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1. Introduction

Recently, there have been so many studies of the sequences of numbers in the literature and the sequences of
numbers were widely used in many research areas, such as architecture, nature, art, physics and engineering. The
sequence of Fibonacci numbers (OEIS:A000045, [28] ) {F;} =0 is defined by

FI’L:FVL—1+FI’L—2) n22y FOZO)FI:Ir
and the sequence of Lucas numbers (OEIS: A000032, [28]) {L,} =0 is defined by
Ly=L, 1+Ly,», n=2, Ly=2,L1=1.

Here, OEIS stands for On-line Encyclopedia of Integer Sequences. Pell sequence {P,},>0 (OEIS: A000129, [28]) and
Pell-Lucas sequence {Q,} =9 (OEIS: A002203, [28]) are defined by the second-order recurrence relations

Pp=2Py 1+Pyn, Py=0,P1=1
and
Qn = 2Qn—1 + Qn—Z; QO =2, Ql =2.

Jacobsthal sequence {J,} =0 (OEIS: A001045, [28]) and Jacobsthal-Lucas sequence {j,} >0 (OEIS: A014551, [28]) are
defined by the second-order recurrence relations

Jn=Jn-1+2Jp-2, Jo=0,1=1
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and
Jn=Jn-1*+2jn-2, jo=2,h1=1

Jacobsthal sequence has been studied by many authors and more detail can be found in the extensive literature dedi-
cated to these sequences, see for example, [1, 2, 4-8, 11, 17, 18, 23, 24, 27, 35, 36].

Pell sequence has been studied by many authors and more detail can be found in the extensive literature dedicated
to these sequences, see for example, [3, 9, 10, 12, 16, 20, 25]. For higher order Pell sequences, see [21, 22, 29-32].

The generalized Fibonacci sequence (or generalized (r, s)-sequence or Horadam sequence or 2-step Fibonacci se-
quence) {W,,(Wy, Wy; 1, )} =0 (or shortly {W,},,>0) is defined (by Horadam [14]) as follows:

W,=rW,_1+sWy,_o, Wy=a,W,=b, n=2 (D
where Wy, W) are arbitrary complex (or real) numbers and r, s are real numbers, see also Horadam [15, 192 ] and
Soykan [33].

The sequence {W,} =0 can be extended to negative subscripts by defining
r 1
W_p=—=W_n-n+-W_n-2
S S

forn=1,2,3,... when s # 0. Therefore, recurrence (1) holds for all integer n.
Now we define two special cases of the sequence {W,,}. (r,s) sequence {G,(0,1;r, s)},>0 and Lucas (r, s) sequence
{H,(2,1;1,5)} =0 are defined, respectively, by the second-order recurrence relations

Gn+2 = an+l + SGnr GO = 0) Gl = ly (2)
Hpi2 = rHpw1+sH,, Hy=2,H;=r, 3)
The sequences {Gy} =0, {Hn}n=0 and {E,} >0 can be extended to negative subscripts by defining
r 1
G, = ——G_n+-G_(s—2),
n s (n-1) s (n-2)
r 1
H, = -—-H g y+-H (-2,
s s

for n=1,2,3,... respectively. Therefore, recurrences (2)-(3) hold for all integer n.
Some special cases of (r, s) sequence {G, (0, 1;1, 5)},0 and Lucas (r, s) sequence {H,(2,7; 1, $)} ,=0 are as follows:

1. G,(0,1;1,1) = F,, Fibonacci sequence,
H,(2,1;1,1) = L,, Lucas sequence,
Gn(0,1;2,1) = Py, Pell sequence,

2.
3.
4. H,(2,2;2,1) = Qp, Pell-Lucas sequence,
5. G,(0,1;1,2) = J,, Jacobsthal sequence,
6.

H,(2,1;1,2) = jj, Jacobsthal-Lucas sequence.

o0
We give the ordinary generating function Y, W,x" of the sequence {W,}.
n=0

Lemma 1.1.
o0

Suppose that fi,(x) = Y. Wyx" is the ordinary generating function of the generalized Fibonacci sequence {Wy} ;.
n=0

[e9)
Then, Y, W,x" is given by
n=0

X Wo + (W1 — rW
3 Wox" = ot+t(Wr—r o)x.
n=0

1-rx—sx?

@

Binet’s formula of generalized Fibonacci sequence can be calculated using its characteristic equation (the quadratic
equation) which is given as

X —-rx—s=0. (5)
The roots of characteristic equation are
a_r+\/K ﬁ_r—\/K ©
2 2 7

where

A=r?+4s
and the followings hold

at+pf =,
aff = -s,

(cx—ﬁ)2 (a+ﬁ)2—4a,6: r? +4s.
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1.1. Binet’s Formula for the Distinct Roots Case
In this subsection, we assume that the roots a and f of characteristic equation (5) are distinct. Using these roots

and the recurrence relation, Binet’s formula can be given as follows:

Theorem 1.1 (Distinct Roots Case).
Binet’s formula of generalized Fibonacci numbers is

bra b, B" bra”™ — b, B"
W, = a” 2 B _ba 2 B
a-p P-a a-p

where

)

l’)l = W1 —,BW(), bg = W1 - OCW().

(7) can be written in the following form:

W, =Aa" + Azﬁ” 8)
where
Wy — BW, Wi — aW
A =MW, - al
a-p B-«a
Note that
(W2 = sW2 — rw; Wy)
AAy = 1 0 L0 ,
—(r2 +4s)
Al+A = W,

We next find Binet’s formula of generalized Fibonacci numbers {W,,} by the use of generating function for W,,.

Theorem 1.2.
(Binet’s formula of generalized Fibonacci numbers)

n n
dla + dgﬂ

9
(a-p) PB-a) ©)

n =
where

dq
dy

Woa + (Wq — rWy),
W(),B + (W1 — TWQ)ﬁ.

Proof. For a proof see [[33], Theorem 1.2]. [J
Note that from (7) and (9) we have

Wi — Wy
W1 —LZW()

W0a+(W1—rW0), (10)
W()ﬁ+(W1—TW())ﬁ. 11

For all integers n, (r, s) and Lucas (r, s) numbers (using initial conditions in (7) or (9)) can be expressed using Binet’s
formulas as

an ﬁn
G, = R
" a-p B
H, = a"+8",

respectively.
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1.2. Binet’s Formula for the Single Root Case

In this subsection, we assume that the roots a@ and S of characteristic equation (5) are equal, i.e., « = B. So (5) can
be written as

xz—rx—s:(x—a)Z:xZ—Zax+a2:0.

Note that in this case,

r
a = —,
2
r = 2a,
2
r
S = —(,‘(2:——,
4
2 _
r“+4s = 0.

Using the root @ and the recurrence relation, Binet’s formula can be given as follows:

Theorem 1.3 (Single Root Case).
Binet'’s formula of generalized Fibonacci numbers is

W, = (D1 + D> n)a” (12)
where

D, = W,

S
Il

1
— (W —aWy).
a

Proof. For a proof, see Soykan [34] . J
Note that (12) can be written as

r ryn-1
Wa = (Wi =2 (n=1) Wo) (5

Note also that
Wo(2W; — rW
DDy = 0(2Wq o)’
r
W
Dy+Dy = 2—.
r

For all integers n, (7, s) and Lucas (r, s) numbers (using initial conditions in (7) or (9)) can be expressed using Binet’s
formulas as

n-1
G, = na" -,

H, = 2a",

respectively.

2. The Sum Formula}}_, xk w3 Y

In this section, we present sum formulas of generalized (r, s) numbers (generalized Fibonacci numbers).
The following theorem presents sum formulas of generalized (r, s) numbers (generalized Fibonacci numbers) in
the case the roots a and S of characteristic equation (5) are distinct, i.e. r2+4s#£0.

Theorem 2.1 (Distinct Roots Case).

Suppose that the roots a and B of characteristic equation (5) are distinct, i.e. r2+4s#0. Let x be a real (or complex)
number. For all integers m and j, for generalized (r, s) numbers (generalized Fibonacci numbers), we have the following
sum formulas:
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@) If((—$)3"x? — xHz; + 1D ((—$)3"x% — x(=5)™ Hy, + 1) # 0 then
¥

Zx e = (12 +48)((=8)3"x2 — xHap + 1) ((=8)3"x% — x(=8)" Hp, + 1) )
where
W1 = (12 + 49)x" (== = (=) xHpm + WS, o+ (2 + 493" (=) = Ham) (=) 2% —
(=" xHpu+ YWy o= (1 +45) (=" x((=9)*"%* = (=) xHpn + DW? | + (1% +45)((=9)>""x% = (=)' xHp + 1)

mn+j
WP +3x" (=)™ " x((=5)*" %% — xHzm + D)W} — sW§ — rwowl)wmn+m+j + 3x" (=) M2 x((—5)3M X% —
(=)™ XHp + DWE = SWZ = rWoW) Winn—mej — 35" (=)™ x((=)*"x? Hpy = (=)™ xHpp, — 1) Hap) (W -
SWE = rWo W) Winns j = 3x(= )™ (=)™ x? = xHapy + 1) (W2 = SWE = rWgWi) Wiy j — 3x(—)2"+ (= )3 x?
(=8)" X Hyp+ 1) (W2 = SWE = r Wo W) W1 +3x(=5)! (=)™ x* Hypy = Hap (=) " X Hyy— 1)) (WE = SWE = r Wo W) W

(b) If((—s)smx2 —xHsp+ D((—=8)3"x% = x(-)"Hp, + ) = u(x—a)(x-b)(x— ) (x—d) = 0 for some u,a,b,c,d € C and
u#0anda#b#c#d,ie,x=aorx=borx=corx=d, then
_ ¥
Z X mk+] Al

where

Yo = (2 +48)(=9*""((=9>"x*(n + 3) = x(=9)"(n + 2)Hp + n+ DWy o+ (12 + 49)((=9°"(n + 4)
1 = (=83 (=) Hpy + H3p)(n + 3)x% + (=)™ (HypHzpm + (—=8)2™)(n + 2)x — (n + 1)H3m)x”wjm+] +(r* +
4s)(—s)3m(—3(—s)3'"x2+2(—s)mme—1)W]?'_m+(r +4s)(2(—s)3’"x—(—s)mHm)W]?+3(—s)m"+m+J(( 3" (n+
3)x% = x(n +2)Hzpn + n+ DWE = sW§ = rWgW)x" Winpsme j + 3(=8)"" 24 (=)™ (n + 3)x* — x(=9)"(n +
2)Hpy + 1+ DX (WE = sSWE = rWoW1) Wi j + 3(=8)""* (=(=)*"(n + 3)x* Hy, + x(=5)" (1 + 2) H3pp Hyy —
(n+ 1) Hy) X" (WE = SWG = rWoW1) Wi j + 3(=8)™H (=3(=$)3"x% + 2xHypp — 1) (WE = sSWZ = TWo W) Wiy j +
3(= )2+ (=3 (=) x2 +2(=8) " x Hpy — 1) (Wi = sSWZ = rWo W) Wi— 1, +3(=5)7 (3(= )" x? Hpp — 2(— )™ x Hyy Hy  +
H3m)(W12 - SWO2 - I’W()Wl)Wj

and

A1 = (r? +45)(4(=9)5"x3 = 3(=8)3™ (=)™ Hyp + Hap) x* +2(—8) ™ (2(—$)*™ + Hyy Hapm) X — (=) Hyy + Hzpm)).

(© If((=$)3"x? — xHzp + 1) ((— )3 x% — x(—8)" Hpy + 1) = u(x — a)®>(x— b) (x— ¢) = 0 for some u, a,b,c € C and u # 0 and
atb#c,ie,x=aorx=borx=c,thenifx=>borx=cthen
_¥s
Z X mk+} AZ

where

W = (2 +49)(=9"x" (=" xP(n + 3) = x(=9)"(n + 2 Hp + n+ DWp o+ (7 + 49)((=9)°"(n + 4)
X = (=*"(=8)" Hp + Hzm)(n + 3)x% + (=8)" (Hp Ham + (=8)*™)(n + 2)x = (n + DHzp)x"W,,
48)(=8)°"(=3(=5)°"x? + 2(=8) "X Hpy = DW]_, + (12 +48) 2(=)>"x = (=) Hm) W} +3(=8)MHmE (- 5)3M (n +
3)x% — x(n + 2)Hypm + n+ DWE = SWEF — rgW)x" Winnsme j + 3(=8)™" 24 (=)™ (n + 3)x% — x(=9)™(n +
2)Hp + n+ Dx"(WE = sW§ = rWoWi) Win—myj + 3(=8)""1 (=(=8)*""(n + 3)x* Hyy + x(=5)" (1 + 2) Hapn Hyp —
(n+1) Hyp) x" (W = SWg = rWoWi) Winps j +3(=8)"*1 (=3(=5)>""x* + 2xHapy = D) (W] = sSW§ = r WoW1) Wins j +
3(=8)2MHI (=3(= )" x? +2(=8)" X Hp — 1) (W = SWZ = rWo W) Wiy +3(= )/ (3(= )" x* Hpy — 2(— )™ X Hy Hy py +
Hzpm)(WE = sWE — riWo W) W;

and

Az = (r* +45)4(=9°""x° = 3(=9)>""((=9)"" Hm + Ham) X* +2(=8)"2(=8)*" + Hyn Hym) X = (=) Hp + Hzm))

and if x = a then

+(r? +

¥y
Z Wik = 2(r2 +45) (=)™ (6(— )" x2 — 3x(—$)2"((—5)"™ Hp + Hapm) +2(— )2 + Hyp Hap)
where
Wy = (2 + 49" (=" (n +3)(n + 2)x* = (=9)"x(n + 2)(n + DHy + n(n+ DX"TWS o+ (1% + 45)

(=9 (n + H(n + 3)x3 — (=93 + 3)(n + 2)(-8)™Hy + Hym)x® + x(—=)"(n + 2)(n + 1)(HpHam +

(=8)*™) — n(n + 1)Hzp)x"" 1W’fm+1 + 207 + 48) (=9 (Hpn — 3(=9*"0)W? |+ 2(r* + 4s)(—s)3mw.3 +

3( )M ((—)3M(n + 3)(n + 2)x% — x(n + 2)(n + 1) Hym + n(n + 1)) (W2 - st — rWoW) X" Wippims j +

XL (=) ME2mE] (- 5)3M (4 3) (n+2)x2 — x(— s)m(n+2)(n+1)Hm+n(n+1))(W2—sW2—rW0W1)Wmn mej+
3x”‘1(—s)m”+f(—x2(—s)4m(n +3)(n+2)Hy, + x(—$)™(n+2)(n+ 1) Hy;p Hy, — n(n + 1)H3m)(W12 - sSWZ - riwpy)
Winnsj + 6(=8)" (Hyp — 3(=8)3"x) (WE — SWE — riVgW1) Wi j + 6(=$)3" (Hp, — 3(=$)2"x) (WP — sWZ —
rWoWD) Wj_p, +6(= )" (3(~=5)3"x — Hyym) Hy (W7 — SWE — rWoWi) W
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(d) If((=$)3"x? — xHzp + 1) ((=8)3"x? = x(=$)" Hyy + 1) = u(x — a)®(x — b) = 0 for some u,a,be Candu#0 anda # b,
i.e, x=aorx=>b,thenifx=D>b then
n v
k3 5
wi o=
gééx mk+j 4A3
where
W5 = (r? +49)(=9)*"x"((=9)*"x*(n + 3) = x(=9)"(n + 2)Hp + n+ YW, o+ (% + 49(=9°"(n + 4)
X = (=" (=8)" Hp + H3m)(n + 3)x% + (=)™ (HnHam + (=5)")(n + 2)x = (n + DHzm)x"Wy, o + (12 +
48) (=8> (=3(=5)"x? +2(=8)"x Hy = DW | +(r? +48)2(=9)>"x = (=) Hp) W} +3(=8)"" " (=)™ (n +
3)x% — x(n + 2)Hzpn + n+ DWE = sW§ — rgW)x" Winnsme j + 3(=8)"" 24 (=)™ (n + 3)x% — x(=9)™(n +
2)Hp + 1+ Dx"(WE = sSWE = riWoW1) Wi j + 3(=8)""* (=(=)*" (n + 3)x* Hy, + x(=5)" (1 + 2) H3pp Hyy —
(1 +1) H3p) X" (W = sSW§ = rWoWi) Winns j +3(=8)"* (=3(=)3"x% + 2x Hzp = 1) (W] = sSW§ = rTWo W) Wi j +
3(—=8)2MHI (=3(=$)*"x? +2(=8)" X Hp — 1) (W = SWE = rWo W) W1 +3(=5)/ (3(= )" x* Hppy — 2(— )™ X Hyy Hy y +
Hzpm) (WP = sWE — rWgWi) W,
and
Az = (1? +45)(4(=9)°"x° = 3(=9)>"((=9)" Hy + Ham) X* +2(=8)"(2(=8)*" + Hyn Hym) X ~ (=) H + Hzm))

and if x = a then

n y
kw3 = 6
kzzox T 6(r2 +48) (—9)3™ (4(=$)°™ x = (=5)™ Hyp — Hap)
where
Yo = (r2 +45)(=)3"(n + D((-9)3"(n + 3)(n + 2)x% — x(-)"n(n + 2)Hy + n(n — 1) x"2W3 +(r? +

mn—m+j
45)((=9)"(n+3)(n+2)(n+4)x3 - (=93 (n+3)(n+2) M+ 1) (=)™ Hyp + Ha ) X2 + (=)™ n(n+2) (n+ 1) (Hp, Ham +

(=9)*™Mx=n(n=1)(n+1) Hyp) X" W5 . =67 +45)(=5)*"W} | +3(=5)"" " (n+1)((=5)*" (n+3)(n+2)x*

xn(n+2)Hyp + n(n— 1) (W2 = sW2 — rWoW) X" 2 Wipams j + 3= (n 4+ 1) (-9 (n + 3)(n + 2)x* —
x(=$)"n(n+2) Hyp+n(n—1) (W2 = sWZ = rWo W) x" 2 Wn—m+ j +3(= )™ (n+1) (—x* (=)™ (n+3) (n+2) Hp, +
x(=$)"™n(n+2) Hyy Hyy — n(n—1) H3p) (W2 = sWZ = r WoW1) X" "2 Wi s j— 18(= )1 (W2 — sSWZ —r Wo W1) Wiy j —
18(—9)°"H (W2 = sSWZ = r'WoWi) W + 18(— )" H,, (WP — sSWE — rWo W) W

(@ If(—=8)3"x? — xHzp + 1) ((—8)%"x? = x(=$)"Hyy + 1) = u(x — a)* = 0 for some u,a € C,u #0 i.e., x = a then

n ¥
kW3 L= 7
,szox mEES T 24(r2 + 45) (- 5)0"
where
W7 = (r?+48) (=9 n(n+ D (9> (n+3) (n+2)x° = x(=5)" (n=1) (n+2) Hpp + (1= D) (n=2)x" W)+ (r2+

45)(n+1) (X3 (=99 (n+4) (n+3) (n+2)—x2 (= )3 n(n+3) (n+2) (= )™ Hyp+ Ha ) + x(—8) " n(n—1) (n+2) (Hy, Ha pp +

(=9)*™) = n(n—1)(n—2)Hym)x" Wy, .+ 3(=8)™M M p(n + 1) (x* (= 9)3™ (n+3)(n +2) — x(n+2)(n — 1) Hz,py +

(n=1)(n=2)(WE = sW§ = rWo WD) x> Winps s j +3(=8)"" 2 n(n + 1) (6% (=93 (n +3) (n+2) — x(=5)" (n +
2)(n—1)Hp+(n—1)(n=2))(WZ = sWZ = rWoW) X" 3 Wi j +3(= )™ n(n+1) (= x*(—$)*" (n+3) (n+2) Hy, +
x(=$)"™(n+2)(n—1)Hyp Hp, — (n— 1) (n = 2) Hy)) (W = sSWZ = rWo W) x> Wiy .

Proof.

(a) Note that

n-1 n-1
k1773 _ mk+j mk+j\3 k
Y x Wik = Y (Aa + Ay )’ x
k=0 k=0
n—1 n-1
— 14?&3] 2: a3”’kxk-+14§ﬁ3] 2: ﬁ3n1kxk
k=0 k=0

O (ot . .n-l
+3A A2l B Y KBk 43 A% 0PI BTy a2k gk ok
k=0 k=0
3mn ,.n 3mn ,.n
fa”x =1 ; x"—1
= Ala® (—) + A3 B3 (—'B )
admy—1 Bimx—1
. .(_Synnﬁmnxn_l
+3A1 A5(-s)/ B/
VD 1

Simplifying the last equalities in the last two expression imply (13) as required.

(=) gmnyn _
+3A§A2(—s)faf( )
(=8)"amx -1
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(b) We use (13). For x = a, the right hand side of the above sum formula (13) is an indeterminate form. Now, we can
use LHospital rule. Then we get (b) by using

i akwr?ﬂﬁj = d %(\Pl)
k=0 (2 +48)((=8)3Mx2 = xHapm + D(=8)*" x2 = x (=)™ Hi + 1) | _,,
= -

The proof for the case x = b, x = c and x = d are the same.

(c) If x = b or x = c then the required result is obtained by (b). Now suppose that x = a. We use (13). For x = a, the
right hand side of the above sum formula (13) is an indeterminate form. Now, we can use L'Hospital rule (twice).
Then we get the required result by using

n L (¥
Z akWr??k+j T e, am 2 - 3
k=0 22 (17 +48)((=8)°"x” — xHzm + 1) ((—9) Mx2—x(—s)" Hpy +1) —a
W3
2(r2 + 45) (=)™ (6(—5)°™Mx2 — 3x(—5)2M((=s)MH,, + H3p) +2(—=5)2" + H,, Ha )|

(d) If x = b then the required result is obtained by (b). Now suppose that x = a. We use (13). For x = a, the right hand
side of the above sum formula (13) is an indeterminate form. Now, we can use L'Hospital rule (three times).
Then we get the required result by using

d3
S akwd - @ (YD)
o " 24 49— = Xy + D9 2 = x (=) Hyp + D) |

Yy
6(r2 +45) ()3 (4 (—=8)3" x — (=) Hpy — Hapm)

(e) We use (13). For x = a, the right hand side of the above sum formula (13) is an indeterminate form. Now, we can
use L'Hospital rule (four times). Then we get the required result by using

d4
S a1
Z a ka+j = a4
k=0 2 +48)(=83mx% = xHap + V(=8> x? = x (=) Hp + 1) | _

Wg
24(r? +4s) (-5)5™

O

Note that (13) can be written in the following form:

i ka3 .= \PS
T (12 1 48) (= 5)37M X2 — xHap + 1) (= $)3" x2 = X (=8)"™ Hp + 1)
where
Wg = (7 + 492" (=9)>M(=)°"'x? = (=) xHpm + VW5, 0+ (% + 49X (=) x — Hyp)((=5)°"x —

(=" xHp + VW5, = (r? + 48)(=9)*"x((=5)°"'x = (=9)"xHpm + W} + (45 + %) (Ham — (=8> 20)((=$)*"x* —
(=) xHp + DXW? + 32" (=)™ " x((=9)>" % = xHam + VW] = SWG = rWoW) Winnamj + 32" (=)™ 2]
X((=8)*"x? — (=) x Hyp + 1) (W =W =1 Wo W1) Wi+ j =37 (=)™ (=) x* Hypy — (= 8)" x Hyy— 1) Hapm) (W —
SWE = rWoWi) Wy j — 3x(=9)"1 (=572 = xHapm + DIWE = SWE = rWoWi) Wys j — 3x(=9)2" (-9 2%
(=8) "X Hyp + 1) (W = sSWZ = rWo W) Wi—p + 3x(—$) (- )" X% Hpy — Hap (—8) "X Hyy — 1)) (WE = SWZ — rWoWi) Wj.

The following theorem presents sum formulas of generalized (r, s) numbers (generalized Fibonacci numbers) in
the case the roots a and § of characteristic equation (5) are equal, i.e., @ = § so that r2+4s=0.

Theorem 2.2 (Single Root Case).

Assume that the roots a and 3 of characteristic equation (5) are equal, i.e., a = 3 so that r2+4s=0. Let x be a real (or
complex) number. For all integers m and j, for generalized (r, s) numbers (generalized Fibonacci numbers), we have the
following sum formulas:if (x (5)*" = 1)* £0, i.e, x # (5) " then

& Y
kyp73 9
W = (14)
I;) ] (X(é)gm -
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where
= ((x(5)*™ - D*(Dy +D2(mn+]))( )3 4 (D3 (5)P - D3 (5)P — (5)*) + D3GR (5)Y -

x (5P (2 (% )Gm(] m)3 - ( )" (- 6] m+3j3+4m®) -3jm? =32 m+3j3 - m®) +x" (% )an+3]( (£)*"
3j2m-3m3n-3m3n? +3m®*n® +3j3 —m -6jm*n+9j°mn+9jm?n?) — x (2] (-6j°m—-6m3n®+3m3n®+3;3 +
4am3-12jm?n+92mn+9jm?n?)+x3 (’)9m(j m+mn)3—(j+mn)3)))+3D1D2(x(’)3m—1)(D1(x(%)3m—1)(j(§)3j—
(B3 G = myx+ (5)P 3 (- mn+x() (j — m+ mn))x™) + Dy (- ] 2(5)% + (2)3m+3j(—2jm+2j2—m2)x—
(5)°™4% (j = my2 (2)3""”3] (m2n?+ 2 +2jmn—x(5)*" (~2m2n+2m?n? —2jm+2j2 — m? + 4 jmn) + <% (5)°" (j -
m+mn)*)x™))).

(=3jm?-

Proof. Note that

n-1 - .
kz_okajﬂcﬂ = ZO (D1 + Dy(mk + j))a™ )3 5

l . .
_ (D?a?)mlﬁ?)]xk +D§(mk+ j)3a3mk+3] xk)
k=0

n-1 .
+ Y 3Dy Da(mk+ j) (D1 + Da(mk + j)) a®™ 37 xF,
k=0

Simplifying the last equalities in the last two expression imply (14) as required. [J

2.1. The Case r =1, s = 1: Generalized Fibonacci Numbers
The following theorem presents sum formulas of generalized Fibonacci numbers (the case r =1,s=1).
Theorem 2.3.

Let x be a real (or complex) number. For all integers m and j, for generalized Fibonacci numbers (the caser =1,s =1)
we have the following sum formulas:

(@ If((=1)3"x% = xLgpm + 1D (=13 x% — x(=1)™L,,, + 1) #0 then

¥
Y oxfwd o= : (15)
iz " (=13 = xLam + D((- 13X = x(=1)" Ly + 1)
where
Yio= SMEDIEDT - (DMaLy + DWo, L+ STHED = L) (FDP
(=D"xLp + DWy o = 5(=D"x((-D)*"x? — (~D"xLpm + DW;  + 5(=D*"x* — (-1)"xLp + 1)

W)+ 3" (=)™ (1) = xLam + DW] = W = WoW) Winpmaj + 327 (= 1) 24 x((=1)3"x% —
(=) XL+ 1) (WE=WE=Wo W) Winn— s j=3x" (= 1) x((= D™ x? Ly = (= 1) XLy —1) L ) (WE = WE = Wo W1)
Winns+ j=3x(=1)"* (=13 2% = xLap + 1) (W] = W5 = WoW1) Wiz j =3x(=1)*"] (= 1)*" x* = (=1)"' XLy + 1) (W} ~
W5 = WoW) Wi +3x(=1) (D)*"%* Ly = Lym (=) XLy, = D) (W} = W§ = WoW1) W

(b) If(=13"x% — xL3pm + 1)((=1)3"x? — x(=1)" Ly, + 1) = u(x — a)(x — b)(x — ¢)(x — d) = 0 for some u, a, b, c,d € C with
u#zQanda#b#c#d,ie,x=aorx=borx=corx=d, then

_¥
Z X mk+] Ay

where

W2 = 5= (-1 (n+3) = x(-D)"(n+ 2L+ n+ DWS 4+ 5(=D(n+4)x° = (D) Ly +
Lam)(n+3)x? + (=1)"™ (L Ly + (=1)2™)(n +2)x — (n+1)L3m)x"W3m+]+5( 13 (=3(=1)3"x2 +2(=1)"x Ly, —
1)W]§‘_m + 52(-1)%"x — (—1)’"Lm)W]§‘ + 3(-D™mH((-13"(n + 3)x® — x(n + 2)Lgm + n + DHWZ -

WE = WoWDX"Winpimsj + 3= (=13 (n + 3)x* = x(=D)™(n + 2)Ly + n + DX"(WE — W§ -
WoW1) Wi j +3(=D)™" (= (=1)*™ (14 3)x* Ly + X(=1)™(n+ 2) Ly Lin — (n+ 1) Lg ) x" (W7 = W — WoW1)
Winn j+3(=1)"H (=3(=1)3"x% + 2xLgpn = V(W] = W§ = WoW1) Wiy j +3(=1)*"H (=3(=1)3"x% +2(=1)"" XL, —
D(WE = WE = WoW) Wi +3(=1)7 B(=1)*"x? Ly, = 2(=1)™x Ly L3y + Lam) (WE = WE — Wo W) W;
and

=54(=1°%"2° = 3(=1°"((=1)" Ly + Lam) x* + 2(=D"2(=D*" + L Lgm) x = (1) Ly + Ly m)).-
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© If((=1)3"x? = xL3p + D (=13 x% = x(=1)" Ly, + 1) = u(x— a)*(x— b) (x— ¢) = 0 for some u, a, b, c € C with u # 0 and
a#zb#c ie,x=aorx=borx=c,thenifx=>borx=cthen

Z x _ ¥
mk+] Ay

where

W5 =5(-1)*"x"(- 1" (n+3) = x(-D)"(n+2) Ly + n+ DW), -+ 5D (n+4)2° = (=D (=) Ly +
Lam)(n+3)x? + (=)™ (L Ly + (=1)2™)(n +2)x — (n+1)L3m)x"W3m+]+5( 13 (=3(=1)3"x2 +2(=1)"x Ly, —

1)W]€‘_m + 52(-1)%"x — (—1)mLm)W]§‘ + 3= (1) (n + 3)x? — x(n + 2)Lgm + n + DWE —

WE = WoWDX" Winpimsj + 3= (=13 (n + 3)x* = x(=D)"(n + 2)Ly + n + DX"(WE - W§ -
WoWD) Wi j +3(=D)™" (= (=1)*™ (n+ 3)x* Ly + x(=1)™(n + 2) Ly Lin — (n + 1) Lg ) x" (W7 = W — WoW1)
Winnsj+3(=1" (=3(=1)"x? +2xLgp = D) (WE = W§ = WoW1) Wiy j +3(= 1> (=3(=1)*"x* +2(=1)" x Ly, —
DWE = WZE = WoWDWj_p +3(=1) B(=D)*"x*Lyy, — 2(=1)™x Ly Ly + Lam) (Wf = WZ = Wo W) W
and
Az =54(=1)°"x* =3(=1)*"((=1)" Ly + Lam)x* +2(=1)" 2(=1)*" + LnL3m) X = (=1)" Lyn + Lzm))
and if x = a then

3w, -

) = 10(=1)"(6(=1)5"x2 = 3x(=1D)2" (= 1) Lyn + Lam) + 2(=1)>" + Ly Lz )

where

Wy =5(-13((-1)*"(n+3)(n+2)x* = (=)™ x(n+2)(n+ 1Ly +n(n+1)x" W3 m+]+5((—1)6m(n+4)(n+3)

B==D"n+3)(n+2) (=)™ Ly + Lym) X2+ x(=1)™(n+2) (n+ 1) (L Lam + (=12 —n(n+1) Ly pm) x" 1 W3

i mn+]
10(—1)4'"(Lm—3(—1)2mx)wj~:"1m+10(—1)3mW]?'+3(—1)m”+m+f((—1)3'”(n+3)(n+2)x —x(n+2)(n+1) Ly +n(n+
1) (W2 = WZ = WoW) X" Wy s j+3X" 71 (=1)MH2M4 (-1)37 (n+3) (n+2) x* = x(=1)™(n+2) (n+1) Ly + n(n+
D)W = Wi = WoW) Winp—ms j +3x" (=D (= x? (=D (n + 3)(n + 2) Ly + x(=1)"(n + 2)(n + 1) Lyn Lin —
n(n+1)Lam) (WY = W = WoW1) Wiy j +6(=1)"" (Lgjn = 3(=1)*" ) (W] = W5 = WoW1) Wiy j +6(=1)%"* (L, —
3(=1)2Mx)(WE = WE = WoW) Wi, +6(=1)"* (3(=1)*""x — L) Ly (Wf — W — WoWy) W

(d) If(=1)37x% — xL3p + 1) ((=1)3"x? — x(=1)" Ly, + 1) = u(x — @)3(x — b) = 0 for some u,a,b e C withu# 0 anda # b,
i.e, x=aorx=>b,thenifx=>b then

Zx -5
mk+] A3

where

W5 =5(-1>"x" (-1 x*(n+3) = x(-D)"(n+ 2L+ n+ DWS 4+ 5(=D(n+4)x° = (1" (=1)" L +
Lym) (n+3)x% + (1) (L Lap + (-1)*™)(n +2)x — (n+1)L3m)x”W3m+]+5( 137 (=3(=1)3"x% + 2(=1)" XLy, —
1)W]§‘_m + 52(-1)%"x — (—1)'"Lm)W]§‘ + 3= ((-13"(n + 3)x® — x(n + 2)Lgm + n + HWZ -

WE = WoWDX" Winnimsj + 3= (=13 (n + 3)x* = x(=D)"(n + 2)Ly + n + DX"(WE — W§ -
WoW1) Winnmj +3(=D)™" (= (=1)*™ (1 + 3)x* Ly + X(=1)™(n+ 2) Ly Lin — (n + 1) Lg ) x" (W7 = W — WoW1)
Winn j+3(=1)"H (=3(=1)3"x% +2xLgpn = D(WE = W = WoW1) Wiy j +3(=1)*"H (=3(=1)3"x% +2(=1)"" XL, —
D (WE = WE = WoWD) Wi +3(=1)7 B(=1)*"x? Ly, = 2(=1)™x Ly Ly + Lam) (WE = WE = Wo W) W;

and

A3 =54(=1)°"x* =3(=1)*"((=1)" Ly + Lam)x* +2(=1)" (= 1)*" + LynLym) X = (=1)" Ly + Lzm))

and if x = a then

n v
k1173 6
W .=
kzzox T30 (=103 (4 (=13 x = (= 1) Lyn — Lam)
where
Ve =513 m+D((-D)3""n+3)(n+2)x% —x(-1)™nn+2)L,, + n(n—1)x"2w3 +5((=D%""(n+3)(n+

mn—m+j
2Xn+)x - (13" +3)(n+2)(n+ 1)(=1)™ Ly + L) X2 + (D™ n(n+2)(n + 1) (LyyLam + (1)) x — n(n —
D(n+ 1)L3m)x” w3 —30(—1)6’”Wj3_m+3(—1)’”"+’”+f(n+ D=3 (n+3)(n+2)x>—xn(n+2)Lay, +nn—

mn+j
D)) (WE - W§ - WoWh)x™™ Wmn+m+j +3(=1)M2mH (n 4+ 1) (=13 (n+3) (n+2)x? — x(-1)™n(n+2)Ly + n(n—
1))(W2 = WoWD)X" 2 Win—m+j + 3D (n+ 1) (=x*(=D*"™(n+3)(n+2) Ly, + x(=1)™n(n +2) Ly Ly —

n(n - 1)L3m)(wl2 — W§ = WoW)X" 2 Wiy j = 18D T (W] = WG — WoWi) Wip j — 18(=1)>" (W] — W§ ~
WoWD)Wj_m + 18(=D)*™ I L, (WE = WE — Wo W) W
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@ If(—13"x% — xLypm + 1)((=1)3"x? = x(=1)" Ly, + 1) = u(x — a)* = 0 for some u,a€ C,u #0 i.e., x = a then

n y
kW3 L= 7
I;)x mk+j 120(_1)6m
where
¥, =513 nn+D((-1)3"n+3)(n+2)x° —x(-1)™(n—-1)(n+2) L, + (n—1)(n—2))x"3w3 +5(n+1)(

mn—-m+j
BEDn+)(n+3)(n+2) - 22 (=12 nn+3)(n+2) (1) Ly + Lym) + X (1) n(n—1)(n+2) (L Lym + (—1)2™)

—n(n=1)(n-2)Lyn)x" Wy, +3=D"" " n(n+ D) (=D (n+3)(n+2) = x(n+2)(n—1) Ly + (n = 1) (n~
2))(Wf = W§ = WoW) X" 3 Wiy s j +3(= 1D T n(n+ 1) (P (1" (n+3) (n+2) = x(=1)"(n+2) (n = 1) Ly +
(n—1)(n—2)(WZ = W2 = WoW)X" 3 Winomsj + 3D n(n+ 1) (—x* (= 1)*™(n +3)(n +2) Ly + x(-1)™(n +

2)(n—1)LgmLm — (n—1)(n—2)L3p) (WE = WE = WoW1) X" > Wiy .
Proof. Taker =1,s=1and H,, = L, in Theorem 2.1. []
Note that (15) can be written in the following form:

i w2 — Vs
o R T 5 ((—1)3mA2 — XLy + 1D (13 X2 — x (1) Ly + 1)

where

Wg = 5x"H(=DM((-D"a? = (=D)L + DWW+ 5D = Lam) (D% = (=)™ xLm + 1)
ijﬂ. - 5(=1%"x((-D%"x* — (-=1)™xL,, + 1)Wj3_m + 5(L3;m — (=1D%¥"x)((=D3"x% — (=1)™xL,, + 1)ij?‘ +
3x (=) x((—=1)3" %2 — XLgp + DWE = WZ = WoWD) Winnamaj + 3X"(=1)™F2M4 x((=1)3"x? — (=1)" XLy, +
DWE = W = WoWD)Wipomsj = 3x" D™ (D %Ly — (1) xLy — Dlsm) WP — W§ = WoWh)
Winnsj = 3x(=1)"(=1)>"x* = XL + DW] = WS = WoW1) Wiy j = 3x(=D)*" /(=1 x% = (=1)"" XLy + D(W] ~
WE = WoWD)Wj_p +3x(=1)J (= 1D*"" X2 Ly, — Ly (1) x Ly, — D) (W7 = WE = WoW1)W;.

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 2.1.
For generalized Fibonacci numbers (the case r = s = 1) we have the following sum formulas for n = 0:

(@ (m=1,j=0)
If(x*—x—1)(x*+4x—1) #0, i.e, x # -2+ V5, x#-2—5, x # 3 + 15, x # § — 3V/5, then
n ¥,

k3
W =
,CZ:;]X ko5 (x2—x—1)(x2+4x-1)

where

Yy =5x" (X +4)(x® —x - DWp +5(x% —x— D" W3 +3(=1)"x" ! (&% +4x— 1) (WE = WE - WoW) Wiy +
3(=D" X" (x? = x = D) (WE = WG = WoW1) Wy—p +3 (1)1 x™* 1 (x + 2)2 (W2 - WE = Wo W) W, +5(—x(x* +2x —
DW + (63 = 5x% = 3x+ YW +3x% ((x + D)W — (x — 1) Wo) Wy Wp)

and

if(x*-x-1)(x*+4x-1)=0,ie,x=-2+V50rx=-2-V50rx= % +% 5o0rx= %— %\/5 then

S k3 Vo
Y Wy = I
<o 5(4x3 +9x% —12x-3)
where
Y, = 5x"(n(x + D — x — 1) +4x* + 9x* — 10x - YWy + 5x"(n(x* — x — 1) + 3x* — 2x - DW>_, +

3(=D"x" (n(x® +4x — 1) +3x2 +8x — 1) (W2 = W2 = WoW1) W1 +3 (=) x" (n(x? — x— 1) +3x% —2x - 1) (W2 —
W =WoW1) Wyo1 +3 (=)™ x™ (x+2) (n(x+2) +3x+2) (W] = W = WoW1) Wy, +5(=(Bx* +4x—1) W +(3x* - 10x—
WS +3x((Bx+2) Wy — (3x —2) Wo) Wi Wp).

(b) (m=2, j=0)
IF(x?=3x+1) (2~ 18x+1) £0, ie, x #9+4v5, x 9—4v5, x #3 + 1\/5, x 23 — 1 /5, then

¥,
5(x2-3x+1)(x2—18x+1)

ka3
2 x Wi =
k=0
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where

Py = 51" (x - 18)(x% = 3x + VW, +5x" 1 (62 = 3x+ DW _, +3x"H (&% — 18x + 1) (W7 — WZ — WoWi) Wapis —
9x" 1 (x% = 18x + 6) (WE — WG — WoW1) Way, +3x™ 1 (x? = 3x + 1) (WE — Wi — WoW1) Wap—p +5(x(x? +6x+ )W} —
(8x% —43x% +20x — YW —3x(2x% + 3x - DWE Wy + 3x(4x? —9x + )W Wh)

and

if(x*=3x+1) (x* - 18x+1) =0, i.e, x=9+4vV5 0orx=9-4V50orx=3 + 15 orx =3 - 1v/5 then

S k3 Vo
Zx Wi = 3 2
frt 54x% —63x2 +112x-21)

where

W, = 5x"(n(x - 18)(x* —3x + 1) + 4x> — 63x% + 110x — 18) W, +5x" (n(x* —3x + 1) + 3x* — 6x + YW, _, +3x"
(n(x? —18x+1) +3x% = 36x + 1) (WE — WZ = WoW1) Waypsp +9x" (—n(x? — 18X +6) — 3x* +36x — 6) (Wi — Wi — W W)
Wap +3x" (n(x? = 3x+1) +3x% — 6x + 1) (W = W = Wo W) Wap_p +5((Bx% + 12x + YW} — 2(4x — 1) Bx — 10) W, —
3(6x% +6x— 1) WoWE +3(12x% — 18x + ) WZW)).

() (m=2,j=1)
If(x®=3x+1) (x> —18x+1) #0, i.e, x #9+4V5, x #9-4V5,x # 3 + 35, x # 3 — 1\/5, then

n v
kyr/s3 1
Y xFw =
kzox 2kl 5 (x2 —3x+1) (x2 - 18x+1)

where

¥y =5x" (x—18)(x? —3x+ DW; | +5x" 1 (x? =3x+ YW, | —3x" " (x? — 18x+ 1) (WE — WZ — WoW)) Waye3 +
9x"*1(x2 = 18x +6) (WP — WG = WoWi) Wayiq —3x" 1 (2% = 3x+ 1) (WE = WE = Wo W) Wapo1 +5(—(x— 1) (x? — 12x +
DW; +x(x? +6x+ DW +3x(x? — 9x + ) W Wy — 3x(x? —3x - 2)WZ Wh)

and

if(x?=3x+1) (x*-18x+1) =0, i.e, x=9+4v50rx=9-4V50orx=3+3v50rx=3 - 1\/5 then

ikaa _ W2
o T 5(4x3 - 63x2 + 112x - 21)

where

¥, = 5x"(n(x —18)(x* —3x +1) + 4x> — 63x% + 110x — 18) W, | +5x" (n(x* —=3x +1) +3x* —6x+ DW; | —3x"
(n(x? —18x+1) +3x% —36x + 1) (W — WZ — WoW1) Wa i3 +9x™ (n(x? — 18x +6) + 3x% — 36x + 6) (W — Wi — Wy W)
Wapa1 —3x" (n(x? =3x+1) +3x% —6x+ 1) (WZ = W = Wy W) Way_ +5(—(8x? —26x+ 13) W + Bx* + 12x+ )W +

3(3x% — 18x +4) W2 W,y — 3(3x% — 6x — 2) WZ ).

@ (m=-1,j=0)
If(x*—4x-1)(x*+x-1) #0,i.e, x #2+ V5, x#2— V5, x # -3 + 3v/5, x # -3 — 3V/5, then

& v
k3 1
Yy xFw?, =
k:Ox K 5(x2—4x-1)(x2+x-1)

where

Yy =5x" (4 x—DW3, +5x" (=) (P +x-DW2, +3 (=D X (P x— 1) (WE = WE = Wo W) Wo i +
3(=D)" X" (x=2)2 (W = WZ = WoW)W_p, +3 (= 1)" x" (% — 4x — 1) (WE = WE = Wo W) W_,_1 — 5(x(x* —2x —
DW + (62 —2x = YW +3x(x + DWEW, +3x(x — YW Wh)

and

lf(x2—4x—1)(x2+x—1):0,i.e.,x:2+\/§0rx:2—\/§orx:—%+% 50rx:—%—%\/§then
L v
3w = 3 22
frr 5(4x3 —9x% —12x+3)

where

35X (n(x—4) (X +x-1)+4x3 - 9x* - 10x+ )W, +3 (- 1)1 x" (n(x* +
x—1)+3x% +2x = DYWZ = WZ = WoW)W_ 41 +3(-1)" x"(x — 2) (nx —2n+3x —2) (WZ — WZ — WoW)W_, +
3(-D)"x"(n(x*—4x—1)+3x*—8x—1)(WZ - WZ - Wo W) W_,_1 —5(Bx* —4x—1) W +2(x— 1) W3 +3(2x+1) W Wo +
3(2x—HWZWh).

W, =5x"(n(x®+x—1)+3x%+2x—1)W3
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(e (m=-2,j=0)
If(x*=3x+1) (x>~ 18x+1) #0, i.e, x #9+4v5, x #9-4V5, x # 3 + 1v5, x # 3 — 15, then

& ¥
k1a73 1
E w2, =
k:(]x 2k 5(x2-3x+1)(x2-18x+1)

where

Wy =5x" (2 =3x+DW3, L, +5x" 1 (x—18)(x? —3x+1)W3,, +3x"! (x? = 3x+ 1) (WE - W — Wo W) W_p42—
9x"*1(x2 —18x+6) (Wi — Wi — Wo W) W_ppy +3x™" 1 (1% — 18x+ 1) (WE = WZ = WoWi) Wep—p = 5(x(x? +6x+ )W, +
(x— 1 (x? = 12x + D)Wy +3x(x* - 3x — 2) W Wy + 3x(x* — 9x + 4) WF W)

and

if(x*=3x+1) (x> - 18x+1) =0, i.e, x=9+4vV5orx=9-4V5orx=3 + 1\/5orx =3 - 1\/5 then

n v
kya73 2
E w°, . =
,C:(,x ~2k " 5(4x3 - 63x2 +112x - 21)

where
¥, =5x"(n(x* —3x+1) +3x* —6x+ DW3, ., +5x"(n(x—18)(x* —3x +1) + 4x> - 63x* + 110x — 18) W3, +3x"
(n(x? =3x+1) +3x% - 6x+ 1) (W2 = W2 = WoW1) W_pp42 — 9x" (n(x* — 18x + 6) + 3x% — 36x + 6) (W2 — W2 — Wy W)
W_pn+3x" (n(x® = 18x+1) +3x% =36x+ 1) (W2 = WZ = WoWi) Wp,—p —5((3x% + 12X+ )W + (3x% —26x+ 13) W3 +
3(3x% —6x —2) W2 Wy +3(3x* — 18x + ) WZ W)).

) (m=-2,j=1)
If(x*=3x+1)(x*—18x+1) #0, i.e, x #9+4v5, x #9-4V5, x # 3 + 3v5, x # 3 — 1 V/5, then

k!
5(x2-3x+1)(x*2—18x+1)

n

k173 _
Z Wy =
k=0

where

Yy =5x" (2 =3x+ DW3,, o +5x" (x—18)(x* —3x+ W3, | —3x" (2% = 3x+ 1) (W2 - WZ - Wo W) W_pp43+
9x" 1 (x% = 18x + 6) (WE — Wi — WoW1) Weppq — 33X+ (6% — 18x + 1) (WE — W — WoW1) Wp,—1 — 5((8x3 — 43x% +
20x— )W + x(x? + 6x+ D)W +3x(4x* — 9x + DWEW, +3x(2x% +3x — YW Wi)

and

if(x?=3x+1) (x>~ 18x+1) =0, i.e, x=9+4v50rx=9-4V50orx=3+1vV50orx=3 - 1\/5 then

nka3 = ¥a
S0 T 5 (403 - 6322 +112x - 21)

where

¥, =5x"(n(x® —3x+1) +3x* —6x+ W3, . +5x"(n(x—18)(x* —=3x+1) +4x> - 63x* + 110x - 18) W3, .| —3x"
(n(x? =3x+1) +3x% = 6x+ 1) (WZ = WZ — Wo W) W_pp45 + 9x" (n(x* — 18x + 6) + 3x% = 36x + 6) (WZ — Wi — Wy W)
W_zn41 —3x"(n(x? = 18x +1) + 3x* = 36x + ) (W2 — WZ = WoW1) W_p,,1 = 5(2(4x — 1)(3x — 10) W + (3x? + 12x +
DW +3(12x% — 18x + 1) Wy WE + 3(6x + 6x — ) WZ W)).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci numbers (take
W,, = F, with F; =0, F; = 1).

Corollary 2.1.
For n = 0, Fibonacci numbers have the following properties:

(@ (m=1,j=0)
If(x*—x—1) (x> +4x—1) #0, i.e.,x;é—2+\/§,x;é—2—\/§,x;£%+% 5,x;£%—%\/§, then
n v,

kps
,;)x o5 (x2—x—1)(x2 +4x-1)

where

¥y =5x"" (x+ ) —x—DFy + 5% —x—Dx"F_ +3(=1"x" (X2 +4x - 1) Fpyq +3 (D" " (6% - x -
DF,_1+3(=D" 1 x™ 1 (x+2)2 F, —5x(x* +2x - 1)
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and
if(x?=x-1)(x*+4x-1)=0,i.e,x=-2+V50orx=-2-V50rx=3+3vV50rx=1 - 15 then

" k3 W2
Y x'Fp= 5 5
= 5(4x% +9x% - 12x - 3)
where
¥, = 5x"(n(x + 49)(x* — x — 1) + 4x3 + 9x% — 10x — 4F5 + 5x"(n(x* — x — 1) + 3x* - 2x - DF3_| +

3(-1)"x" (n(x* +4x—1) +3x* +8x— 1) Fyy1 + 3(- D" 1 x"(n(x® —x — 1) + 3x% —=2x — D F,_1 +3(-1)" 1 x"(x +
2)(n(x+2)+3x+2)F, —53x* +4x—1).

(b) (m=2, j=0)
If(x*=3x+1) (x>~ 18x+1) #0, i.e, x #9+4v5, x #9-4V5, x # 3 + 1v5, x # 3 — 1 /5, then

k5 (x2-3x+1)(x2-18x+1)

n
3 )
k=0

where

¥y =5x" (x—18)(x* —3x+ ) F, +5x" 1 (x? =3x+ D, _, +3x" 1 (x* —18x+ 1) Fop2 —9x" ! (x* — 18X+ 6) Fopy +
3x" 1 (x2 = 3x+ D) Fop_p +5x(x2 +6x+1)

and
if(x?=3x+1) (x*-18x+1) =0, i.e, x=9+4v50rx=9-4V50orx=3+1v50rx=3 - 1\/5 then

S k3 k)
Zx Fy = 3 2
= 5(4x3 —63x% +112x—21)

where
¥, =5x"(n(x—18)(x* —3x+1) +4x3 —63x? + 110x - 18) F5, +5x"(n(x? =3x+1) +3x* —6x+ 1) Fy,,_, +3x" (n(x* -
18x+1)+3x% —36x+1) Fapt2+9x" (—n(x* — 18x +6) — 3x% +36x — 6) o) +3x" (n(x? —3x+1) +3x° —6x+1) Fap_2 +
5(3x? +12x+1).

(€) (m=2,j=1)
If(x*=3x+1) (x>~ 18x+1) #0, i.e, x #9+4V5, x #9-4V5, x # 3 + 1v5, x # 3 — 1 /5, then

& v
kps 1
kzz‘bx 2kl 7 5 (42 —3x+1) (x2 - 18x+1)

where

¥y = 53" (x = 18)(x® - 3x + D F;,, | +5x" (x* = 3x + 1)F;
6)Fope1 —3x™ 1 (x%2 =3x+ 1) Fap1 —=5(x—1)(x*> —12x+1)

o1 — 3x" (X2 = 18x + 1) Fopas + 9x"H (2% — 18x +
and
if(x?=3x+1)(x*-18x+1) =0, i.e, x=9+4v50rx=9-4V50orx=3+1v5orx=3 - 1\/5 then

b P)

n
k3
x"F. =
,CZZO 2K+l 5(4x3 - 63x2 + 112x—21)

where
¥, = 5x"(n(x —18)(x* —3x + 1) + 4x® — 63x% + 110x — 18)F}, .| +5x"(n(x* —3x + 1) + 3x* —6x + 1)F;,_; — 3x"
(n(x%—18x+1) +3x% —36x+ 1) Fopi3 +9x" (n(x% — 18x +6) + 3% — 36X + 6) F2pps1 —3x (n(x® —3x+ 1) +3x* —6x+
1)Fop_1 —5(3x% - 26x + 13).

(d) (m=-1,j=0)
If(x*—4x-1)(x*+x-1) #0,i.e, x #2+ V5, x#2— V5, x # -3 + 3v/5, x # -3 — 3V/5, then

& v
k3 1
Y xkF3 =
k:Ox K52 —4x-1)(x2+x-1)

where

¥, o= 5x™Ma? + x - DF? 45X (x — ) + x - DEP, 4 3(=-D" XN + x - DF_p
3(=D)" X" (x=2)? (F? = F3 = FoF))F—, +3(=1)" x"* 1 (x* —4x = 1) F_-; = 5x(x* = 2x - 1)
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and

if(x2—4x—1)(x2+x—1):0,i.e.,x:2+\/§0rx:2—\/§orx:—%+% 50rx-————\/_then
L v
ZxkFékz 3 22
<o 5(4x3 —9x%2 —12x+3)

where

W, =5x" (n(x? +x—1)+3x*+2x—1)F>, | +5x" (n(x—4) (x* + x—1) +4x> = 9x* = 10x+4) F3  +3 (- 1) x"(n(x* +
x=1D+3x2+2x =D F_ 11 +3(=1)"x"(x-2) (nx—2n+3x—2) F_, +3 (-1)" x"*(n(x*—4x-1)+3x*-8x—1)F_,,_1 —
5@x%* —4x-1).

() (m=-2,j=0)
If(x®=3x+1) (x> —18x+1) #0, i.e, x #9+4V5, x #9-4V5,x #3 + V5, x # 3 — 1\/5, then

¥
x?-3x+1)(x2-18x+1)

n
kps
&g

where

¥ =5x"" (%2 —3x+ DF3,, , +5x" (x —18)(x? = 3x + D) F>,, +3x"* (x% = 3x+ 1) F_ppp4p — 9x"* (6% — 18x +
6)F_op +3x"* (x* = 18x + 1) F_zp—p — 5x(x* +6x +1)

and
if(x?=3x+1)(x*-18x+1) =0, i.e, x=9+4v50rx=9-4V50orx=3+1v50orx=3 - 1\/5 then

y
k3 2
x"F =
Z 2k~ 5(4x3 —63x2 + 112x - 21)
where
¥, = 5x"(n(x* = 3x+1) +3x* —6x+ 1)F>,, +2+5x"(n(x—18)(x2—3x+1)+4x3—63x2+110x—18)F§2n+3x”
(n(x%®-3x+1)+3x2—6x+1)F_2,42 —9x" (n(x*> — 18x+6) +3x%> —36x+6)F_s,, + 3x" (n(x* — 18x + 1) + 3x° —36x +
DF-_5,-2-5Bx%+12x+1).
) (m=-2,j=1)
If(x?-3x+1)(x*—18x+1) #0, i.e, x #9+4V5, x#9-4V5, x #3 + 15, x# 3 - 15, then

¥
5(x2-3x+1)(x®2—18x+1)

L k3
Zx Flop =
k=0

where

¥y =5x" (x2 -3x+ 1)F>,, 5 +5x"  (x - 18)(x* - 3x+ ) F°,,
6)F_ops1 —3x" (2% —18x+ 1)F_o,—1 —5(8x% —43x2 +20x—1)

—3x" (k% —=3x+ D) F_9,43 +9x" 1 (x% - 18x +
and
if(x?=3x+1) (x*-18x+1) =0, i.e, x=9+4v50rx=9-4V50orx=3+3v50rx=3 - 1\/5 then

k3 ¥
D Xl =
iz 5(4x®-63x%+112x-21)

where

¥, =5x"(n(x* —3x+1) +3x* —6x + )F>, +3+5x"(n(x 18)(x? = 3x+1) +4x° - 63x% + 110x - 18) F° 2ns1 -3x"
(n(x*-3x+1)+3x? —6x+1)F_2n+3+9x"(n(x —18x+6)+3x2% —36x+6)F_2,4+1—3x" (n(x®-18x+1)+3x%—-36x+
DF_2,-1—-104x-1)(3x—10).

Taking W, = L,, with Ly = 2,L; =1 in the last proposition, we have the following corollary which presents sum
formulas of Lucas numbers.

Corollary 2.2.
For n = 0, Lucas numbers have the following properties:
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(@ (m=1,j=0)
If(x*—x—1)(x*+4x—1) #0, i.e, x #—2+V5,x#-2-5,x # 3 + 15, x # § - 3V/5, then

ikas_ 1
= S (x2—x—1)(x2+4x-1)

where
Yy = "+ - x - DL+ (6 —x = D" L3 = 3(=1)" X" (k% +4x—1) Lypyy -3 (D" 1 x" (1% - x -
DL =30 ™ (x+2)2 Ly, + (6% —24x% —23x + 8)

and

if(x*=x-1)(x*+4x-1)=0,i.e,x=-2+V50rx=-2-V50rx=3+3vV50rx=1 - 15 then

i k3= 2
0 (4x8+9x2 - 12x-3)

where
¥, = x"(nlx + H* - x — 1) + 4x* + 9x* - 10x — )L}, + x"(n(x* — x —= 1) + 3x* — 2x - D> | -
3(-1"x" (n(x? +4x—1) +3x* +8x—1) Ly =3 (D" 1 x"(n(x®> —x — 1) +3x% —=2x — ) L1 =3 (-1 L x"(x +
2)(n(x+2) +3x+2)L, + (3x% — 48x - 23).

(b) (m=2,j=0)
If(x®=3x+1) (x> —18x+1) #0, i.e, x #9+4V5, x #9-4V5,x # 3 + 35, x # 3 — 1\/5, then

& v
k3 1
E L, =
k=0x 2k (x2-3x+1) (x2-18x +1)

where

Py = X" (x-18)(x* —3x+1) L3 +x" (x?=3x+1)L3, _,—3x" ! (x*=18x+1)Lopsp+9x" ! (x*—18x+6) Lo, —3x"*!
(x2=3x+1)Lop_p — (27x3 —224x% + 141x - 8)

and

if(x*-3x+1)(x*-18x+1)=0,ie,x=9+4V50rx=9-4V50rx= % +% 50rx= %—%\/5 then

S kg3 P
Zx sz_ 3 2
=0 (4x°—-63x*+112x—21)

where

¥, = x"(n(x—18)(x* —3x+1) +4x> - 63x* + 110x - 18) L3 + x"* (n(x* —=3x+ 1) +3x* —6x+ 1) L3, —3x" (n(x* -
18x+1)+3x%—36x+1)Lap12—9x" (—n(x* — 18x +6) — 3x* +36x — 6) Lo, —3x" (n(x* —3x+1)+3x° —6x+1) Lop_2 —
(81x* —448x + 141).

() (m=2,j=1)
If(x*=3x+1) (x>~ 18x+1) #0, i.e, x #9+4V5, x #9-4V5, x # 3 + 1v5, x # 3 - 1/5, then

n \Pl
Z kang =
= (x2—3x+1)(x2—18x+1)
where
Wy =x" T (x-18)(x® -3x+1DL3 | +x" T (P =3x+ 1)L, | +3x" ! (x?—18x+1)Loya3—9x" ! (x? —18x+6) Lops1 +

3" (62 —3x+ DLop1 + (x+ 1) (x* +42x+1)
and
if(x?=3x+1)(x*-18x+1) =0, i.e, x=9+4v50rx=9-4V50orx=3+1vV50rx=3 - 1\/5 then

L v

k13 _ 2
Z X L2k+1 - 3 2
=0 (4x° —-63x-+112x—-21)

where

¥, = x"(n(x—18)(x* —=3x+1) +4x> - 63x* +110x—18)L3 | +x"(n(x* —3x+1)+3x* —6x+ 1)L | +3x" (n(x* -
18x+1)+3x%—36x+1)Lo;13—9x" (n(x%—18x+6) +3x2 —36x+6)Lops1 +3x" (n(x* —3x+1)+3x* —6x+1)Lop_1 +

(3x% +86x +43).
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d) (m=-1,j=0)
If(x*-4x-1)(x*+x-1) #0,i.e, x #2+ V5, x#2— V5, x # -3 + 3v/5, x # —3 — 3V/5, then

2": k3 = Y1
0 (2 —ax-1) (2 +x-1)
where
Wy =x" (P x-DE3 A (- (P x-D L2, -3 ()" M (P 4 x =1Ly =3 (=D " (- 2)2 Ly -
3(-D" X" (x? —4x—1)L_p_1 — (x> +24x* - 23x - 8)
and
if(x*—4x-1)(x*+x-1)=0,ie,x=2+vV5orx=2-V50rx=-1+3V50rx=-1- 15 then

n ¥
,;]x 7 (4x3 —9x2 — 12x +3)

where
Yo =x"(n(x*+x-1)+3x*+2x- 1L | +x"(n(x—4)(x* + x— 1) +4x> = 9x* = 10x+4) L3, -3 (1) x" (n(x* +

=D 4+3x2+2x—-1)L_ps1-3(-D"x"(x-2) (nx—2n+3x—2)L_, -3 (-1)" x"(n(x2—4x-1)+3x>-8x—-1)L_,_1 —
(3x% +48x - 23).

(€) (m=-2,j=0)
If(x®=3x+1) (x> —18x+1) #0, i.e, x #9+4V5, x #9-4V5,x # 3 + 35, x # 3 — 1\/5, then

" k3 ¥
D XLy =
o (x2=3x+1)(x2—18x+1)
where
Yy =x" 2 -3x+ DI, L, + X (x = 18)(x? = 3x + DI3,, —3x"*! (x? =3x+1) L_gpez + 9x" ! (x? — 18x + 6)

L gy —3x""1(x%2—18x+ 1)L g, — (27x3 —224x% + 141x - 8)
and

if(x*=3x+1)(x*-18x+1) =0, i.e.,x:9+4\/§0rx:9—4\/§orx:%+% 50rx:%—%\/§then

n v
k3 2
Y XL, =
kzox —2k 7 (4x3 - 63x2 +112x - 21)

where
WY, = x"(n(x? -3x+1)+3x2 —6x+1)L%,, , +x"(n(x—18)(x* —3x+1) +4x> —63x* +110x—18) L3, —3x"(n(x*-
3x+1)+3x% —6x+1)L_gp42+9x" (N(x* —18x+6) +3x% —36x+6) L_p, —3x" (n(x* —18x+1) +3x* —36x+1) Lo —

(81x% —448x + 141).

) m=-2,j=1)
If(x*=3x+1) (x>~ 18x+1) #0, i.e, x #9+4V5, x #9-4V5, x # 3 + 1v/5, x # 3 - 1/5, then

& ¥
k3 1
E L =
k:(]x T2l (32 - 3x+1) (x2 - 18x + 1)

where

¥, = x" 1 (x% —3x+ 1)Li2n+3 +x"™(x—18)(x%2 - 3x + 1)L3_2n+1 +3x" (%% =3x+1)L_p;13 — 9x" (2% — 18x +
6)L_ope1 +3x" T (k2 —18x+1)L_p,_1 — (64x> —13x> +22x - 1)

and

if(x?=3x+1)(x*-18x+1) =0, i.e, x=9+4v50rx=9-4V50orx=3+1v50rx=3 - 1\/5 then

Zn kp3 _ ¥
X L—2k+1 - 3 2
<o (4x3 —63x% +112x—21)

where

Y, = x"(n(x® —=3x+1) +3x* —6x+ 1)L%,, o+ x"(n(x—18)(x* —3x +1) + 4x> — 63x* + 110x - 18)L*, | +3x"
(n(x%®-3x+1)+3x°—6x+1)L_2,13—9x"(n(x*>—18x+6) +3x%> —36x+6)L_s,+1 +3x"(n(x*—18x+1) +3x* —36x +
DL 5,-1 —2(96x% —13x +11).
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Taking x = 1 in the last two corollaries we get the following corollary.

Corollary 2.3.
For n =0, Fibonacci numbers and Lucas numbers have the following properties:
1.
@ X F3=35@25F5 +5F3_ +3(=1)" (9F, — Fy_1 —4F,11) + 10).
(b) X} F3 = %(85 5F§n 5 —48F2n42 +99F2, —3F2y_5 +40).
© X Fy = 80 L (85F3,,  —5F3, | +48F2n.3—99F2n11 +3Fop_1).
() LF FP = 55(=5F2,  +15F3, +3(=1)" (F_y41 — F-p +4F_1) — 10).
(e) X7 0F3 = ( 5F3, ., +85F%, —3F 5n40+99F 5, —48F_p,_p —40).
) X P =55 (-5F%,, 3 +85F%, | +3F 5,13 —99F 5,41 +48F_5,_1 +80).
2.

@ XP_ L3 =FGL3+I3_ | +3(=1)"(4Lp41 — 9L, + Ly1) +38).

b) X7, 2k = (1703, Lgn 5 +48Lop12 —99Ls, +3Lon— +64).

© X7 L3, =703, — L3, | —48Lops3+99Lon41 —3Lop 1 +88).

) Xy L3, =313, +3L3, +3(-1)"(~L_ps1+L_p—4L_p_1) —6).

(e) X7 OL3 = (=13, #1712, +3L _2p42—99L_p, +48L_,_ +64).

€) X7 oL =16 (-L2 s + 17135, 1 —3L 2p43+99L 541 —48L 2,1 —72).

2.2. The Case r =2, s = 1: Generalized Pell Numbers

The following theorem presents sum formulas of generalized Pell numbers (the case r =2,s=1).

Theorem 2.4.
Let x be a real (or complex) number. For all integers m and j, for generalized Pell numbers (the caser = 2,s = 1) we have
the following sum formulas:

@ If((-1)3"x% = xQzm + D((=D)3"x% — x(=1)™Q,, + 1) #0 then

¥
Zx e = (=132 = xQ3pm + D((=1)3"x2 = x(=1)"Qp + 1) 1o
where
Y= ™D - (D"aQm + DWW, 8D — Qe (FDPA -
(-D"xQum + 1)W3m+1 - 8(=13"x((-1)3"x% - (-1)"xQp + l)Wj{m + 8((-D%"x? — (=D"xQ; + 1)

W]?' +3x" (= 1) (=137 x% — xQgpm + DWE = W = 2Wo W) Wi ms j + 3% (= 1) ™24 ((—1)3M x% —
(=D"xQm + DWW = WF = 2WoW) Winn-m+j — 3x™ (=)™ x(=D*"x*Qpn — (D" xQpm — DQ3m) (W} -
WE = 2WoW1) Winns j = 3x(=1)" (=13 x% = xQzpn + DWF = W = 2WoW1) Wiy j — 3x(=1)2"H ((=1)3"x* —
(=D XQp+ 1) (WE = WZ = 2Wo W) W)y +3x(= 1) (D*"x* Qpp = Q3 (1) xQp — D) (WE = W = 2Wo W) W

(b) IfF(-1%"x? = xQ3p + 1)((=1)*"x? = x(=1)"Qp + 1) = u(x — a)(x — b) (x — ¢) (x — d) = 0 for some u, a, b, c,d € C with
uz0anda#Zb#c#d,ie,x=aorx=borx=corx=d, then

_¥
Z X mk+] Ay

where

W2 =8(-1*"x"(-1)"x*(n+3) ~x(-D"(n+2)Qm+n+ DWy - +8((=1)°"(n+4)x° = (1> (1) Qm +
Q3m) (M +3)x2 + (—=1)"™(QmQam + (- 1)2’”)(n+2)x—(n+1)Q3m)x”W3m+]+8( D3 (=3(=1)3"x2 +2(-1)"xQ;, —
DWW + 8R(=D>"x = (=D"Qm)W;] + 3= (=1)*"(n + 3)x* — x(n + 2Qsm + n + DWW} -

W2 = 2WoWD X" Winpsmej + 3(=1)M2M4 (=13 (n + 3)x% = x(=1)"(n + 2)Qm + n + Dx"(W2 - W2 —
2WoWD) Winn—ma j +3(=1)"™" (= (=D*"™ (n+3) x2 Qp + X(=1) ™ (n+2) Q3 Qp — (n+1) Q3 ) X" (WE = WE —2Wo W))
Winns j+3(=1)"*1 (=3(=1)*"x% + 2 Q3 — D) (W] = WG = 2Wo W1) Wy j +3(=1D)*"* (=3(=1)*"x* +2(=1)" xQpn ~
DWE = W§ = 2Wo W)W +3(=1) B(= D" x°Qpn = 2(= 1) xQp Q3n + Q3m) (WE — WE —2Wo W) W
and

=8(4(-1%"x* - 3(-1*"(-1)""Qm + Q3m)¥* + 2(-1)" 2(-1D*" + Qu Q3m) X = (=1)"'Qp + Q3m)).
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© If((=1)3"x? = xQ3p + 1) ((=1)3"x? — x(=1)""Qp, +1) = u(x—a)?(x—b)(x—c) = 0 for some u, a, b,c € C with u # 0 and
a#zb#c ie,x=aorx=borx=c,thenifx=>borx=cthen

Z X mk+] ;I\j_j
where
W5 =8(-1)°"x"(-1°"x* (n+3) ~x(-D"(n+2)Qm+n+ DWy, . +8(=D"(n+4)x> = (=1 (1" Qm +
Q3m) (n+3)x% + (=1)™(QpuQ3m + (— I)Zm)(n+2)x—(n+1)Qsm)x”W,§;n+,+8( 13 (=3(=1)%"x% + 2(-1)" xQy —
1)W]€‘_m + 8(2(-1)%"x — (—1)’"(;),,1)1/1/].3 + 3(=D)M (=13 (n + 3)x? - x(n + 2)Qsp + n + D(WE -
WZ = 2WoW)X" Wippamej + 3(=1)™H2MH (=13 (n + 3)x% = x(=1)"(n + 2)Qum + n + Dx"(W2 — WZ —
2Wo W) Wipnema j +3(=1)"™ (= (=1)*™(n+3)x° Qp + x(=1)™ (n+2) Q3 Qm — (n+1) Q3p) x™ (WE = WE —2Wo W1)
Winna j+3(=1)"4 (=3(=1°" 2% + 22Q3n — 1) (W = W5 =2Wo W1) Wip +3(=1)2"+ (=3(=1)>"x° +2(=1)" xQp —
DW= W¢ =2Wo WD) Wj—p +3(=1 B=D*"x* Q= 2(=1)" xQn Q3 + Qa) (W = W5 —2Wo W1) W
and
Az =8@4(=1)"x° =3(=1)*"((=1)"Qm + Q3m)x* + 21" 2(=1*" + QuQ3m) X — (=) Qp + Q3m))
and if x = a then

Wy
Z g '”k” 16(=1)"(6(=1)%"x2 = 3x(=1)2" ((=1)" Qs + Q3m) + 2(=1)?™ + Qm Q3m)

where

Wy =8(-1)3((-1)*"(n+3)(n+2)x* - (-1)"x(n+2)(n+1)Qp+n(n+1)x" W3 mej 8= D8 (n+4)(n+3)

B = (=D3(n+3)(n+2) (=1 Qpm + Q3p) x> + X(= 1) (n+2) (n+ 1) (Qm Q3m + (= D) = n(n+1)Q3p) x" 1 W3

mn+j
16(—1)4’"(Qm—3(—1)2mx)W]?’7m+16(—1)3ij3+3(—1)m”+m+1((—I)Sm(n+3)(n+2)x —x(n+2)(n+1)Qzm+n(n+
1) (W2 =WZ=2Wo W) X" Wippg s j+3x"H(=1)MF2MH (= 1)3™ (n+3) (n+2) x2 = x(=1) ™ (n+2) (n+1) Q+ n(n+
D)W = WE = 2Wo W) Wi s j +3x" 71 (=D (= x? (=D (n+3) (n +2) Qun + X(=1)"(n+2) (n + 1) Q3 Q. —
n(n+1)Qam) (W =W =2WoW1) Wit j+6(=1)"*7 (Qapn—=3(=1)>""x) (W = W =2 Wo W) Wiy j+6(=1)3"1 (Qp —
3(=12"x)(WE = WG = 2Wo W) Wi +6(=1)" (3(=1)*" X — Q3) Qu (W — W — 2Wo W) Wj.

(d) If(-13"x? = xQ3p + D((=1)3"x2 = x(~1)"Qp + 1) = u(x — @)3(x — b) = 0 for some u,a,b € C withu#0 and a # b,
i.e, x=aorx=>b,thenifx=>b then

Zx -5
mk+] A3

where

W5 =8(-1)>"x"(-1)*"x*(n+3) ~x(-D"(n+2)Qm+n+ DWy - +8((=1)°"(n+4)x° = (=1)*" (1) Qm +
Q3m) (M +3)x2 + (=1)"™(QmQ3m + (- 1)2’”)(n+2)x—(n+1)Q3m)x"W,§m+]+8( D3 (=3(=1)3"x2 +2(-1)"xQ;, —
DWW + 8R(=D¥"x = (=D"Qm)W; + 3= " (-1)*(n + 3)x* — x(n + 2Qsm + n + DWW} -

W2 = 2WoW)X" Wippimaej + 3(=1)™H2MH (=13 (n + 3)x% — x(=1)"(n + 2)Qpm + n + Dx"(W? - WZ —
2Wo W) Winp— e j +3(=1)"" 4 (= (=) (43) %% Qmy + X (= 1) (1+2) Q3n Qu — (n+ 1) Qapn) X" (W] = W —2Wo W1)
Winn j+3(=1)" (=3(=1)3"x* +2xQ3 = 1) (W] = W =2Wo W1) Wiy j +3(= 1> (=3(=1)3"x* +2(=1)" xQp
DW= W§ = 2Wo WD) Wj—pm +3(=1)/ B(=D*"x*Qpn = 2(=1)" xQ Q3 + Qam) (W] — W —2Wo W) W
and
A3 =8(4(=D%"x° =3(=1>" (=D Qm + Qsm)x* + 2(=1)" 2(=1*" + QmQ3m) * — (=1)"' Qn + Q3m))
and if x = a then

3 =

Wk = B DG D DTG Qo)

where

W =8(-1)3"(n+ 1 ((-1)*"(n+3)(n+2)x* - x(-1)"n(n+2)Qpm+n(n—1)x"2W3 mj H8((= D8 (n+3)(n+

2+ - (13" +3)(n+2)(n+ D((-1)™Qm + Qsm) X% + (1) n(n+2)(n + 1)(QmQsm + (1)) x — n(n -

D(n+1)Qsm)x" Wy .~ 48(—1)6mwj?*_m+3(—1)m"+m+f(n+1)((—1)3’"(n+3)(n+2)x2—xn(n+2)Q3m+n(n—

1) (W2 = W2 = 2Wo W) X" 2 Winnama j +3(= )™ 2M4 (n 4+ 1) (=13 (n+3) (n+2) x> = x(- 1) n(n+2)Qp + n(n—
1) (WP = W —2Wo W) X" 2 Wi j +3(= 1) (n+ 1) (= x* (= D*"™ (n+3) (1 +2) Qm + X(= 1) " n(n+2) Q3n Qp —
n(n=1)Qsm) (W = W§ = 2Wo W) X" "2 Wippy. j = 18(= D" (W] = WE = 2WoW1) Wiy j — 18(=1)>" T (W] — W —
2Wo W) Wi—m + 18(= D) Q,y (W2 — WE = 2Wo W) W



24 Sums of Cubes of Generalized Fibonacci Numbers with Indices in Arithmetic Progression: the Sum Formulas 3. ]’C’z 0 xk Wsl et j

@ If(—D3"x? — xQzpm + D((=D3"x% = x(-1)"Q + 1) = u(x — a)* = 0 for some u,a€ C,u#0 i.e, x = a then

n ¥
3 W=
far’ 17 192(-1)m

where

¥, =8(-1)¥"n(n+D((-D¥(n+3)(n+2)x* - x(-1)"(n-1)(n+2)Qm+(n-1)(n —2))x”’3W31n7m+j +8(n+1)(
(=15 (n+4)(n+3)(n+2) - x*(-1)*" n(n+3)(n+2) (1" Qp + Q3m) + x(=1) " n(n—1) (n+2)(Qm Q3 m + (=1)*™)

—n(n-1)(n-2)Qsm)x" W), . +3(=D"HMH n(n+ 1) (P (=13 (n+3) (n+2) - x(n+2)(n—1) Qs + (n—1) (n -
2))(Wf =W =2Wo W) x" 3 Winpym j+3(=D"™ 2 p(n+1) (62 (- 1> (n+3) (n+2) = (=) (n+2) (n = 1) Qpu +
(n=1)(n—-2)) (W2 = WZ = 2WoW)X" 3 Winpom+j +3(=D"™" n(n+1)(-x*(=D)*"™(n+3)(n+2)Qp + x(-1)™(n+

2)(n—=1)QsmQum— (n—1)(n—2) Q) (WE — WE = 2Wo W) x" > Wiy ).
Proof. Taker =2,s=1and H, = Q, in Theorem 2.1. [J
Note that (16) can be written in the following form:

" 4
k72 _ 8
k;x Wonkes ) = B2 = xQam + DI D 21 Qe+ 1)

where

Wg = 8x" (=D ((-1"x? = (D)"xQm + VW, o+ 8 H(=DPx — Qe (F1)P7x? = (=1)"xQp + 1)
ijﬂ. - 8(-1)¥"x((-1)3"x2 — (=1)"xQp + I)Wj3_m + 8(Q3m — (=D¥0)((-1)3"x% - (-1)"xQp + 1)xW]?’ +
3x" (=) (=13 X% = xQzpm + DWS = WE = 2Wo W) Winpg s j + 3% (= 1) 24 x((= 1) %2 — (=1)"xQp +
DWE = W§ = 2WoW)Winp-msj — 3x" (D" x ()" ¥*Qm — (=D"xQm ~ DQsm) (W] — W§ — 2WoWh)
Winnsj = 3x(=1)"* (= 1)°" 2% = xQam + VW] = W5 = 2WoW1) Wi j = 3x(=1)*"*/ (1> x* = (=1)""xQp + (W] —
W = 2Wo W) Wi +3x(=1DJ (- D*"x*Qpr = Q3 (= 1) xQpy — 1)) (W = W = 2Wo W) W

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 2.2.
For generalized Pell numbers (the case r = 2, s = 1) we have the following sum formulas for n = 0:

(@ (m=1,j=0)
If(x*-2x—1) (x> + 14x—1) #£0, i.e, x #-7T+5V2, x # -7T-5vV2, x # 1+ V2, x #1 - V2, then

n \Ijl
<o 8(x?—2x-1)(x®+14x—-1)

where

Py =8x" ! (x+14) (x2 —2x— W3 +8x" (62 —2x— D W3_, +3 (= 1)" x" (62 + 14x— 1) (W = WE - 2Wo W) Wi +
6 (=1 X" (X2 +14x+7) (WE=WE-2Wo W) Wy, +3 (1) 1 (12 —2x— 1) (WE = WE =2 Wy W1) Wyyog +8(—x (x? +
4x -1 W+ (8x> —29x% — 12x + D)W + 6x% (x + 2) WE Wy — 6x2 (2x — WS W)

and

if(x*-2x—1)(x*+14x—1) =0, i.e, x=-7+5V2 orx=-7-5vV2 orx=1+ V2 orx=1-V?2 then

n 3 \Ijz

Z kak =

= 32(x3+9x2—15x-3)

where

W, = 8x" (n(x+14) (x* —2x—1)+4x> +36x* —58x—14) Wy +8x" (n(x* —2x—1)+3x* —4x- 1) W>_, +3 (-1)" x"(n(x*+
14x—1)+3x% +28x— 1) (W7 = WZ —=2Wo W) Wy +6 (1)1 x" (n(x? + 14x+7) +3x% +28x+7) (W7 — WE - 2Wp W)
Wy +3 (D)™ x"(n(x? —2x— 1) +3x% —4x — 1) (WE - WZ - 2Wo W) Wy_1 +8(—(Bx% +8x — )W} +2(12x% —29x —
6)W +6x(3x +4) WEWp — 12x(3x — )W Wy).

(b) (m=2,j=0)
If(x*—6x+1) (x> —198x+1) #0, i.e., x #99+70V2, x #99 - 70v/2, x #3+2V2, x #£3—2V/2, then

41
x?—6x+1)(x2-198x+1)

n
kyar3
w3 =
]
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where

¥y =8x" (x—198)(x* —6x+ )W, +8x" (x> —6x+ D)W, _,+3x" " (x? —198x + 1) (WF — WE —2WoWi) Wapip —
3x"*1 (6x% —1188x+198) (W72 — Wg —2Wo W) Way, +3x" ! (x% — 6+ 1) (WE — WE —2Wo W1) Way—p +8(8x(x? + 12x +
DWP - (125x3 —1111x% +203x — YW — 12x(5x% + 24x — )W W7 + 6x(25x% — 54x + 1) WE W)

and

if(x*—6x+1)(x*-198x+1) =0, i.e, x=99+70v2 orx =99 -70v2 or x =3+2v2 or x=3-2v/2 then

k3 Y2
) x War =
<o 32 (x3 —153x% +595x — 51)

where

W, = 8x"(n(x—198)(x* —6x+1) +4x> —612x* +2378x - 198) W3 +8x" (n(x*—6x+1)+3x* —12x+1)W;, _, +3x"
(n(x? —198x + 1) + 3x% — 396x + 1) (W7 — W§ — 2WoW1) Wayyp — 18x™ (n(x? — 198x + 33) + 3x% — 396x + 33) (W7 —
WE —2Wo W) Way +3x" (n(x? —6x+1) +3x% — 12x+ 1) (WE = WZ —2Wo W) Wa_p +8(8(3x% +24x+ 1) W} — (375x% —
2222x +203) W3 —12(15x% + 48x — ) W2 W + 6(75x% — 108x + ) WZW)).

© (m=2,j=1
If(x®—6x+1) (x? —198x+ 1) #0, i.e, x #99+70v2, x # 99— 70v2, x #3+2v/2, x #3-2V/2, then

n v
kyr/s3 1
E Ww. =
kzox 2kl g (x2 —6x+1) (x2—198x+1)

where

¥y =8x" 1 (x—198) (x> —6x+ D)W, | +8x"  (x*—6x+ )W, | —3x" 1 (x*—198x+1) (W - W§ —2Wo W) Wapis+
18x"+1 (x? = 198x +33) (W2 = WZ = 2Wo W1) Wapi1 —3x"™ 1 (x% — 6x+ 1) (WE — WZ —2WoWi) Way—1 +8(—(x— 1) (x* —
78x + D)W} +8x(x® + 12x + )W + 6x(x? — 54x + 25) Wy W7 — 12x(x? — 24x — 5) W W)

and

if(x?—6x+1)(x*-198x+1) =0, i.e, x=99+70V2 or x =99 -70V2 or x=3+2v2 or x =3 -2v/2 then

ikag’ = ks
0P 32(x8 - 15342 4+ 595x — 51)

where

¥, = 8x"(n(x—198)(x* —6x+1) +4x> —612x%+2378x - 198) W, | +8x" (n(x*—6x+1)+3x* - 12x+ )W, _, —3x"
(n(x? —198x + 1) + 3x% = 396x + 1) (W2 — WZ — 2WoW1) Wa i3 + 18x™ (n(x* — 198x + 33) + 3x? — 396x + 33) (W —
WZ = 2WoW1) Wapsr —3x"(n(x® —6x +1) + 3x% — 12x + 1) (W2 — WZ — 2Wo W) Wap—1 +8(—(3x% — 158x + 79) W} +
8(3x% +24x + )W +6((3x* — 108x + 25)) Wy W7 — 12(3x% — 48x — 5) WZ W)).

d (m=-1,j=0)
If(x*—14x-1)(x*+2x—-1) #0, i.e, x# -1+ V2, x #-1-V2, x #7+5V2, x #7—5V/2, then

n v
k173 1
E we, =
& kT (2 1ax—1) (a2 + 22— 1)

where

Yy o= 8x(x + 20 - DW3, L+ 8x" (x — 14) (% + 2x — DW3, + 3(-D)" M " (% + 2x - DWE - WE -
2WoWD)W_pr +3 (1) x"*1 (2x2 — 28x + 14) (WP = WG = 2Wo W) W_,, + 3 (=1)" X1 (% — 14x — D(WE - W7 -
2WoW)W_ oy — 8(x(x? —4x — W} + (2% — 4x — W + 6x(2x + DWEW, + 6x(x — 2) WEWh)

and

if(x>-14x-1) (x> +2x—-1)=0,ie,x=-1+V2orx=-1-v2 orx=7+5V2 or x=7-5V2 then

& v
k3 2
E W, =
k:(]x K 32(x3-9x2 - 15x +3)

where

¥, = 8x"(n(x* +2x — 1) + 3x* + 4x - DW?, | + 8x"(n(x — 14)(x* + 2x — 1) + 4x® — 36x* — 58x + 1W?3, +
3(-D™ 1 x™(n(x? +2x — 1) + 3x% + 4x — 1)(WP — WZ = 2WoW) W_ppi1 +6 (=D x"(n(x? — 14x + 7) + 3x* — 28x +
N(WE = WE—=2WoW)W_p, +3(=1)" x" (n(x* - 14x — 1) +3x* - 28x — 1) (W] = W5 —2Wo W) W_,,_; — 8((3x* —8x —
DWW +2(x —2) W3 +6(4x + DWZEW, + 12(x — DWEWY).
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(e (m=-2,j=0)
If(x®—6x+1) (x? —198x+ 1) #0, i.e, x #99+70v2, x # 99— 70v2, x #3+2v/2, x #3-2V/2, then

¥,
8(x2—6x+1)(x2—198x+1)

S ka3
wa—zk:
k=0

where

¥y =8x" (x—6x+ W3, |, +8x" (x—198) (x? —6x+ 1) W3, +3x" ! (x? —6x+1) (WE - WF - 2Wo W) W_242—
3x"1(6x% —1188x +198) (W} — WZ —2WoWi) Wz, +3x™ 1 (6% = 198x + 1) (WE — WE —2Wo W1) W_pp,—p — 8(8x(x? +
12x+ DW; + (x = 1)(x? = 78x + DW + 12x(x? — 24x — 5) W2 Wy + 6x(x* — 54x + 25) WZ W)

and

if(x>-6x+1)(x*—198x+1) =0, i.e., x =99+ 70v2 or x =99 - 70v2 or x =3+ 2v2 or x =3 - 2V/2 then

SN Yo
D XWy =
<o 32 (x3 —153x% +595x —51)

where

¥, = 8x"(n(x*—6x+1)+3x* - 12x+1)W?>, ., +8x"(n(x—198)(x*—6x+1)+4x>—612x*+2378x-198) W>, +3x"
(n(x? —6x+1) +3x? — 12x+ 1) (WZ = WZ = 2Wo W1) W_z42 — 18x" (n(x? — 198x + 33) + 3x? — 396x + 33) (W{ — W —
2Wo W) W_pp, +3x"™ (n(x* —198x + 1) + 3x% —396x + 1) (W — WE — 2Wo W) W_p,—p —8(8(3x% +24x + )W + (3x* —
158x +79) Wy +12(3x% — 48x — 5) W2 Wy + 6(3x% — 108x + 25) WZ W)).

M (m=-2,j=1
If(x*—6x+1) (x* —198x+ 1) #0, i.e, x #99+70v2, x #99—70v2, x #3+2V2, x #3-2V2, then

& ¥
k3 1
E 1% =
k:(]x “2kH1 T g (x2 —6x+1) (x2 - 198x+1)

where

¥y =8x" (2 —6x+ 1) W3, +8x" T (x—198) (x*—6x+ 1) W3, | —3x"H (X —6x+1) (WE-WZ-2Wo W) W_pp13+
18x"+1 (x? —198x+33) (W} — W2 —2Wo W) W_p41 = 3x"H (x* = 198x + 1) (W2 = W —2Wo W1) W_pp,—1 —8((125x° —
1111x% +203x — W + 8x(x? + 12x + DW + 6x(25x% — 54x + D)WW + 12x(5x° + 24x — ) WZ W)

and

if(x?—6x+1)(x*—198x+1) =0, i.e, x=99+70v2 orx =99 -70V2 or x=3+22 or x=3-2v/2 then

Zn:kas _ ¥
&, PR 32(x3 - 15342 + 5951 - 51)

where

W, = 8x" (n(x?—6x+1)+3x*—12x+1)W3, . +8x" (n(x—198) (x*—6x+1)+4x>—612x*+2378x—-198) W3,  —3x"
(n(x? —6x+1)+3x% —12x+ 1) (W = WZ —2WoW1) W_ppp13 + 18x" (n(x* — 198x +33) + 3x% — 396x +33) (W} — W —
2WoW1) W i1 —3x"(n(x* —198x+1) +3x% —396x + 1) (W2 = WG —2Wy Wi) W_p,_1 —8((375x% —2222x+203) W, +
8(3x% +24x + W] +6(75x% — 108x + 1) WE Wy + 12(15x% +48x — ) WZW)).

From the above proposition, we have the following corollary which gives sum formulas of Pell numbers (take W,, =
P, with Pp=0,P; =1).

Corollary 2.4.

For n = 0, Pell numbers have the following properties:

(@ (m=1,j=0)
If(x®—2x-1)(x* +14x—1) #£0, i.e, X # -7 +5V2, x # —7-5V2, x #1+ V2, x # 1 - V2, then

n v
kps _ 1
,;)x kg2 —2x—1)(x2+14x-1)

where
Yy =8x" (x+14) (x? —2x - ) P5 +8x" (x* —2x— P3| +3 (1) x" " (2% + 14x = 1) Py +6 (1) " (2% +
14x+7)Py +3 (-1 1 X (3 = 2x = 1) P — 8x(x* +4x - 1)
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and
if(x>-2x-1)(x*+14x-1)=0,ie, x=-7+5V2 orx=-7-5v2 orx=1+ V2 orx=1- V2 then

zn: xkp3 = ¥
7 F 32(x3+9x2-15x-3)

where
W, = 8x" (n(x+14) (x* —2x—1) +4x> +36x* —58x—14) P +8x" (n(x* —2x—1)+3x* —4x—1)P3_ +3(-1)" x" (n(x*+
14x—1)+3x%2 +28x—1)Ppy1 +6(=1)""L X" (n(x? + 14x +7) +3x% +28x + 7) Py + 3 (= 1)" 1 x" (n(x? —2x— 1) + 3x% —
4x—1)P,_1 —8(3x*+8x-1).

(b) (m=2,j=0)
If(x®—6x+1) (x? —198x+ 1) #0, i.e, x #99+70v2, x # 99— 70v2, x #3+2v/2, x #3-2V/2, then

& g

2 k p3 1
P, =
k:(]x 2k g (x2—6x+1)(x2—198x+1)

where

) =8x"1(x—198)(x* —6x+1) Py, +8x" 1 (x? —6x+ 1)P3, _, +3x"" (x> —198x+1) P22 —3x" 1 (6x% —1188x +
198) Py, +3x"H (4% — 6x + 1) Poyp—p + 64x(x* +12x +1)

and

if(x?—6x+1)(x*-198x+1) =0, i.e, x=99+70v2 orx =99 -70V2 or x=3+2v2 or x=3-2v/2 then

" kp3 k)
D X Py =
frr 32(x3 —153x2 +595x —51)

where
¥, = 8x"(n(x—198)(x* —6x + 1) +4x> — 612x? +2378x — 198) P;, +8x" (n(x* —6x+1) +3x* - 12x+ 1)P3 _, +3x"
(n(x?—198x+1) +3x% =396+ 1) Pajy 12 — 18x" (n(x? — 198x +33) +3x% — 396X +33) Pay, + 3x" (n(x% —6x+1) +3x% —
12X +1)Pay_p + 64(3x% +24x + 1).

(© (m=2,j=1)
If(x*—6x+1) (x> —198x+1) #0, i.e., x #99+70V2, x #99 - 70v/2, x #3+2V/2, x #£3—2V/2, then

1t Y
kp3 1
Y xpd =
kzox 2kl 7 g (x2 —6x+1) (x2 —198x+1)

where

¥, =8x"1(x—198)(x*~6x+1)P3, | +8x"+! (x*—6x+1) P}
Popi1 =3x8 (x%2 —6x+ 1) Py —8(x — 1) (x%2 —78x+ 1)

o1 —3X" (X% =198x+1) Papyg+18x" ! (x* ~198x+33)

and
if(x*-6x+1)(x*—198x+1) =0, i.e., x =99+ 70v2 or x = 99— 70v2 or x =3+ 2v2 or x =3 - 2V/2 then

Z X P2k+1 = 3 2
o 32 (x3 - 153x% +595x - 51)

where
¥, = 8x" (n(x—198)(x* —6x+1) +4x> —612x° +2378x—198) P3| +8x"(n(x* —6x+1)+3x*—12x+1)P3 _ —3x"
(n(x?> —198x + 1) + 3x? = 396X + 1) Py, 3 + 18x" (n(x* — 198x + 33) + 3x% — 396X + 33) P2, 11 — 3x" (n(x? —6x+ 1) +
3x%—12x+1)Ps,_1 —8(3x% —158x +79).

d) (m=-1, j=0)
If(x*—14x-1)(x*+2x—-1) #0,i.e, X # -1+ V2, x #-1-V2, x #7+5V2, x #7—5V/2, then

& v
k p3 1
Yy xkpd, =
kzox kg (x2-14x-1) (22 +2x-1)

where

¥y o= 8x"(x? + 2x — DP3, |+ 8x"H(x - 14)(x* + 2x — DP?, + 3(-D" XM + 2x — Py +
3(-1)"x"1 (2x2 = 28x+ 14) P_p, + 3 (- 1)" x" (x? = 14x = 1) P_,_1 — 8x(x? —4x— 1)
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and
if(x*-14x-1)(x*+2x—-1)=0,ie,x=-1+V2orx=-1-v2 orx=7+5V2 orx=7-5V?2 then

Xn:xkp?’ = ¥
S0 F 32(x3-9x2 - 15x+3)

where

¥, = 8x"(n(x* +2x — 1) +3x% + 4x — P3| + 8x"(n(x — 14)(x* + 2x — 1) + 4x> — 36x* — 58x + 14)P® +
3D x"(n(x®+2x-1)+3x%2+4x—1)P_ 01 +6 (- D) x"(n(x® - 14x+7)+3x> - 28x+7)P_, +3 (- 1)"* x" (n(x? -
14x—1)+3x%2-28x-1)P_,_; —8(3x* -8x—1).

(€) (m=-2,j=0)
If(x*—6x+1) (x* —198x+ 1) #0, i.e, x #99+70v2, x #99—70vV2, x #3+2V2, x #3-2V/2, then

& ¥

Y xkp3 1
P =
k:(]x —2k g (x2—6x+1)(x2-198x +1)

where
¥y =8x" (x?—6x+1)P3,, , +8x" (x—198)(x* —6x+1)P3, +3x"!(x? —6x+1)P_ppsp—3x"1(6x° —1188x+

198)P_s;, +3x" 1 (x%2 —198x + 1)P_o;_» —64x(x* + 12x+ 1)
and

if(x>=6x+1)(x*-198x+1) =0, i.e., x =99+ 70v2 or x =99 - 70v2 or x =3 +2v2 or x =3 - 2V/2 then

" kp3 ¥
D XPly =
= 32 (x3 - 153x% +595x - 51)

where
¥, = 8x"(n(x? —6x+1)+3x* —12x+1)P3,, , +8x" (n(x—198)(x*—6x+1) +4x> —612x* +2378x—198) P3, +3x"
(n(x? —=6x+1) +3x% = 12x + 1)P_p,42 — 18x" (n(x? — 198x + 33) + 3x* — 396x + 33) P_y, + 3x" (n(x* —198x + 1) +

3x%2—396x+ 1)P_y,_2 —64(3x% +24x+1).

0 (m=-2,j=1)
If(x®—6x+1) (x? —198x+ 1) #0, i.e, x #99+70v2, x # 99— 70vV2, x #3+2V/2, x #3-2V/2, then

n v
kp3s  _ 1
,;]x “2k+1 T g (x2 —6x+1) (x2—198x +1)

where

¥y =8x" (x2—6x+1)P3,, o +8x" (x—198) (x*—6x+1)P3, . —3x"" 1 (x?—6x+1)P_p,+3+18x" ! (x*~198x+33)
P_ppi1 —3x" 1 (x* =198x + 1) P_ppp—1 —8(125x° = 1111x% +203x — 1)

and

if(x*—6x+1)(x*—198x+1) =0, i.e., x =99+ 70v2 or x = 99— 70v2 or x =3+ 2v2 or x =3 - 2V2 then

"k p3 W2
D XPp =
= 32 (x3 - 153x2 +595x - 51)

where
W, = 8x"(n(x?—6x+1)+3x*—12x+1)P3, . +8x" (n(x—198)(x*—6x+1)+4x>—612x*+2378x-198)P3, —3x"
(n(x%—6x+1) +3x2—12x+1)P_s,43 + 18x (n(x® — 198x +33) +3x% — 396X +33) P_y 41 — 31" (n(x2 —198x + 1) +

3x% —396x + 1)P_p,_1 —8(375x% — 2222x + 203).

Taking W,, = Q, with Qp = 2,Q; = 2 in the last proposition, we have the following corollary which presents sum
formulas of Pell-Lucas numbers.

Corollary 2.5.
For n =0, Pell-Lucas numbers have the following properties:
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(@ (m=1,j=0)
If(x®=2x-1)(x* +14x-1) #£0, i.e, X # =T +5V2, x # —7-5V2, x #1+ V2, x # 1 - V2, then

n ¥
ko3 — 1
,;]x Qic= (x2—2x-1)(x2+14x-1)

where

Yy =x"Hx+14) (62 - 2x - DQ; + X (k- 2x - 1)Q3_ =3 (-1 x" " (x* + 14x - 1) Qpa1 — 6 (1) X (% +
14x+7)Qp =3 (-1 1 a1 (x2 = 2x = 1)Qp_1 +8(x3 - 15x* - 11x+ 1)

and

if(x>-2x-1)(x*+14x-1)=0,ie, x=-7+5V2 orx=-7-5V2 orx=1+ V2 orx=1- V2 then

n v
ko3 — 2
L ¥ Q= 4(x3+9x2—15x-3)

where

P, = x"(n(x+14)(x? —2x—1) +4x> +36x2 —58x— 14) Q3 + x" (n(x* —2x— 1) +3x* —4x—1)Q3_, -3 (-1)" x"(n(x* +
14x—1)+3x%2+28x—1)Qpne1 -6 (=)™ x™(n(x® + 14x+7) +3x%> +28x+7) Q= 3 (- 1) x*(n(x?* —2x— 1) + 3x% —
4x-1)Qp-1 +8(3x%> —30x —11).

(b) (m=2,j=0)
If(x®—6x+1) (x* —198x+ 1) #0, i.e, x #99+70v2, x # 99— 70V2, x #3+2V/2, x #3-2V/2, then

n v
kn3 _ 1
,;]x Qo = (x2—6x+1)(x2—198x+1)

where

Py =x"(x-198)(x? —6x+ 1)Q3, + X1 (x? —6x+1)Q3,,_, —3x" (x? — 198x + 1) Q22 + 3x" 1 (6x% — 1188x +
198)Qop —3x™ (X% —6x+ 1) Qop—2 — 8(27x% —595x2 + 177x— 1)

and

if(x>-6x+1)(x*—198x+1) =0, i.e., x =99+ 70v2 or x =99 — 70v/2 or x =3+ 2v2 or x =3 - 2V/2 then

n v
ko3 _ 2
,é]x Qo = 4(x3 —153x% +595x - 51)

where

W, = x"(n(x —198)(x* —6x + 1) + 4x> — 612x% +2378x — 198) Q3 + X" (n(x* —6x + 1) +3x* - 12x+ 1) Q3 _, —3x"
(n(x*>—198x+1) +3x% —396x+1) Q252 + 18x™ (n(x* —198x+33) + 3x% —396x+33) Q2 — 3x" (n(x*> —6x+1) +3x% —
12x+1)Q2,-2 — 8(81x%* —1190x + 177).

() (m=2,j=1)
If(x*—6x+1) (x* —198x+ 1) #0, i.e, x #99+70v2, x #99—70V2, x #3+2V/2, x #3-2V/2, then

& v
ko3 _ 1
,;]x Qa1 = (x2—6x+1)(x®2—198x+1)

where

Yy =x" N (x-198)(x? —6x+1)Q5, ., + X1 (x* —6x+1)Q5, | +3x" (x? —198x+ 1) Q243 — 18x" ! (x* — 198x +
33)Q2pt1 +3x" (X% —6x+1)Qopm1 +8(x + 1) (X% +138x + 1)

and

if(x?—6x+1)(x*—198x+1) =0, i.e, x=99+70V2 or x =99 -70V2 or x=3+2v2 or x=3-2v/2 then

> xQy,, = 32
" CHLT 4(x8 - 153x2 +595x - 51)

where

¥, = x"(n(x—198)(x* —6x+1) +4x> —612x* +2378x—198) Q3 , ; + x" (n(x* —6x+1) +3x* - 12x+1)Q3,_; +3x"
(n(x? —198x + 1) + 3x% —396x + 1) Q2,43 — 18x" (n(x? — 198x + 33) + 3x% — 396X + 33) Q2,41 + 3x" (n(x?> —6x+ 1) +
3x% —12x+1)Qop_1 +8(3x% +278x +139).
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(d (m=-1,j=0)
If(x®—14x-1)(x®+2x-1) #£0,i.e, X # -1+ V2, x #-1- V2, x #7+5V2, x #7—5V/2, then

n ¥
ko3 1
,;]x Q= (x2-14x—-1) (x2 +2x-1)

where

Y o= X" 4 2x - DQE,,, + A" - 192 + 2x - DQP, - 3(-D"H A" (% + 2x — DQ_piy -
3(-1)"x"*1 (2x2 - 28x+14) Q_p =3 (1) x" 1 (x® - 14x - 1)Q—pp—1 — 8(x® + 15x* = 11x— 1)

and

if(x>=14x-1) (x> +2x-1)=0,ie,x=-1+V2orx=-1-v2 orx=7+5V2 or x=7-5V2 then

ikus _ P2
0 T 48 -9x2-15x+3)

where

Y, = x"(n(x?+2x-1)+3x%+4x-1) Q3 , | +x" (n(x—14) (x*+2x—1) +4x3-36x*-58x+14) Q3 , -3 (- 1)"* x" (n(x*+
2x— D) +3x% +4x—1)Q_ps1 -6 (=1)"x*(n(x?> - 14x+7) +3x> = 28x+7)Q_, =3 (-1)" x*(n(x* — 14x — 1) + 3x% —
28x—1)Q_,—1 —8(3x> +30x—11).

(e) (m=-2,j=0)
If(x®—6x+1) (x* —198x+ 1) #0, i.e, x #99+70V2, x # 99— 70v2, x #3+2V/2, x #3-2V/2, then

n v
ka3 _ 1
,;]x Qoo = (x2—6x+1) (x2-198x +1)

where

¥y = X" (2 -6x+1)Q3,, ,, + X" (x—198) (x*—6x+1)Q2,, —3x" ! (x*—6x+1)Q_2p42+3x" 1 (6% ~1188x+198)
Q-2 —3x™ 1 (%% = 198x+ 1) Q_0p—2 — 8(27x% —595x> + 177x— 1)

and

if(x>-6x+1)(x*—198x+1) =0, i.e., x =99+ 70v2 or x = 99— 70v/2 or x =3+ 2v2 or x =3 - 2V/2 then

n ¥
ka3 _ 2
,é]x Qoo = 4(x3 —153x2 +595x — 51)

where

W, = x"(n(x? —6x+1)+3x* - 12x+1)Q3,, ., + X" (n(x—198) (x* —6x + 1) +4x> —612x% + 2378x - 198) Q> —3x"
(n(x? —6x+1) +3x% —12x+ 1)Q_2p42 + 18x" (n(x® — 198x + 33) + 3x% — 396x + 33) Q_2, — 3x" (n(x* —198x + 1) +
3x%—396x+1)Q_2,_2 —8(81x% —1190x + 177).

0 (m=-2,j=1
If(x*—6x+1) (x* —198x+ 1) #0, i.e, x #99+70v2, x #99—70vV2, x #3+2V2, x #3-2V/2, then

& v
ko3 1
,szox Qi1 = (x%2—6x+1)(x2—198x+1)

where

¥y =x" (a2 -6x+1)Q3,,  ,+x" M (x—198) (x*—6x+1)Q>,, , | +3x" 1 (x? —6x+1)Q_244+3—18x"*! (x* —198x+33)
Q_ops1 +3x" (2% —198x + 1) Q2,1 — 8(343x% — 1051 x% +205x — 1)

and

if (x?—6x+1)(x*—198x+1) =0, i.e, x=99+70V2 or x =99 -70V2 or x=3+2v2 or x=3-2v/2 then

> 5Q e, = 32
o T 4(x8 - 153x2 +595x - 51)

where

¥, = x"(n(x*-6x+1)+3x* - 12x+1)Q3,, , , + X" (n(x—198) (x* —6x+1) +4x> —612x* +2378x-198)Q*, , | +3x"
(n(x?>—6x+1)+3x%> —12x+1)Q_2p43 — 18x" (n(x* — 198x +33) + 3x> —396x +33) Q2,41 + 3x" (n(x* —198x + 1) +
3x% —396x + 1)Q_s,—1 —8(1029x% — 2102x + 205).
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Taking x = 1 in the last two corollaries we get the following corollary.

Corollary 2.6.
For n =0, Pell numbers and Pell-Lucas numbers have the following properties:

1.

2.3.

@ XP_,Pi=113(120P; +8P3_| +3(=1)" (~7Pp41 +22P, — Py_1) + 16).

(b) X7 _oP3, = 1355 (1576P5, =8P, , —147P2p 5 +738Ps, —3Po, o +224).

© X7 P53, = 1355 (1576P3,, —8P5, | +147Py; 3~ 738P2p41 +3P2,1).

) X7 P, =15 (-8P% +104P3, +3(=1)" (P_p41 +6P_, +7P_, 1) - 16).

(€ X} P, = 1555 (1576P%, —8P3, =3P 5,42 +738P 5, — 147P_5, 5 —224).

() X7 Pop1 = 955 (—8P3,,, 5 +1576P3, | +3P 5,3~ 738P_p,41 +147P_5,_1 +1568).

@ X7 ,Qd=05Q%+Q3_ | +3(=1)"(7Qus1 —22Qu + Qn-1) +96).

(b) X7 Q3 = 2:(197Q3, — Q3 _, +147Q2p42 — 738Q2p +3Q2p—2 + 784).

© X7 Q. = 155((197Q3 ., — Q3| — 147Q2p43 + 738Qan11 — 3Q2p-1 +560).

M X} Q% =5Q%, +13Q%, —3(-1)" (Q-ps1 +6Q_ +7Q_p_1) +16).

@ X} Q% = 195~ Q2042 +197Q% 5, +3Q 2412 — 738Q 2, + 147Q 2,2 + 784).

) X7 Q%11 = 795 (—Q%5,43 +197Q%,, | —3Q 2443+ 738Q 241 — 147Q_2,-1 +1008).

The Case r = 1, s = 2: Generalized Jacobsthal Numbers

The following theorem presents sum formulas of generalized Jacobsthal numbers (the case r =1, s = 2).

Theorem 2.5.
Let x be a real (or complex) number. For all integers m and j, for generalized Jacobsthal numbers (the caser = 1,5 =2)
we have the following sum formulas:

@ If((—=2)3"x% = X jzm + 1)((=2)3"x? = x(=2)" j,u + 1) #0 then

Xn: fwd = k3! -
S T (=232 = X s+ D23 = (=) + 1)

where

Wy = 9" (=23 (-2)Y = (=2) X A D Wy, A9 (=22 X ) (2P = (=2) " X+ DW=

9(=2"x((=2)*" = (=2 X jm+ DW? | +9(=2)>" 2 = (=2)" X iy + D W +3x" (=2) ™7 x((=2)°7 %% = x fam +
D(WE = 2W¢ = Wo W) Winps e j +3X" (=2) 2 x((=2)37 6% = (=2)" X i + D (W = 2WE = Wo W) Winn—ms j —
3x" (=2 (=2 X2 i = (=2)"Xjm = Djam)WE = 2W§ = WoW)Winnyj — 3x(=2)"H ((=2)°"x* —
Xjam + DWE = 2W§ = WoW) Wiy j = 3x(=2)2"H (=2 % = (=2)"Xjm + DWE = 2W§ — WoW) W, +
3x(=2)7 (=2 X2 jin — jam(=2)" X jm — 1) (WE = 2WE — Wo W) W;.

(b) If(—=2)3"x% — xjam + 1((=2)3"x% — x(=2)" j + 1) = u(x — a)(x — b) (x — ¢) (x — d) = 0 for some u,a, b, c,d € C with

u#zOQanda#b#c#d,ie,x=aorx=borx=corx=d, then

S k3 Y2

I;)x I/mGJrj_A_1
where
W2 = 9(=2>"x" (=2 xP(n+3) = x(=2)" (N +2) jm + n+ VW, o +9(=2)" (n+4)x° = (=27 (=2)" jm +
Jsm)m + 3x + (2" (mjzm + (22™M(n + 2x = (0 + Djsm)x"W5, o+ 9(=2)*"(=3(=2)*"x* +

2(=2)" X jpy — 1)W].3_m +9(2(-2)3"x — (—2)’"jm)wj3 + 3(=2)MHmHI((=2)3M(n + 3)x? — x(n + 2)jam + 0+ 1)
(W2 = 2W2 = WoWD) X" Winnsmaj +3(=2)"H2M%1 ((=2)3M (n + 3)x% — x(=2)™(n + 2) j + 0+ DX"(W? - 2W2 -
WoW1) Winn—m j + 3(=2)™" (= (=2)4" (n + 3)x% j + X(=2)™ (1 + 2) jam jm — (N + 1) jam) X (WE = 2W5 — WoWy)
Wi j+3(=2)" (=3(=2)3" %% + 2 jaym — 1) (WE = 2WZ = WoW1) Wiy j +3(=2)2"F (=3(=2)3" x* +2(=2) " x jp — 1)
(WP =2W§ = Wo W)W +3(=2)! B(=2)*"x? jyn = 2(=2)" X jm jam + jam) (W = 2W§ — WoW1) W

and

A1 =9(4(=2)%"2% =3(=2)3"((=2)" jim + Jam)X* +2(=2)"2(=2*"" + i jam)X = (=2)"" jm + J3m))-
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© If(=2)3"x? = X jam + D((—=2)3"x? = x(=2)" ju + 1) = u(x — @)?(x — b) (x — ¢) = 0 for some u, a, b, c € C with u # 0 and
a#zb#c ie,x=aorx=borx=c,thenifx=>borx=cthen

Z x _ ¥
mk+] Ay

where
W5 =9(=2%"x"(=2)*"x?(n +3) = x(=2)" (N +2) jm + n+ VW +9(=2)" (n+4)2° = (=2 (=) jm +
jam)(m + 3)x% + (=2)"(jmjsm + (=2>™M)(n + 2)x — (n + Djzn)x"W3 + 9(-2)3m(-3(-2)3mx2 4+

mn+
2(=2)"xjm — 1)W]?>_m +9(2(-2)%mx — (—Z)mjm)W]?’ + 3(=2)mntmtj((~2)3m(p +]3)x2 —x(n+2)jzm +n+1)
(WE = 2WZ = WoW) X" Winpimaj + 3(=2)"H2MFT ((=2)3 (0 + 3)x% — x(=2)"(n + 2) jm + n+ DX (W2 - 2W7 —
WoWD) Winn—mej +3(=2)"" (=(=2)*™(n + 3)x% jp + x(=2)™ (1 + 2) jgmjm — (0 + 1) japm) X" (WE = 2W5 — WoW5)
Winns j+3(=2)""1 (=3(=2)3" X% + 2 jaym — 1) (WE = 2W§ = Wo W1) Wips j +3(=2)2"*1 (=3(=2)3" x> +2(=2) " X jyu = 1)
(WP =2W§ = WoWD W +3(=2)! B(=2)" % jin = 2(=2)" X jm jam + Jam) W} = 2W§ — WoW1) W
and
A2 = 9(4(=2)"x% =3(=2)°"((=2)" jm + Jam)** +2(=2)" 2(=2)*" + jm jam) X = (=2)" jim + jam))
and if x = a then
Wy
Z g '”k” 18(=2)"(6(=2)5"x% = 3x(=2)2"((=2)" jim + jam) +2(=2)*" + jm j3m)

where
Wy =9(=2)3"((-2*"(n+3)(n+2)x* - (=2)"x(n+2)(n+1) j + n(n+1)x" W3 mej F9(= 2)5"(n+4)(n+3)
X3 = (=2 (n+3)(n+2)(=2)" jm + jam) X* + x(=2)"(n+2) (N + 1) (jm Jam + (=2)*"™) = n(n+1) jam) X" W

mn+]

18(—2)4'"(jm—3(—2)2mx)wjim+ 18(—2)3'"W].3+3(—2)'""*’"*1'((—2)3”1(n+3)(n+2)x2—x(n+2)(n+ D) jam+n(n+
1) (W2 = 2W2 = WoW) X" Wippame j + 3x71(=2)™H2m+] ((=2)3™ (n + 3) (n + 2)x? — x(=2)"™(n+ 2)(n + 1) jm +
n(n+1))(WE=2WE = WoW0) Wi j+3x"H(=2) "4 (= x* (=2 (n+3) (n+2) jyn +X(=2)™ (n+2) (n+1) jam jm —
n(n+1) jam) (WE =2W§ = WoW1) Wi j +6(=2)"*7 (jap —3(=2)3" x) (W = 2W§ = WoW1) Wiy j +6(=2)3"1 (jiy =
3(=2)2"X)(WE = 2WE = WoW) Wiy +6(=2)" (3(=2)>" X — jam) jm(WF = 2WE — Wo W)W

(d) If(=2)3"x% — xjzm + 1) ((=2)3"x? = x(=2)" j + 1) = u(x — @)3(x — b) = 0 for some u,a,be C withu#0 and a # b,
i.e, x=aorx=>b,thenifx=>b then

Zx -5
mk+] A3

where

=9(=2)"x"((=2)*"x*(n+3) = x(=2)" (N +2) jm + nADWS - +9((- 2)6m(n+4)x — (=23 ((=2)" jp +
]3m)(n + 3)x% + (=2"(jmjsm + (=2)2™(n + 2)x — (n + Djzm)x"W mn+] + 9(=2)3M(=3(-2)3mx2 +
2(=2)"xjm — 1)W]?>_m +9(2(-2)%mx — (—2)m]m)wj?* + 3(=2)Mr M (=23 (n + 3)x% — x(n + 2) jam + n + 1)
(W2 = 2WZ = WoW) X" Wit j + 3(=2)"H2MHT ((=2)3M (0 + 3)x% — x(=2)" (N + 2) jm + n+ DX (W2 - 2W7 —
WoW1) Wi j + 3(=2)™H (= (=2)4" (1 + 3) %2 jim + X(=2)™ (0 + 2) jgm jm — (1 + 1) jam) X" (WE — 2WZ — Wy Wh)
Winna j+3(=2)" (=3(=2)3"x? + 2 jg,n — 1) (WE = 2WZ = Wo W1) Wi j +3(=2)2" T (=3(=2)3" x* +2(=2) " x jp — 1)
(W2 = 2W§ = Wo W) Wi +3(=2)) B(=2*" %2 i = 2(=2)" X o jam + Jam) (W = 2WZ — Wo W) W
and
A3 =9(4(=2)""x% =3(=2)*"((=2)" jm + Jam)X* + 2(=2)"2(=2)*" + jm jam)X = (=2)" jm + j3m))

and if x = a then

n Ny
k1173 6
W =
,szox MR 54 (-2)3M (4(=2)" x = (=2 i — J3m)
where
e =9(-2)%"(n+1)((-2)°"(n+3)(n+2)x2 - x(-=2)"n(n +2) j;u + n(n— 1)) x"2W3 +9((=2°"(n+3)(n+

mn—-m+j
2)(n+4)x3 - (=23"(n+3)(n+2)(n+1)((=2)" jm + jam) X* + (=2) " n(n+2)(n+1) (G jam + (=2)>™)x—n(n—1)(n+
D jam)x" AWy =54(=2)" WP +3(=2)"" M (n+ 1) ((=2)*" (n+3)(n+2)x* = xn(n+2) fam+n(n—1) (W[ -

mn+]
2WZ = WoWD X" 2 Winpam j +3(=2)"2M%] (0 4+ 1) ((-2)3" (n+ 3) (n+2) X = x(—=2)"n(n +2) jm + n(n— 1)) (W2 -
2WG = WoW) X" 2 Win—m+ j +3(=2)"" (n+1) (=X (=2)™ (n+3) (n+2) j + X(=2) " n(n+2) jam jm— n(n—1) jam)
(Wi —2WZ = Wo W) x" "2 Wippy j— 18(=2)4"H (WP = 2WE = Wo W1) Wiy j — 18(=2)5"4) (W2 —2WZ = Wo W) Wi_ i+
18(=2)4"* j, (WE - 2W2 — Wy Wh) W
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€ If((=2)3"x% = xjam + D((=2)3"x? = x(=2)" j, + 1) = u(x — a)* = 0 for some u,a€ C,u#0 i.e., x = a then

n v
k173 7
w3 o=
ICZ:;]X mk+ j 216(_2)6m
where
¥, =9(-2%"n(n+1D((-2)*"(n+3)(n+2)x* - x(=2)"(n-1)(n+2) jju + (n—1)(n-2)x"3W3 +9(n+1)(

mn—m+j
¥ (=2)5"M(n+4)(n+3)(n+2) - x*(=2)3"n(n+3)(n+2)((=2)" jm + jam) + X(=2)"n(n = 1) (n+2) (jm jam + (—2)*>™)

—n(n=1)(n=2) jsm)x" Wy +3(=2)"" " n(n+1) (6 (=2)" (n+3)(n+2) ~x(n+2)(n=1) jm+(n-1)(n-2)

(WE =2WZ = Wo WD) X" 3 W j +3(=2) ™21 p(n+1) (x2 (-2)3™ (n+3) (n+2) = x(=2) ™ (n+2) (n—1) jm + (n—
1) (n—2)) (W2 —2W2 = WoWD)x" > Wipn—maj +3(=2)"" n(n+ 1) (= x*(=2)*"™ (n+3) (n+2) jm + x(=2) ™ (n+2) (n—
D) jamjm — (n=1)(n—2) jam) (W = 2WZ = Wo W) X" 3 Wiy .

Proof. Taker =1,s=2and H,, = j, in Theorem 2.1. J
Note that (17) can be written in the following form:

ikaz _ W
2 9((=2)3ma2 =y + D((—2)3 %2 = x (=2)™ i +1)
where
Wg = 9x" (=2 (=2%"x? = (=2)"xjm + DWWy, o+ 9xTH(=2"x — jam) (=2)*"x% = (=2)" X + 1)
Wo i = 922222 = (=2)"xjm + DWP |+ Y(jam — (-2°"0(=2°"x* = (=2)"xjm + DXW; +

3xM(=2) M x((—2)3M %2 = X jap + 1) (WP = 2WZ = WoW1) Winnama j + 3" (=2) MH2M4] x((=2)3Mx2 — (=2)" X jp + 1)
(WE = 2WE — WoWDWyn-msj — 3X" (=" x((=2"" %%y — (=2"xjm — Djam)(WE — 2WE — WoWy)
Winnsj — 3x(=2)"H (2" x% = Xjam + DWE — 2WE — WoW) Wiy j — 3xX(=22"H ((=2)*"x? - (=2)"xjp + 1)
(WZ = 2WZ = Wo W) W +3x(=2) (=2)" 52 i = jam ((=2)" X — D) (WE = 2WF = Wy W) W

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 2.3.
For generalized Jacobsthal numbers (the caser = 1, s = 2) we have the following sum formulas for n = 0:

(@ (m=1,j=0)
FAx+1)@2x-1)(x+1)(8x—1) #0,ie,x#-1,x#—1,X# 3, x# 3, then
" k3 ¥

,;)x Y= St DEr- D+ DEx-D)

where

¥ =9x" 1 Bx+7)(x+ 1) 2x - YW +72x"  (dx + DRx - DWS_| —3(=2)" 1 x"* 1 (x + 1) (8x — 1) (W —2W¢ —
WoW1) Wyt —3(=2)" x"*1 (14x + 16x2 + 7) (WE = 2WZ = WoWi) W), — 3 (=2)"2 x" 1 (4x + 1) (2x - 1) (WP - 2W¢ —
WoW1) Wyt +9(—x(8x? +4x — )W} + (8x® — 22x% — 5x + D)W +6x%(4x + D WE W, — 12x% (2x — Y WE W)

and

ifdx+1)2x-1)(x+1)B8x—-1)=0,ie,x=—1lorx= —i orx= % orx= % then

W
256x3 +120x2 —60x —5)

n
ka3:
&g

where

W, = 9x"(n(8x +7)(2x — 1) (4x + 1) +256x> + 120x* —44x — 7) W + 72x" (n(4x + 1) 2x — 1) + 24x* —4x - 1)W>_ -
3(=2)" 1 x" (n(x+1)(8x— 1) +24x + 14x — 1) (WE = 2WF — Wo W) Wya1 —3(=2)" x" (n(16x% + 14x + 7) + 48x* +
28x+7) (WE—2WZ = WoW1) Wy, -3 (=2)"*2 x™ (n(4x+1) (2x—1)+24x* —4x—1) (W -2 WZ = Wy W) Wy,_1 +9(— (24x% +
8x— )W + (24x — 44x - 5)W; +12x(6x + 1) WE Wy — 24x(3x — YWEWY).

(b) (m=2,j=0)
If(16x—1)(4x—1)(64x—1) (x— 1) #0, i.e., X # g4, X # 1, X # 3, X # 1, then

n v
k1a73 _ 1
,;)x Yok = S 6x— D =1 6ax=D (x=1)
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where
Py =9x"*1(64x - 65)(16x — 1) (4x — W3, +576x" 1 (16x— 1) (4x— D)W, _, +3 x 22" 2x" 1 (64x — 1) (x — 1) (WP —
2WG = Wo W) Waypip — 15 x 227 1 (=260 + 256x% + 13) (WP —2WG — Wy W) Way, +3 x 2214 1 (16x - 1) (4x — 1)
(W —2W§ — Wo W1) Wap—p +9(x(64x% +40x + 1) W + (—1728x +964x% - 77x+ 1) W3 —6x(6x+ 1) (16x— 1) W Wp +
12x(36x — 1)(4x — YWZ W)
and
if(16x—1)(4x—1) (64x—1)(x—1) =0, i.e, X = g; orx =5 orx =3 orx =1 then

n v
> kazg’k = -
o 9(16384x% — 16320x2 + 2856x — 85)

where

¥, = 9x"(n(64x—65)(16x—1)(4x— 1) +16384x> — 16320x? +2728x —65) W, +576x" (n(16x—1)(4x—1) +192x* —
40x+1)W,)_,+3x22+2xM (n(64x — 1) (x — 1) +192x% — 130x + 1) (WE -2 W5 — Wy W1) W42 —15x 22" X" (n(256 X% —
260x +13) + 768x% — 520x + 13) (W7 — 2WZ — Wo W) Wap, +3 x 224 x" (n(16x — 1) (4x — 1) + 192x% — 40x + 1) (W7 —
2W§ — WoW1) Wap_o +9((192x% + 80x + 1) W} — (5184x% — 1928x + 77) W, — 6(288x% +20x — 1) WE Wy +12(432x* —
80x+ )WZW)).

() (m=2,j=1)
If(16x—1)(4x—1)(64x—1) (x—= 1) #0, i.e., X # g, X # 15, X # 3, X # 1, then

S k3 ¥,
Z X Woir =
=0 9(16x—-1)dx-1)(64x—-1)(x—-1)

where

¥ =9x"*1 (64x—-65)(16x—1)(4x— )W, , | +576x" "1 (16x—1)(4x— )W, | —24x22"x"*1 (64x—1) (x — 1) (W} -
2WE — WoW1) Wapg + 30 x 227 %"+ (256 x% — 260x + 13) (W — 2WF — Wo W) Waper — 96 x 227 %"+ (16x — 1) (4x —
1) (W —2WZ = Wy W) Waym1 +9(— (8x— 1) (64x% —50x + 1) W;* +8x(64x% +40x+ 1) W3 +6x(16x—1)(16x—9) W2 Wy —
12x(32x +3) (4x — YWZ W)

and

if(16x—1)(4x—1) (64x—1)(x—1) =0, i.e, x= gy Orx =15 orx =3 orx =1 then

S Y2
Z 2 W2k+1 =
= 9(16384x% — 16320x2 + 2856 — 85)

where

W, =9x" W3 | (n(64x—65)(16x—1)(4x—1)+16384x>—16320x%+2728x—65)+576x" (n(16x—1) (4x—1) +192x* —
40x+1)W; | —24x22"x" (n(64x—1)(x — 1) +192x% = 130x + 1) (W7 — 2WZ — Wo W1) Wa 13 +30 x 22" x™ (n(256x° —
260x+13) +768x% —520x+13) (WZ —2WZ = Wo W1) Ways1 —96 x 227 x™ (n(16x — 1) (4x — 1) + 192x% — 40x + 1) (W} —
2WE — WoWi)Wap—1 + 18(—(768x% — 464x + 29) W} + 4(192x* + 80x + )W, + 3(768x* — 320x + 9YWEW, —

6W; W (384x% — 40x — 3)).
(d) (m=-1,j=0)
Ifx+4)(x-2)(x+1)(x—8)#0,i.e, x#—-4, x#—-1,x#2, x #8, then

n v
k1a73 _ 1
,;]x Vo= S n -2+ ) (=8

where

Yy = "M+ D —2W3 L+ 9" (= D+ D —2W3, — 6 x (=2)7"x" (x + ) (x - 2)(WE - 2W] -
WoWD)W_ i1 +6x (=2) " x"H (= 7x + %% + 28) (WE—2WZ = Wo W) W, +12 % (—2) " x"* ! (x+1) (x—8) (WE -2 W7 -
WoWDW_ 1 —9(x(x? — 4x — 8) W} + 8(x? — 4x — ) W + 6x(x + ) WE Wy + 12x(x — 2) WEW))

and
fx+4)(x-2)(x+1)(x—8)=0,ie,x=—4orx=—1orx=2orx=_8then
1 v
> kaf'k = 5 22
frr 9(4x3 — 15x2 - 60x + 40)
where

W, = 9x"(n(x+4)(x—2) +4x+3x* —=8)W?>, | +9x" (n(x—7)(x+4) (x—2) +4x> —15x* —44x+56) W3, — 6 (-2) " x"
(n(x+4)(x—2)+3x% +4x—8) (W2 —2WZ = Wo W) W_ 141 +6 (—=2) " X" (n(x? = 7x+28) + 3x* — 14x +28) (W -2 W —
WoWD)W_p, +12(=2) 7" x"(n(x+1)(x —8) +3x* — 14x —8) (W} = 2WZ — Wo W) W_,_1 —9((3x* —8x—8) W}’ + 16(x —

2)WE +12(x +2) W2 W +24(x — DWZWh).
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() (m=-2,j=0)
Ifx-4)(x-16)(x—1)(x—64) #0, i.e, x #1, x #4, x # 16, x # 64, then

n v
kw3 1
kZ:Ox Wk = S8 (= 16) = 1) (x— 64)

where

P =9x" (x =) (x - 16)W3, ., +9x" 1 (x = 65)(x —4) (x — 16) W3, +12 x 2721 x"*+ (x — 4) (x — 16) (W7 — 2W( —
WoWi) Wepp2—60 x 2727 x"* 1 (x2 —65.x+208) (W2 —2WZ — Wy W) W_p, +48 x 272" X1 (x = 1) (x—64) (W7 —2 W —
Wo W) W_z—2—9(x(x? +40x+64) W +8(x—8) (x* —50x+64) W3 +6x(x+6) (x—16) W2 Wy +12x(x—4) (x—36) WE W)
and

ifx-4)(x-16)(x—1)(x—64) =0, i.e, x=10rx=4 or x =16 or x = 64 then

S k3 V>
2 XWy =
) 9 (4x3 — 255x2 + 2856x — 5440)

where

¥, = 9x" (n(x—4)(x—16)+3x2 —40x+64) W3, ,+9x" (n(x—65)(x—4)(x—16)+4x> —255x% +2728x—-4160) W3, +
12x2721x" (64n — 40x + nx? —20nx + 3x% + 64) (W2 —2WZ = Wy W1) W_2,,42—60x 272" x" (n(x? —65x+208) +3x° —
130x+208) (Wf —2WZ — Wo W) W_p, +48 x 272" x™ (n(x — 1) (x —64) + 3x* — 130x + 64) (W7 —2WZ = Wo W) W_ppp—p —
9((3x% +80x +64) W;* + 8(3x* — 116x +464) W + 6(3x* — 20x — 96) W2 Wy + 12(3x* — 80x + 144) WZ W).

) (m=-2,j=1)
If(x—4)(x—-16)(x—1)(x—64) #0, i.e, x #1, x #4, x # 16, X # 64, then

n v
[ 1
kzzox Woakenr = 9(x—4)(x—16) (x—1) (x —64)

where

P =9x"  (x—4)(x—16) W3,  ,+9x" 1 (x—65)(x—4) (x— 16)W?>, | —24 x 272" x"* (x —4) (x — 16) (W —2WZ -
WoW1) Wi +120 x 272 X" (52 — 65.x + 208) (W7 — 2WZ — WoWi) Wep41 — 96 x 2727+ (x — 1) (x — 64) (W} —
2WZE — WoWi) W_ppp—1 —9((27x° — 964x2 + 4928x — 4096) W} + 8x(x? + 40x + 64) W, + 6x(9x — 16) (x — 16) W2 Wy +
12x(3x +32) (x — ) WZW))

and

if(x—4)(x—16)(x—1)(x—64) =0, i.e., x=10rx =4 or x =16 or x = 64 then

ks W2
D X Wy =
o 9 (4x3 —255x2 + 2856 — 5440)

where

¥, = 9x"(n(x — 4)(x — 16) + 3x% — 40x + 64) W3, . + 9x"(n(x — 65)(x — 4)(x — 16) + 4x> — 255x% + 2728x —
4160)W3,, | —24 x 272" x" (n(x — 4) (x — 16) + 3x? — 40x + 64) (W} — 2WZ — Wo W) W_p43 + 120 x 272" x" (n(x? —
65X +208) +3x% — 130x +208) (W72 — 2WZ = Wo W) W_pp11 —96 x 272" x™ (n(x — 1) (x — 64) + 3x* — 130x + 64) (W7 —
2WG = Wo W) W_zpp—1 —9((81x% —1928x +4928) W + 8(3x? +80x +64) W +6(27x% —320x +256) W Wy + 12(9x% +
40x — 128) WZ Wh).

From the above proposition, we have the following corollary which gives sum formulas of Jacobsthal numbers (take
Wy =Jp with Jo=0,]1 = 1).

Corollary 2.7.
For n = 0, Jacobsthal numbers have the following properties:

(@ (m=1,j=0)
Ifdx+1)2x—-1)(x+1)(Bx—1) #0, Le, x# -1, x# -1, x#§, x # 3, then
n v,

k3 _
,CZ:OX = S+ D - D+ D Ex-1)

where
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¥y o= 9x"Bx + 7)dx + D@x - DJy + 72x"  d4x + DRx — D3, = 3(=2)" 1" (x + DBx — DJpe1 —
3(=2)"x" 1 (14x +16x% +7) Jp —3(=2)"2 x" L (dx + 1)(2x — 1) J -1 —9x(8x> +4x—1)

and

ifdx+1)@2x-1)(x+1)8x—-1)=0,ie,x=—1lorx= —i orx= % orx= % then

n v
k3 _ 2
,;]x Ji= 9(256x3 +120x2 — 60x — 5)

where
¥, = 9x"(nBx + 7)(2x — 1)(dx + 1) + 256x> + 120x> — 44x — 7)]5 + 72x" (n(4x + 1)(2x — 1) + 24x* — 4x -
D3 =3(=2)""x" (n(x+1)(8x—1) +24x? + 14x — 1) Jps1 — 3(=2)" x"(n(16x* + 14x + 7) + 48x% + 28x + 7) ] —
3(-2)""2 x"(n(4x+1)(2x—1) +24x* —4x—1)J,1 —9(24x* +8x - 1).

(b) (m=2,j=0)
If(16x—1)(4x—1)(64x—1) (x—1) #0, i.e, X # g, X # 15, X # 1, X # 1, then

S k3 kg
kgox J2k= g 6x— 1) x—1) Gax—1) (x=1)

where
¥ =9x"(64x - 65)(16x — 1)(4x — 1)J3, +576x"* 1 (16x — 1) (4x — 1) 3, _, +3 x 22"+ 2x" 1 (64x — 1) (x — 1) Jops2 —
15 x 227 x4 (—260x + 256x2 + 13) Jo, +3 x 224 5" (16x — 1) (4x — 1) Jop—2 + 9x(64x% + 40x + 1)

and

if(16x—1)(4x—1) (64x—1)(x—1) =0, i.e, x= g; orx =15 orx =3 orx =1 then

W
2k g (16384)63 —16320x2 4+ 2856x — 85)
k=0

where
W, = 9x" (n(64x - 65)(16x— 1) (4x — 1) + 16384x> — 16320x* + 2728x —65) J3,, + 576x" (n(16x — 1) (4x — 1) + 192x* —
40x+1)J3,_,+3x22"2x" (n(64x — 1) (x — 1) + 192x% — 130x + 1) Jap42 — 15 x 22" x™ (n(256 5% — 260x + 13) + 768x* —
520x +13) Jop +3 x 22" X" (n(16x — 1) (4x — 1) + 192x% — 40x + 1) J2 - +9(192x% + 80x + 1).

() (m=2,j=1)
If(16x—1)(4x—1)(64x—1) (x = 1) #0, i.e, X # g, X # 15, X # 1, X # 1, then

- kB3 hS!
kgox Joker = 9(16x—1) (4x—1) (64x—1) (x—1)

where
¥y =9x"" (64x-65)(16x—1)(4x—1)J3,,, +576x" "1 (16x—1)(dx—1)J3,_, —24 x22"x" "1 (64x — 1) (x = 1) Jop+3 +
30 x 227 x"*1(256x2 — 260x + 13) Jay1 — 96 x 227 x" 1 (16x — 1) (4x — 1) Jop—1 —9(8x — 1)(64x% —50x + 1)

and

if(16x—1)(4x—1) (64x—1)(x—1) =0, i.e, x= g orx= 15 orx =3 orx =1 then

2": KB 2
" 2k 9(16384x3 - 1632042 + 2856.x — 85)

where
Y, =9x"J3, ., (n(64x—65)(16x—1)(4x—1) +16384x> — 16320x% +2728x—65) +576x" (n(16x—1) (4x—1) +192x* —
40x+1)J3, | —24x 22" x" (n(64x — 1) (x — 1) + 192x% — 130x + 1) Jop43 + 30 x 22" x" (n(256x* — 260x + 13) + 768x> —
520x + 13) Jap+1 — 96 x 22" x" (n(16x — 1) (4x — 1) + 192x% — 40x + 1) Jopp—1 — 18(768x% — 464x + 29).
d) (m=-1,j=0)
Ifx+4)(x-2)(x+1)(x—8)#0,i.e, x#—4, x#—-1,x#2, x #8, then
" k3 Y1
> x )=
= 9(x+4) (x—2)(x+1)(x—8)

where
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Y = "+ D -2, 99X - D+ D —2)]3, =6 x (=2)7"x" M (x + 4 (x — 2)J_pe1 + 6 %
(=2)7" " (= 7x + x2 +28) J_p + 12 x (=2) T X (x + 1) (x — 8) J_p—1 — 9x(x? —4x —8)
and
ifx+4)(x-2)(x+1)(x—-8)=0,ie,x=—4orx=—-1orx=2orx=_8then
n ‘Pz

k3 _
,;]x o= 9 (4x3 — 15x2 — 60x +40)

where
W, =9x"(n(x+4)(x—2) +4x+3x* =8)J° | +9x" (n(x—7)(x +4)(x—2) +4x> — 15x* —44x +56) ] , -6 (-2) " x"
M +4)(x—2)+3x2+4x—8)J_p+1+6(=2) " x"(N(x® —Tx+28) +3x% — 14x+28)J_, + 12 (-2) " x"(n(x+ 1) (x —
8)+3x2—14x—-8)J_p_1—9(3x%> —8x—8).

() (m=-2,j=0)
If(x-4)(x—16)(x—1)(x—64) #0, i.e., x #1, x #4, x # 16, x # 64, then

n v
k3 _ 1
,;]x Sk = S =4 (x=16) (x=1) (x—64)

where

Yy = 9x" (x - )(x - 16)3,, ., +9x" 1 (x —65) (x — 4) (x — 16)]3,, + 12 x 272X (x — 4) (x — 16)J_242 — 60 x
2720+ (x2 _ 65 +208)J_o,, +48 x 2727 x™ (x — 1) (x — 64) J_25—2 — 9x(x? + 40X + 64)

and

if(x—4)(x—-16)(x—1)(x—64)=0,ie,x=10rx=4 orx =16 or x =64 then

i kB = ¥y
S0 T2 9(4x3 —255x2 +2856x — 5440)

where
W, = 9x" (n(x—4)(x—16) +3x* —40x+64) ]2, _, +9x" (n(x—65)(x—4) (x—16) +4x> —255x? +2728x-4160)J°,, +
12 x 2721 x™ (64n — 40x + nx? — 20nx + 3x* + 64) J_pp+2 — 60 x 272" x" (n(x? — 65x + 208) + 3x* — 130x +208) J_p,, +
48 x 272 x" (n(x — 1) (x — 64) + 3x* — 130x + 64) J_pp—» — 9(3x? + 80x + 64).

) (m=-2,j=1
If(x—4)(x—-16)(x—1)(x—64) #0, i.e, x #1, x #4, x # 16, X # 64, then

s kB3 kS|
,;)x Skl = 5 ) (= 16) (r— 1) (x—64)

where

¥ =9x"  (x-4)(x-16)]2,, 5 +9x"  (x—65) (x—4) (x—16) ]2, | —24 x 272" x"* 1 (x —4) (x — 16) _p 13 + 120 x
2721 (x2 —65x +208) J_pp41 — 96 x 272X (x = 1) (x — 64) J_25—1 — 9(27 x> — 964x% + 4928x — 4096)

and

ifx-4)(x-16)(x—1)(x—64) =0, i.e, x=10rx =4 orx =16 or x =64 then

Z": kB R &)
=0 —2k+1 T g (4x3 — 255x% + 2856x — 5440)

where

¥, = 9x" (n(x—4)(x—16)+3x2—40x+64) ]2, . +9x" (n(x—65)(x—4) (x—16) +4x> —255x +2728x—4160)]>,,,, | —
24 x 272" %" (n(x — 4) (X — 16) + 3x% — 40x +64) J_pp+3 + 120 x 272" x" (n(x? — 65x + 208) + 3x> — 130 +208) J_2+1 —
96 x 272" x" (n(x — 1) (x — 64) + 3x> — 130x + 64) J_p,,—1 — 9(81x% — 1928 + 4928).

From the above proposition, we have the following corollary which gives sum formulas of Jacobsthal-Lucas num-
bers (take W, = j, with jo =2, j; =1).

Corollary 2.8.
For n = 0, Jacobsthal-Lucas numbers have the following properties:
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(@ (m=1,j=0)
Ifax+1)2x—-1)(x+1)(Bx—1) #0, Le, x# -1, x# -1, x#§, x# 3, then

n v
k.3 _ 1
,CZ:OX T ax+nex-DE+1)Ex-1)

¥ o= x"1Bx + 7@Ax + D@x - Dj3 + 8x"Mdx + DRx — Dj3_ + 3(=2)"x"(x + 1)Bx — D jps1 +
3(=2)"x"1 (14x +16x% +7) jp +3(=2)"2 x" L (4x+ 1) (2x — 1) ju—1 + (8x% — 120x% — 39x + 8)

and

ifdx+1)R2x-D(x+1)Bx—-1)=0,ie,x=—1lorx= —i orx= % orx= % then

n N
ki3 _ 2
kZ:Ox Tk~ (256x3 + 12012 — 60x - 5)

where

¥, = x"(n@Bx + 7)2x — D(4x + 1) + 256x> + 120x% — 44x — 7)j3 + 8x"(n(dx + 1)(2x — 1) + 24x* — 4x —
D3 +3(=2)""x" (n(x+1)(8x—1) +24x* + 14x — 1) jpe1 +3(=2)" X" (n(16x% + 14x +7) + 48x> + 28x + 7) j +
3(=2)""2 x"(n(4x +1)(2x— 1) +24x% —4x — 1) j,—1 +3(8x* — 80x — 13).

(b) (m=2,j=0)
If(16x—1)(4x—1) (64x—1) (x— 1) #0, i.e., X # gy, X # 15, X # 3, X # 1, then

n v
ki3 _ 1
,CZ:Ox 72k T Q6x—1) (dx-D(64x—1) (x— 1)

where
¥y = X" (64x—65)(16x—1)(4x—1)j3, +64x" 1 (16x—1)(4x—1) 3, _, -3 x 22" 2x"* 1 (64x—1)(x — 1) jops2 + 15 %
221 X"+ (260 +256x% +13) jop — 3 x 22" x" 1 (16x — 1) (4x — 1) jon—2 + (—8000x + 5712x — 555x + 8)

and
1

if(16x—1)(4x—1) (64x—1)(x—1) =0, i.e, X = g; orx =5 orx =3 orx =1 then
ks ¥y

k3
X =
,;] T2k (16384x3 — 16320x2 + 2856 — 85)

where

¥, = x"(n(64x — 65)(16x — 1)(4x — 1) + 16384x> — 16320x% + 2728x — 65) j3,, + 64x" (n(16x — 1) (4x — 1) + 192x* —
40x+1) 3, _,—3x22"2x" (n(64x — 1) (x — 1) +192x% — 130x + 1) jop2 +15x 22" x" (n(256.x% —260x+13) + 768.x* —
520x +13) jo,, —3 x 22" ¥ (n(16x — 1) (4x — 1) + 192x% — 40x + 1) jo,_2 — 3(8000x% — 3808x + 185).

(€ (m=2,j=1)
If(16x—1)(4x—1)(64x—1) (x— 1) #0, i.e., X # g4, X # 1, X # 3, X # 1, then

h 41

n
k ;3 —
,CZ:OX 2k41 7 (16— 1) (4x—1) (64x— 1) (x— 1)

where
¥ = x"*1(64x - 65)(16x — 1)(Ax—1)j3, , +64x" 1 (16x - 1)(Ax — 1)j5, | +24 x 22" x"* 1 (64x 1) (x = 1) jonss —
30 x 227 x"*1(256x2 — 260X + 13) jop1 +96 x 227 X1 (16x — 1) (4x — 1) jo,—1 + (8x + 1) (64x% +250x + 1)

and

if(16x—1)(4x-1)(64x-1)(x—1)=0,ie,x= é orx= 1—16 orx= i orx=1 then

> ., = 2
o7 L (1638443 — 16320x2 + 2856.x — 85)

where

W, =x"j3 . (n(64x-65)(16x—1)(4x—1)+16384x>—16320x*+2728x—65)+64x" (n(16x—1) (4x—1)+192x*—40x+
D) j3, +24x22"x" (n(64x—1)(x—1)+192x* = 130x+1) jon+3 —30 x 22" x" (n(256 x> —260x +13) + 768x> —520x +13)
Jon+1 +96 x 22" (n(16x — 1) (4x — 1) + 192x% — 40x + 1) jop—1 + 6(256x% + 688x +43).
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(d (m=-1,j=0)
Ifx+4)(x-2)(x+1)(x—8)#0,i.e,x#—-4, x#-1,x#2,x#8, then

k:3 _ kg
; X Jok = x+4)(x-2)(x+1)(x—8)

where

P o= M+ =272, X" - D+ D - 2))3, +6 x (=27 XM x + 4)(x - 2)jpe1 — 6 x
(=2)7"x" (= 7x + 32 +28) jop — 12 x (=2) TP (x + 1) (x — 8) j_p—1 — (2% +120x% — 312x — 512)

and

ifx+4)(x-2)(x+1)(x—8)=0,ie,x=—4orx=-1orx=2orx=28then

¥
ki3 _ 2
; Tk T (433~ 1522 — 60x + 40)

where

Yy = x"(n(x+4)(x—2) +4x+3x* =8)j3 .| + X" (n(x — 7)(x +4) (x — 2) + 4x> — 15x% —44x +56) j3,, + 6 (-2) " x"
(n(x+4)(x—2) +3x* +4x—8)j_p41—6(=2) " x"*(n(x* — 7x +28) +3x> — 14x+28) j_,, — 12(-2) " x"*(n(x + 1) (x —
8)+3x?—14x—8)j_p_1 —3(x? +80x — 104).

(e) (m=-2,j=0)
Ifx-4)(x-16)(x—1)(x—64) #0, i.e, x #1, x #4, x # 16, x # 64, then

n v
ki3 _ 1
,szox =2k = T4y (- 16) (x— 1) (x — 64)

where

P = x"Hx - 4)(x - 16)3,, ., + X" (x = 65)(x — 4)(x — 16) j3, — 12 x 272" x"* 1 (x — 4)(x — 16) j_zp42 + 60 x
2720 x "+ (x2 — 65X +208) j_o, — 48 x 272 x T (x — 1) (x — 64) j_op_2 — (125x — 5712x? + 35520x — 32768)

and

if(x—4)(x—-16)(x—1)(x—64)=0,ie,x=10rx=4 orx =16 or x =64 then

i B = V>
S 7Pk (4x3 - 255x2 +2856x — 5440)

where

W, = x"(n(x—4)(x—16) +3x* —40x+64) j3,  , +x" (n(x —65)(x —4) (x — 16) + 4x> — 255x% + 2728x — 4160) j3,  —
12 x 2721 x™ (64n — 40x + nx? — 20nx + 3x* + 64) j_on+2 +60 x 272" x" (n(x? — 65x + 208) + 3x* — 130x +208) j_p,, —
48 x 2721 x" (n(x — 1) (x — 64) + 3x% — 130x + 64) j_o,_2 — 3(125x2 — 3808x + 11840).

) (m=-2,j=1)
If(x—4)(x—-16)(x—1)(x—64) #0, i.e, x #1, x #4, x # 16, X # 64, then

" k3 _ ¥
,;)x T2kt T Ty (- 16) (x— 1) (x - 64)

where

Y = x" (x—4)(x—16) 3, 5 + X" (x = 65) (x —4) (x — 16) j3,, . +24 x 272" (x — 4) (x — 16) j_2/43 — 120 x
2720 M+ (x2 — 65X +208) j_op41 +96 x 272 x L (x — 1) (x — 64) j_op—1 — (343x3 + 636x% + 5952x — 4096)

and

if(x—4)(x-16)(x—1)(x—64)=0,i.e,x=10rx=4 orx =16 or x = 64 then

zn: ok _ k)
o PR (443 — 255x2 + 2856.x — 5440)

where

¥, = x"(n(x—4)(x—16) +3x* —40x+64) j>, . . +x" (n(x—65)(x—4) (x— 16) + 4x> — 255x% +2728x —4160) j>, . | +
24 x 2721 x" (n(x — 4)(x — 16) +3x% — 40X+ 64) j_2p,13 — 120 x 272" x" (n(x? — 65x + 208) + 3x% — 130X +208) j_p,41 +
96 x 272" x™ (n(x — 1) (x — 64) + 3x> — 130x +64) j_o,—1 —3(343x% + 424 + 1984).
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Taking x = 1 in the last two corollaries we get the following corollary.

Corollary 2.9.
For n =0, Jacobsthal numbers and Jacobsthal-Lucas numbers have the following properties:
1.
@ X T3 = 51522575 +120]3_ ) +(=2)" (2841 —37], —20] 1) — 33).
(b) X1_J3, = g1z (—3(65n—303)J3,+192(5n+17)J3,,_,+28x 22" o5 —5x 22" (n+29) Jop + 224 (50 +17) Jop_2 +
91).
© X7 o Jape) = gis(-36n=303)5,, +1926n+17)]3, | —56 x 22" o3+ 10 x 22" (n+29) Jops1 — 273 (50 +
17)Jan-1—222).
) X7 o2 = 551573, #9012, +2(5] i1 +22] = 28] 1) (=2)7" +33).
@ X} ol =55(-36Gn+3)13,,,,+3(320n+187) J3,, —272"*2 (5n+3) J_2p42+5x 2722 (16n+9) ]2 +7 X
27 ] _on_p +49).
€) X7 P ois) = 555 (-36n+3)13,,,,+3(320n+187) 3, | +272"3(5n+3) ] _243—5x272"*3(16n+9) J_2p41 —
7Tx272S T, 1 +1027).
2.
@ X7, J3=5575)5+40j3_ | =3(=2)" (28 jn41—37ju—20jp-1) —143).
(b) X7y i3, = 315 (—(6n-303) j3, +64(5n+17) j3,_,—21x22"*2 jo 5 +15x22"(n429) jop—3%x 22" (5n+17) jp_2—
1459).
© X7 ois =55 (-(5n=303)j3, +64(5n+17)j3 | +168x 22" j,3—15x 22" (n+29) jpp41+3x 2273 (5n+
17)j2n—1 +658).
) X773 = 257241 +30/2, =6 (=2)7" (5j_ps1 — 28 j_p_1 +22j_p) + 703).
@ X} o/ =31 (—6n+3)3,, ,+B20n+187) 3, +3x272"*2(50+3) j o415 —15x 272" 2(161+9) j_z, —21 X
272t 5 +2719).
€) X7 0730001 = 5 (- 6n+3) 3, s +(320n+187)j3, | —3x272"*3(5043) j_p43+15%x27 23 (16n+9) j_ops1+
21x 27255 5 1 +917).
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