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Abstract: In this paper, we study a mixed problem with non boundary conditions for a certain singular fractional parabolic
equation. The functional analysis and Fourier methods are used. It is important to know that a priori estimates
establish in nonclassical function space is necessary tool to prove the uniqueness and depandance continue of a
strong solution of the studied problem.
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1. Introduction

In the doamainΩ= (0, `)×(0, T ), where `<+∞ and T <∞. We shall determine a solution u, inΩ, of the fractional
parabolic differential equation

Dα
t u − 1

x

∂

∂x

(
x2 ∂u

∂x

)
+ku = F (x, t ), k ≥ 0, (x, t ). ∈Ω. (1)

To equation (1), we attache the Cauchy condition

u(x,0) =ϕ(x), x ∈ (0,`), (2)

and non-local conditions∫ `

0
u(x, t )d x = 0, (3)

∫ `

0
xu(x, t )d x = 0, (4)
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where ϕ ∈ L2(0,1) is a know function and satisfies the compability conditions for consitency, he have∫ `

0
ϕ(x)d x =

∫ `

0
xϕ(x)d x = 0,

f (x, t ) is a known function, 0 <α< 1, the left Caputo derivative Dα
t and the gamma function Γ are respectively defined

as

Dα
t u(x, t ) = 1

Γ(1−α)

∫ t

0

∂u

∂τ

dτ

(t −τ)α
,

Γ(α) =
∫ +∞

0
x1−αe−x d x.

The existence and uniqueness of solutions to initial and boundary-value problems for fractional differential
equations has been extensively studied by many authors ; see for example [[1], [2], [3], [4], [9], [13], [14], [15], [16], [21],
[25], [26]]. Some of the existence and uniqueness results have been obtained by using the well-known Lax-Milgram
theorem, by fixed point theorem and energy-integral method [[1], [2], [5], [6], [7], [8], [10], [11], [24], [25]] .
A suitable variational formulation is the starting point of many numerical methods, such as finite element methods,
spectral methods, Laplace transform method [[9], [22], [23], [26]], Sumudu transform method [19]. Thus the con-
struction of a variational formulation is essential, and relies strongly on the choice of spaces and their norms.

Motivated by this, we extend and generalize the study for PDEs with integral conditions to the study of fractional
PDEs with integral conditions. Also we expand the works in classical problems of fractional PDEs to non standard
problems.

In this paper, we extend a energy-integral method and Fourier’s method to the study of a mixed-type fractional
differential equations.

The general difficult which arises to us is the presence of integral conditions which complicates the application of
standard methods. It may, however, be worth while if this type of problems can be transformed into another equivalent
problem which involves no integral conditions. For this, we convert (1)-(4) to the following classical problem.

Theorem 1.1.
The boundary value problem with nonlocal conditions (1), (2), (3) and (4) is equivalent to the following Neumann
problem :

Dα
t u − 1

x

∂

∂x

(
x2 ∂u

∂x

)
+ku = F (x, t ), k ≥ 0, (x, t ). ∈Ω, (5)

u(x,0) =ϕ(x), 0 ≤ x ≤ `, (6)

u(`, t )−u(0, t ) = 1

`

∫ `

0
xF (x, t )d x −

∫ `

0
F (x, t )d x, (7)

∂u

∂x
(`, t ) =− 1

`2

∫ `

0
xF (x, t )d x. (8)

Proof. Integrating (1) over (0, `), and taking in account of (3), we get

`
∂u

∂x
(`, t )+u(`, t )−u(0, t ) =−

∫ `

0
F (x, t )d x, (9)

Dα
t

(∫ `

0
u(x, t )d x

)
+k

∫ `

0
u(x, t ) = 0, 0 ≤ t ≤ T. (10)
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Multiplying the both side of (1) by x and integrating the resulting over (0, `), and taking account of the condition (4),
we have

∂u

∂x
(`, t ) =−1

`

∫ `

0
xF (x, t )d x, (11)

Dα
t

(∫ `

0
xu(x, t )d x

)
+k

∫ `

0
xu(x, t )d x = 0, 0 ≤ t ≤ T. (12)

Substuting (11) in (9), we get

u(`, t )−u(0, t ) = 1

`

∫ `

0
xF (x, t )d x −

∫ `

0
xF (x, t )d x. (13)

By virtue of the compatibility conditions, and the equations (10) and (12), we obtain∫ `

0
u(x, t )d x =

∫ `

0
xu(x, t )d x = 0

.

2. Preliminaries

We introduce now a new function v(x, t ) = u(x, t )−w(x, t )−ϕ(x). Then problem (5)-(8) can be formulated as

Dα
t v − 1

x

∂

∂x

(
x2 ∂u

∂x

)
+ku = f (x, t ), k ≥ 0, (x, t ). ∈Ω, (14)

v(x,0) = 0, 0 ≤ x ≤ `, (15)

v(`, t ) = v(0, t ), (16)

∂v

∂x
(`, t ) = 0. (17)

where

w(x, t ) =− (1+`)x2 +`(2+`)x +1

`2

∫ `

0
xF (x, t )d x − x2 −2`x +1

`2

∫ `

0
F (x, t )d x

f (x, t ) = F (x, t )+ (1+`)x2 +`(2+`)x +1

`2

∫ `

0
xDα

t F (x, t )d x

+ x2 −2`x +1

`2

∫ `

0
Dα

t F (x, t )d x + kx2 −2(k`+3)x +4`+k

`2

∫ `

0
F (x, t )d x

+ k(1+`)x2 + (2k`+k`2 −6`−6)x +k −4`−2`2

`2

∫ `

0
xF (x, t )d x

Instead of searching for the function u, we search for the function v. So the solution of problem (14), (15), (16) and
(17) will be given by u(x, t ) = v(x, t )+w(x, t )+ϕ(x).

In this paper, we prove existence and uniqueness of a strong solution of the problem stated in equations (14), (15),
(16) and (17). For this, we consider the problem (14)-(17) as a solution of the operator equation

Lv =F = f , (18)
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with domain of defintion D(L) consisting of function u ∈ L2(Ω) such that

p
xv, x

p
x
∂v

∂x
,
p

xDα
t v, x

∂v

∂x
,
∂

∂

(
∂v

∂x

)
∈ L2(Ω)

and u satisfies conditions (16) and (17). The operator L is considered from E to F , where E is the Banach space
consisting of function u ∈ L2(Ω), satisfying (16) and (17) with the finite norm

‖u‖2
E =

∫ `

0

∫ T

0
xv2 d xd t +

∫ `

0

∫ T

0
x

(
∂v

∂x

)2

d xd t +
∫ `

0

∫ T

0
x

(
Dα

t v
)2 d xd t , (19)

Here F is the Hilbert space of vector-valued functions F = f obtained by completing of the space L2(Ω) with respect
to the norm

‖F‖2
F =

∫ `

0

∫ T

0
f 2(x, t )d xd t . (20)

Definition 2.1.
A solution of the operator equation Lu =F is called a strong solution of the problem (14), (15), (16) and (17).

3. A energy-integral and its consequences

Theorem 3.1.
Let conditions (14)-(17) be fulfilled. For any function v ∈ E , there is the a priori estimate

‖v‖E ≤ c‖Lv‖F , (21)

where c is a constant which may depend on T but not depend on v.

Proof. Firstly, multiplying (14) by xDα
t v and integrating overΩ, we have

∫ `

0

∫ T

o
x(Dα

t v)2 d xd t =
∫ `

0

∫ T

0
2x2 ∂v

∂x
Dα

t v d xd t +
∫ `

0

∫ T

0
x3 ∂

2v

∂x2 Dα
t d xd t

−
∫ `

0

∫ T

0
kxvDα

t v d xd t +
∫ `

0

∫ T

o
x f (x, t )Dα

t v d xd t . (22)

We estimate the terms of right-hand side of (22). By applying the ε− elementary inequality, we obtain

∫ `

0

∫ T

0
x(Dα

t v)2 d xd t ≤ 2ε1 +ε2 +kε3 +ε4

2

∫ `

0

∫ T

0
x

(
Dα

t v
)2 d xd t + 1

ε1

∫ `

0

∫ T

o
x

(
∂v

∂x

)2

d xd t

+ 1

2ε2

∫ `

0

∫ T

0
x3

(
∂2v

∂x2

)2

d xd t + k

2ε3

∫ `

0

∫ T

0
xv2 d xd t + 1

2ε4

∫ `

0

∫ T

0
x f 2(x, t )d xd t . (23)

Secondly, similarly, multiplying the equation (14) by xv and integrating overΩ, we get

∫ `

0

∫ T

0
xvDα

t v d xd t −
∫ `

0

∫ T

0
v
∂

∂x

(
x2 ∂v

∂x

)
d xd t +k

∫ `

0

∫ T

0
xv2 d xd t =

∫ `

0

∫ T

0
xv f (x, t )d xd t . (24)

Integrating by parts the second terms on the left-hand side in (24) with the use of boundary conditions (16) and
(17), we get

−
∫ `

0

∫ T

0
v
∂

∂x

(
x2 ∂v

∂x

)
d xd t =

∫ `

0

∫ T

0
x2

(
∂v

∂x

)2

d xd t . (25)

Substituting (25) in (24), and applying an elementary inequality, we have

∫ `

0

∫ T

0
x2

(
∂v

∂x

)2

d xd t +k
∫ `

0

∫ T

0
xv2 d xd t ≤ε5 +ε6

2ε5ε6

∫ `

0

∫ T

0
xv2 d xd t + ε5

2

∫ `

0

∫ T

0
x(Dα

t v)2 d xd t

+ ε6

2

∫ `

0

∫ T

0
x f 2(x, t )d xd t . (26)
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Now, adding (23) and (26), it follows that

2−2ε1 −ε2 −ε3 −ε4 −ε5

2

∫ `

0

∫ T

0
x(Dα

t v)2 d xd t +
(
k − k

2ε3
− 1

2ε5
− 1

2ε6

)∫ `

0

∫ T

0
xv2 d xd t

+
(
1− 1

ε1
− `3

2ε2

)∫ `

0

∫ T

0
x2

(
∂v

∂x

)2

d xd t ≤ 1+ε4ε6

2ε4

∫ `

0

∫ T

0
x f 2(x, t )d xd t . (27)

Hence, if εi > 0 for i = 1,2,3,4,5,6 satisfies 2−2ε1−ε2−ε3−ε4−ε5 > 0, k− k

2ε3
− 1

2ε5
− 1

2ε6
> 0 and 1− 1

ε1
− `3

2ε2
> 0,

then inequality (27) implies

∫ `

0

∫ T

0
x(Dα

t v)2 d xd t +
∫ `

0

∫ T

0
xv2 d xd t +

∫ `

0

∫ T

0
x

(
∂v

∂x

)2

d xd t ≤ η
∫ `

0

∫ T

0
x f 2(x, t )d xd t . (28)

where

η= (1+ε4ε6)`

2ε4 min

(
2−2ε1 −ε2 −ε3 −ε4 −ε5

2
, k − k

2ε3
− 1

2ε5
− 1

2ε6
, 1− 1

ε1
− `3

2ε2

) .

Thus, inequality (21) holds, where c =p
η.

This completes the proof.

Corollary 3.1.
Under the conditions of Theorem 3.1, there is a constant C > 0 independent of v such that

‖v‖E ≤C‖Lv‖F , v ∈ D
′
(Ω). (29)

Corollary 3.2.
Assert that, if a strong solution exists, it is unique and depends continuously on f , if v is considered in the topology of E
and f is considered in the topology of F.

4. Existence of solution

We use the Fourier’s method to establish the existence of the solution of the problem (14)-(17).
For this, we consider the function vn(x, t ) = Xn(x)Tn(t ) where Xn(x) is a eigenfunction of the boundary value problem

1

x

d

d x

(
x2

(
d Xn(x)

d x

))
−k Xn(x) =λn Xn(x), (30)

Xn(0) = Xn(`), (31)

d Xn(`)

d x
= 0, (32)

(λn ,n = 1,2, · · · ) is called the eigenvalue corresponding to the eigenfunction Xn(x) and Tn(t ) is satisfying the initial
following problem

Dα
t Tn(t )−λnTn(t ) = fn(t ), (33)

Tn(0) = 0, (34)

where f (x, t ) is expanded in Fourier series in terms of the system X1, X2, · · · of eigenfunctions

f (x, t ) =
+∞∑
n=1

fn(t )Xn(x), (35)
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and by the Parseval-Steklov equality

1

`

∫ `

0
f (x, t )d x =

+∞∑
n=1

f 2
n (t ). (36)

Hence

+∞∑
n=1

∫ T

0
f 2

n (t )d t = 1

`

∫
Ω

f 2(x, t )d xd t . (37)

By principe of superposition, the solution of the problem (14)-(17) is given by the series

v(x, t ) =
+∞∑
n=1

Xn(x)Tn(t ). (38)

Theorem 4.1.
Let f ∈ L2(Ω). Then the solution v(x, t ) of (14)-(17) exists and its represented by series (38) which converge in E

Proof. Consider the partial sum SN (x, t ) =
N∑

k=1
Xk (x)Tk (t ) of the series (38).

Then by the first theorem 3.1

∥∥∥∥∥ N∑
k=1

Xk (x)Tk (t )

∥∥∥∥∥
2

E

≤C
N∑

k=1

∫ T

0
f 2

k (t )d t . (39)

The serie
∑∫ T

0
f 2

n (t ) converge. Thus, from (39), the series (38) converge in E and accordingly it sum v ∈ E .
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