The following theorem shows that there always exist interrelation between Tetranacci and Tetranacci-Lucas matrix
sequences.

Theorem 3.1.
For the matrix sequences {l,} and {Z,}, we have the following identities.

(@ % =—Mn+3+6Mns1— M,

(b) Ry =~ Mpso+5Mps1—2MMp— Mp_1,

(©) Ry =4Mp1 —3My—2Mp 1 — My,

d) Z,,= MM, +2Mp1+3Mpy_o+4M,_3

(e) 5634, =86R 13— 61R 12 —T1R 41 — 87X,
(f) 563.4,, =25R 12 + 15R 41 — Ry, + 86 % -1,

(8) 5634y =40 ni1 +24 Ry + 111 R 1 +25R 5.
Proof. From (3), (4), (5) and (6), (a), (b), (c) and (d) follow. From (7), (8) and (9), (e), (f) and (g) follow.

Lemma 3.1.
For all non-negative integers m and n, we have the following identities.

(@) RoMp=MpnPRo =R,
(b) MRy, = Rp Mo =R

Proof. Identities can be established easily. Note that to show (a) we need to use all the relations (3), (4), (5) and (6).
In the next Corollary, we obtain (9) using Lemma 3.1 and then (b) follows from (a).

Corollary 3.1.
We have the following identities.

(@) My = 56z (40Rp41 +24Ry, + 111R,_1 +25R,5),

(b) My = 55 (40R 11 + 28R + 111R 1 +25R p—2).

Proof. From Lemma 3.1 (a), we know that Zo.4,, = #,,Z,. To show (a), use Theorem 2.1 for the matrix .4, and
calculate the matrix operation 2, 1%,, and then compare the 2nd row and 1st column entries with the matrices .,
and %' % ,. Now (b) follows from (a).

To prove the following Theorem we need the next Lemma.

Lemma 3.2.
Let Ay, By,Cy,D1; Az, B2, Co, Dy as in Theorem 2.2. Then the following relations hold:

A = Ay, BS=Bj, C¢=Cy, Di =Dy,
A1 By B1A1=A1Ci=CA =A1D1=D1A1=CB1 =BC, =D1B; =BD1 =C; Dy =D:C, = (0),
AsBy = ByAy = A2C2 = C2A2 =AsDy =Dy Ay = CQBZ = BzCz =DyBy=ByDy = CzDz = D2C2 =(0).

Proof. Using the relations (13)-(16), required equalities can be established by matrix calculations.

Theorem 3.2.
For all non-negative integers m and n, we have the following identities.

(@) MMy = Mpin = My M,
(b) MRy = BpnMMm = Rmin,
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© BmRn=RnRm = Mmin+e — 12Mmin+a +2Mmin+3 + 36 Mminio — 12 min+1 + Mmin,
(d) g’zm%n = %n%m = -/%m+n+4 - 10-/%m+n+3 +29-/%m+n+2 - 18~/%m+n+1 _6-/%m+n +4-/%m+n—1 +-/%m+n—2y
€) BimRyn=RnRm =16Mm1nr2 =24 Mpmine1 — T Mmsn +4Mpsn-1+10Mpmin—2 +4Mmin-3 + Mpmin—4g

) %m%n = %n%m = -/%m+n + 4~/”m+n—1 + 10~/%m+n—2 + ZOJ%m-#n—S + 25J%m+n—4 + 24-/%m+n—5 + 16~/%m+n—6-

Proof.

(a) Using Lemma 3.2 we obtain

Mty = (A1a™ +B1 "+ Cry" + D16™) (A1a” + B " + C1y" + D16™)
= A2 4 BEBMN 4+ CIy™ " 4 DI
+A1B1a™ B+ A Cra™y" + AiD1a™ 6"
+B1 A1 f"a™ + B1C1 My + B1D1 6"
+C1 A1 Y a" + C1Byy™ " + CLDyy™ 6"
+D1A16™a”™ + D1B16™B" + D1 C16™y"
=A@ 4 B+ Cry™ T 4 Dy 5™
= Mmin-

(b) By Lemma 3.1, we have
MRy = My My R.
Now from (a) and again by Lemma 3.1 we obtain 4, %, = Mm+nPRo = Rm+n-
It can be shown similarly that 2, 4, = Z m+n-

(c) Using (a) and Theorem 3.1 (a) we obtain

RmPEn = (= Mm+3+6Mmi1 — M) (—Mni3 + 6 M1 — My)
= Mm+3Mn+3 —6Mm3Mpi1 + M3 My — 6 M1 M3
+36.M i1 M1 — 6Mpir My + Mg My i3 — O My M1 + M My,
= Mmin+e — 6Mmin+a + Mmints —6Mminra +36Mmini2 —6Mmini1
+lMmin+s — 6Mmin+1 + Mmin
= Mminve — 12Mmin+a + 2Mmint3 +36Mmini2 = 12Mmins1 + Mmn.

It can be shown similarly that 2,2, = M m+n+6 — 12Mm+n+a + 2 Mmsn+3 + 36 Mmsn+2 — 128 mn+1 + Mmsn.

The remaining of identities can be proved by considering again (a) and Theorem 3.1.

Comparing matrix entries and using Theorem 2.1 we have next result.

Corollary 3.2.
For Tetranacci and Tetranacci-Lucas numbers, we have the following identities:

(a) Mm+n = Mn+1Mm + Mn (Mmfl + Mm72 + Mm73) + Mn—l (Mmfl + Mmfz) + Mnszm—l
(b) Rm+n = Rn+1Mm + Rn (Mmfl + Mm72 + Mm—s) + Rn—l (Mmfl + Mm72) + Rn72Mm71

(©) RyyRy+1 + Ry(Rpp—1+ R—2+ Rip-3) + Rpyp-1Rp—2 + Ry—1 (Rpp—1+Rm—2) = Muminie — 12Mpmina + 2Mpines +
36Mm+n+2 —12Mpmin+1 + Mmin

(d) RmRn+1 + Rn (Rmfl +Rm72 +Rm73) + Rmfan—Z + Rn—l (Rmfl +Rm72) = Mm+n+4 - 10Mm+n+3 + 29Mm+n+2 -
18Mpm+n+1 —6Mmin +4Mm+n-1+ Mm+n—2

(€) RuRu+1 + Ry(Rp—1+ R—2+ Rp-3) + Ryy—1Rp—2 + Rpy—1 (Rp—1+ Rip—2) = 16Mpini2 — 2dMpine1 — TMpan +
AMm+n-1+10Mpip—2 +4Mpin-3 + Mmin-4

() RuRy+1 + Ry (Rpp—1 +Rpp—2+Rpp-3) + Ryp—1Rp—2 + Ryo1 (Ryp—-1+ Rip—2) = Mpan + 4Mpipn-1 + 10Mjyip2 +
2()]\/Im+n—3 + 25]\/Im+n—4 + 24]\4m+n—5 + 161\4m+n—6-
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Proof.
(a) From Theorem 3.2 we know that .4, 4, = M+ . Using Theorem 2.1, we can write this result as

Mm+1 Mp+Mp-1+ My My, + M1 Mp,
Mm Mm—l +Mm—2+Mm—3 Mm—l +Mm—2 Mm—l
Mm—l Mm—Z + Mm—3 + Mm—4 Mm—2 + Mm—3 Mm—z
Mm—2 Mm73 + Mm—4 + Mm—S Mm73 + Mm—4 Mm—B
Mn+1 Mn+Mn—1 +Mn—2 Mn+Mn—1 Mn
Mn Mn—l +Mn—2+Mn—3 Mn—l +Mn—2 Mn—l
Mn—l Mn72 + Mn—s + Mn—4 Mn72 + Mn—s Mnfz
Mn—2 Mn—?) + Mn—4 + Mn—5 Mn—3 + Mn—4 Mn—?)
Mmin+1 Mmin+Mmin-1+Mmin-2  Mmsn+Mmin-1 Mmin
Mm+n Mm+n—1 + Mm+n—2 + Mm+n—3 Mm+n71 + Mm+n72 Mm+n—1
Mm+n—l Mm+n—2 + Mm+n—3 + Mm+n—4 Mm+n—2 + Mm+n—3 Mm+n—2
Mm+n—2 Mm+n—3 + Mm+n—4 + Mm+n—5 Mm+n—3 + Mm+n—4 Mm+n—3

Now, by multiplying the left-side matrices and then by comparing the 2nd rows and 1st columns entries, we get
the required identity in (a).

The remaining of identities can be proved by considering again Theorem 3.2 and Theorem 2.1.

The next two theorems provide us the convenience to obtain the powers of Tetranacci and Tetranacci-Lucas matrix
sequences.

Theorem 3.3.
For non-negatif integers m,n and r with n = r, the following identities hold:

(a) ./ﬂ,:”:,/%mm
(b) -ﬂ,ﬁl :Jﬂlm-/ﬂmny

(c) Mp—r My :-/%721 :M;-

Proof.

(a) We can write .4, as
M= My M. My (M times).
Using Theorem 3.2 (a) iteratively, we obtain the required result:

M = My M. M,
—_———

m times

Mon My My,... My
[

m-1 times

Map My My... My
—_—

m-—2 times

-/”(m—l)ndﬂn
Mn.

(b) As a similar approach in (a) we have
,’:11 = J%n+1--/%n+1n-~/%n+l = v/%m(n+1) = Jﬂmﬂmn = Jﬂldﬂm—l-ﬂmn-

Using Theorem 3.2 (a), we can write iteratively 4, = MO Mpm-1, Mm—1 = M M2, ..., M> = M1 4. Now it
follows that

M| = MMy o My Mo = M M.

m times
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(c) m Theorem 3.2 (a) gives
M Moy = Moy = My My = ]
and also
My—y My = Mon = Mo My... Mo = M.

n times

We have analogues results for the matrix sequence £,,.

Theorem 3.4.
For non-negatif integers m, n and r with n = r, the following identities hold:

@ Zn-rZn+r = %%,
(b) BT = B M.

Proof.
(a) We use Binet’s formula of Tetranacci-Lucas matrix sequence which is given in Theorem 2.2. So
%n—r%rwr _%i
— (Azan—r +Bzﬁn—r + Cz}’n_r +D25n—r)(A2an+r +Bz,3”+r + CZYVHr +D26n+r)
—(Apa™ + By " + Coy" + Dp6™)?

— DzAz(an—r6n+r +atrenr _Zan6n) + Dng(ﬁn_r5n+r + ﬁn+r6n—r —Zﬁn5”)
+D2C2 (Yn—r(srﬁ—r + Yn+r6n—r _ 2)/,15”) + Ang (an—rﬁlﬁ—r + an+rﬁn—r _ Zanﬁn)
+A2C2(an—ryn+r +an+ryn—r _zan,yn) +BZC2(‘BH—F,}/VL+F +‘6n+ryn—r _Zﬁnyn)
0

is true since
DyAy =D3By =D2Cyr = AyBy = AyCo = BoCp = (0)
by Lemma 3.2). Now we get the result as required.
(b) By Theorem 3.3, we have
Ry Mmn = RoRo... RoMnMn...Mn.

~~
m times m times

When we apply Lemma 3.1 (a) iteratively, it follows that

(RoAMn)(RoMn)...( RoAn)
RnRo.. Rep = R

Ry Mmn

This completes the proof.

4. Conclusion

Recently, there have been so many studies of the sequences of numbers in the literature and the sequences of
numbers were widely used in many research areas, such as physics, engineering, architecture, nature and art. Many
authors use matrix methods in their work. On the other hand, the matrix sequences have taken so much interest for
different type of numbers. See, for example, [14, 15, 19, 20, 22]. In this paper, we defined the matrix sequences of
Tetranacci and Tetranacci-Lucas numbers

It is our intention to continue the study and explore some properties of some type of matrix sequences of special
numbers, such as matrix sequences of Pentanacci and Pentanacci-Lucas numbers.

We can summarize the sections as follows:

* In section 1, we have presented some background about Tetranacci and Tetranacci-Lucas numbers.

¢ In section 2, we have defined Tetranacci and Tetranacci-Lucas matrix sequences and then the generating func-
tions, the Binet formulas, and summation formulas over these new matrix sequences have been presented.

¢ In section 3, we have given some relationship between these matrix sequences.



Yiiksel Soykan / Int. J. Adv. Appl. Math. and Mech. 7(2) (2019) 57 — 69 69

References

[1] G. Cerda-Morales, On the Third-Order Jabosthal and Third-Order Jabosthal-Lucas Sequences and Their Matrix
Representations, arxiv:1806.03709v1 [math.CO], 2018.
[2] H. Civciv, R. Turkmen, On the (s; t)-Fibonacci and Fibonacci matrix sequences, Ars Combin. 87 (2008) 161-173.
[3] H. Civciv, R. Turkmen, Notes on the (s; t)-Lucas and Lucas matrix sequences, Ars Combin. 89 (2008), 271-285.
[4] G. P. Dresden, Z. Du, A Simplified Binet Formula for k-Generalized Fibonacci Numbers, J. Integer Seq. 17 (2014),
article 14.4.7, 9 pp..
[5] H. Gokbas, H. Kose, Some sum formulas for products of Pell and Pell-Lucas numbers, Int. J. Adv. Appl. Math. and
Mech. 4(4) (2017) 1-4.
[6] H.H. Gulec, N. Taskara, On the (s; t)-Pell and (s; t)-Pell-Lucas sequences and their matrix representations, Appl.
Math. Lett. 25 (2012), 1554-1559.
[7]1 G.S. Hathiwala, D.V. Shah, Binet-Type Formula For The Sequence of Tetranacci Numbers by Alternate Methods,
Mathematical Journal of Interdisciplinary Sciences 6(1) (2017), 37-48.
[8] ET. Howard, E Saidak, Congress Numer. 200 (2010), 225-237.
[9] R.S. Melham, Some Analogs of the Identity F2 + F2, | = FZ, .|, Fibonacci Quarterly, (1999), 305-311.
[10] L.R. Natividad, On Solving Fibonacci-Like Sequences of Fourth, Fifth and Sixth Order, International Journal of
Mathematics and Computing, 3(2), (2013), 38-40.
[11] S. H. Jafari-Petroudia, M. Pirouzb, On the bounds for the spetral normof particularmatrices with Fibonacci and
Lucas numbers, Int. J. Adv. Appl. Math. and Mech. 3(4) (2016) 82-90.
[12] B. Singh, P. Bhadouria, O. Sikhwal, K. Sisodiya, A Formula for Tetranacci-Like Sequence, Gen. Math. Notes, 20(2)
(2014), 136-141.
[13] N.J.A. Sloane, The on-line encyclopedia of integer sequences, http://oeis.org/
[14] Y. Soykan, Matrix Sequences of Tribonacci and Tribonacci-Lucas Numbers, arXiv:1809.07809v1 [math.NT] 20 Sep
2018.
[15] Y. Soykan, Tribonacci and Tribonacci-Lucas Matrix Sequences with Negative Subscripts, arXiv:1809.09507v1
[math.NT] 24 Sep 2018.
[16] Y. Soykan, Gaussian Generalized Tetranacci Numbers, Journal of Advances in Mathematics and Computer Sci-
ence, 31(3) (2019), 1-21, Article no.JAMCS.48063.
[17] K. Usly, S. Uygun, On the (s,t) Jacobsthal and (s,t) Jacobsthal-Lucas Matrix Sequences, Ars Combin. 108 (2013),
13-22.
[18] S. Uygun, K. Uslu, (s,t)-Generalized Jacobsthal Matrix Sequences, Springer Proceedings in Mathemat-
ics&Statistics, Computational Analysis, Amat, Ankara, 325-336, 2015.
[19] S. Uygun, Some Sum Formulas of (s,t)-Jacobsthal and (s,t)-Jacobsthal Lucas Matrix Sequences, Applied Mathe-
matics, 7 (2016), 61-69.
[20] S. Uygun, The binomial transforms of the generalized (s,t)-Jacobsthal matrix sequence, Int. J. Adv. Appl. Math.
and Mech. 6(3) (2019) 14-20.
[21] Y. Yazlik, N. Taskara, K. Uslu, N. Yilmaz, The generalized (s; t)-sequence and its matrix sequence, Am. Inst. Phys.
(AIP) Conf. Proc. 1389, 381-384, 2012.
[22] N.Yilmaz, N. Taskara, Matrix Sequences in Terms of Padovan and Perrin Numbers, Journal of Applied Mathemat-
ics, Volume 2013 (2013), Article ID 941673, 7 pages.
[23] N.Yilmaz, N. Taskara, On the Negatively Subscripted Padovan and Perrin Matrix Sequences, Communications in
Mathematics and Applications, 5(2) (2014), 59-72.
[24] M.E. Waddill, Another Generalized Fibonacci Sequence, Fibonacci Quarterly, 5(3) (1967), 209-227.
[25] M.E. Waddill, The Tetranacci Sequence and Generalizations, The Fibonacci Quarterly, (1992), 9-20.
[26] A.A. Wani, V.H. Badshah, G.B.S. Rathore, Generalized Fibonacci and k-Pell Matrix Sequences, Punjab University
Journal of Mathematics (ISSN 1016-2526) 50(1) (2018), 68-79.
[27] M.N. Zaveri, J.K. Patel, Binet’s Formula for the Tetranacci Sequence, International Journal of Science and Research
(IJSR), 5(12) (2016), 1911-1914.

Submit your manuscript to JAAMM and benefit from:

» Rigorous peer review

» Immediate publication on acceptance

» Open access: Articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at» editor.ijjaamm@gmail.com



mailto:editor.ijaamm@gmail.com

	Introduction and Preliminaries
	The Matrix Sequences of Tetranacci and Tetranacci-Lucas Numbers
	Relation Between Tetranacci and Tetranacci-Lucas Matrix Sequences
	Conclusion
	References

