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1. Introduction and Preliminaries

In this paper, we introduce the binomial transform of the generalized Tetranacci sequence and we investigate, in
detail, two special cases which we call them the binomial transform of the Tetranacci and Tetranacci-Lucas sequences.
We investigate their properties in the next sections. In this section, we present some properties of the generalized
(, s, t,u) sequence (generalized Tetranacci) sequence.

The generalized (1, s, £, u) sequence (or generalized Tetranacci sequence or generalized 4-step Fibonacci sequence)
{W,,(Wo, Wy, Wa, Ws; 1,5, £, U)} =0 (0T shortly {W},},,20) is defined as follows:

Wyp=1rWy_1+sWy o+ tWp3+uWyy, Wo=co,Wi=c;,Wa=c,W3=c3, n=4 )

where Wy, Wy, W,, W3 are arbitrary complex (or real) numbers and r, s, ¢, u are real numbers.

This sequence has been studied by many authors and more detail can be found in the extensive literature dedicated
to these sequences, see for example [5],(8],19],(18],[27],[38],[39]. The sequence {W,},>¢ can be extended to negative
subscripts by defining

t s r 1
W_p=—-W_(n-1y— —W-_(n-2) — = W_(n-3 + —W_(n—g
u u u u
forn=1,2,3,... when ¢ # 0. Therefore, recurrence (1) holds for all integers n.

In literature, for example, the following names and notations (see Table 1) are used for the special case of 1, 5, £, u
and initial values.
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Table 1. A few special case of generalized Tetranacci sequences.
No Sequences (Numbers) Notation OEIS [17] Ref.
1 Tetranacci {My}={w,(0,1,1,2;1,1,1,1)} A000078 [19]
2 Tetranacci-Lucas {Rpt={Wp4,1,3,7;1,1,1,1)} A073817 [19]
3 fourth order Pell (P = (w,,0,1,2,5;2,1,1, 1)} A103142 [20]
4 fourth order Pell-Lucas {Q%)} ={W,4,2,6,17;2,1,1,1)} A331413 [20]
5 modified fourth order Pell (ED) = (w,00,1,1,3;2,1,1, 1)} A190139 [20]
6 fourth order Jacobsthal {]5;1)} ={Wy(0,1,1,1;1,1,1,2)} A007909 [15]
7 fourth order Jacobsthal-Lucas %y = (W, (2,1,5,1031,1,1,2)} A226309 [15]
8 modified fourth order Jacobsthal {K,(;D} ={Wy(3,1,3,10;1,1,1,2)} [15]
9 fourth-order Jacobsthal Perrin QW = (W,(3,0,2,8;1,1,1,2)} [15]
10 adjusted fourth-order Jacobsthal {sﬁf)} ={W,(,1,1,2;1,1,1,2)} [15]
11 modified fourth-order Jacobsthal-Lucas {R%)} ={W,4,1,3,7;1,1,1,2)} [15]
12 4-primes {Gn} ={Wy(0,0,1,2;2,3,5,7)} [21]
13 Lucas 4-primes {Hp}=1{W,(4,2,10,41;2,3,5,7)} [21]
14 modified 4-primes {En} ={Wy(0,0,1,1;2,3,5,7)} [21]
Remark 1.1.
As {W},} is a fourth order recurrence sequence (difference equation), it’s characteristic equation is
—rx3—sx®—tx-u=0 (2)

where the four roots x; = a, x2 = , x3 =y, x4 = 6 of the quartic polynomial equation ([? ]) are given by

and
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and y; as the greatest real solution of the resolvent cubic equation

V3 +syP+@u+rdy+asu—t2+riu=o.

Note that we have the following identities

a+pB+y+6 =1,
af+ay+ad+pPy+pé+yoé = —s,
afy+apBb+ayd+pyé = t,
afyé = —u.
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Generalized Tetranacci numbers can be expressed, for all integers 7, using Binet’s formula

pia” p2p" psy" pad”
W, = + + + 3
" (a-Bla-p@=-6 PB-a)B-7P-6 F-a)y-Py-06 OB-a)-LHO-Y) )
where
p1 = W3—(ﬁ+’)’+6)Wg+(ﬁ}/+ﬁ5+)f5)Wl—,BY(SWO,
p2 = Wa—(a+y+0)Wo+ (ay+ad +yd)W) —aydW,
p3s = Wa—(a+B+)Wa+(af+ad+pP6)W; —afdWy,
ps = Wag—(a+B+y)Wo+ (af+ay+ By)W, —afyW.

Usually, it is customary to choose a, B,7,6 so that the Equ. (2) has at least one real (say a) solutions. Note that the
Binet form of a sequence satisfying (2) for non-negative integers is valid for all integers n (see [7]).
(3) can be written in the following form:

Wn = Al(ln +A2ﬁn+A3}/n +A46n

where

A = Wg—(ﬁ+y+6)W2+(ﬁy+ﬁ6+y6)Wl—ﬁy6W0,
(@-P)a-y)(a-05)

A = Ws—(a@+y+0)We+ (ay+ad+yo)W) —aydW
B-a)(B-7(B-0) '

A = Ws—(a+B+0)Wso+ (af+ad+ BOW,—aféW,
y-a)y-Pp)(y-9) ’

A = W3—(a+ﬁ+y)W2+(aﬁ+ay+ﬁy)Wl—aﬁyWo'

b-a)6-P6~-7)

(e )
Next, we give the ordinary generating function Y, W,x" of the sequence W,,.
n=0
Lemma 1.1.

o0
Suppose that fw, (x) = Y. W,x" is the ordinary generating function of the generalized (1, s, t, u) sequence {Wy},=o. Then,
n=0

o0
Y. W,x" is given by
n=0

i S Wo+ (W) — rWo)x + (W — rWy — sWp)x2 + (W5 — rWy — sWy — tWp) x3 @
= 1—rx—sx®—tx3—ux? '

We next find Binet’s formula of generalized (r, s, t, #) numbers {W},} by the use of generating function for W,,.

Theorem 1.1.
(Binet’s formula of generalized (1, s, t, u) numbers)

n n n n
W, = qia + q»8 n qsy + qs0 5)
(a—B)la-p@-90) PB-a)PB-7P-0 F-ay-Py-0 ©BG-a)o6-P©6-7)
where
g = Woa®+ (W) —rWo)a? + (Wo — rWy — sWo)a + (Ws — rWa — sWy — t W),
Go = WoP3+ (W —rWp)B? + (W — rWy — sWo) B+ (Wa — rWa — sWy — tWp),
g3 = Woys+ Wy — rWp)y? + (Wa — rWy — sWo)y + (W — rWa — sWy — tW),
Gs = Wod2+ Wy — rWo)82 + (Wo — rWi — sWo)8 + (Ws — r W — sWy — tWG).
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Note that from (3) and (5) we have

W3 — (B+y+8)Wa+ (By + B +YO) W1 — BydWy = Woa® + (W — rWp)a? + (Wa — r W) — sWo)a
+(W3 — r W — sW — tW),

Wi —(@+y+8)Wa + (@y +ad +yO) Wi —aydWy = Wy + (Wi — rWp) % + (Wo — rWy — sWp) B
+ (W3 —rW, — sW) — tW),

Wi —(a+B+8Wo+ (@B+ad+BOW, —aBdWy = WoyS + (Wi — rWp)y? + (W — rWy — sWp)y
+(W3 — r Wy — sW — tW),

Wi —(@+B+Y)Wo+ (@B +ay+By)Wi —afyWy = Wod> + (Wy — rWp)6% + (W — rWy — sWp)d
+ (W5 —rWy — sW; — tWp).

Matrix formulation of W,, can be given as

n

Wits rstu W3
Whi2 _ 1000 W, ©)
Wyt 0100 Wy
Wy, 0010 Wo

For matrix formulation (6), see [10]. In fact, Kalman give the formula in the following form

n

Wy 0100 Wo
Whio 0001 W,
Wit3 rstu W3

Next, we consider two special cases of the generalized (r, s, £, u) sequence {W,} which we call them (r,s, ¢, u) and
Lucas (1, s, t, u) sequences. (1, s, ¢, u) sequence {G,} >0 and Lucas (r, s, t, u) sequence {Hy} ;¢ are defined, respectively,
by the fourth-order recurrence relations

Gn+a = 1Gp43+SGpi2+1Gpi1 + UGy,
Go = 0,G1=1,G=1,G3=1"+5,
Hp+a = rHp+s+SHpso + tHpy + uHy,
Hy = 4, Hy=r,Hy=2s+1% Hs =r>+3sr+3t.

The sequences {G,} =0 and {H,} ;>0 can be extended to negative subscripts by defining
Gon = -G e L Gty +~G @
-n = =Gy =2 G- = 2 G-y + 2 G-

t s r 1
H_n = __H—(n—l) - —H_(n_g) - —H_(n_3) + —H_(n_4), 8)
u u u u

for n=1,2,3,... respectively. Therefore, recurrences (7) and (8) hold for all integers n.

For more details on the generalized (r, s, t, #) numbers, see Soykan [27].

Some special cases of (1, s, t, u) sequence {G(0, 1, 1, r2+s;r,s, t,u)} and Lucas (7, s, t, u) sequence {H,(4,r,2s+ r2, ri+
3sr+3t;r,s, t,u)} are as follows:

1. G,(0,1,1,2;1,1,1,1) = My, Tetranacci sequence,

. H,(4,1,3,7;1,1,1,1) = Ry, Tetranacci-Lucas sequence,

. G,(0,1,2,5;2,1,1,1) = Py, fourth-order Pell sequence,

. H,(4,2,6,17;2,1,1,1) = Qy, fourth-order Pell-Lucas sequence,

. G(0,1,1,2;1,1,1,2) = S}, adjusted fourth-order Jacobsthal sequence,

(o2 IS B O N \V

. H,(4,1,3,7;1,1,1,2) = R,;, modified fourth-order Jacobsthal-Lucas sequence.

For all integers n, (r,s, t,u) and Lucas (r, s, t, u) numbers (using initial conditions in (3) or (5)) can be expressed
using Binet’s formulas as

an+2 ﬁn+2 7/n+2 5n+2
G, = + + + ,
(@a-Pla-N@=96) P-a)-NPB-06) F-a)y-Py-06 ©B-a)6-PpOG-7)
H, = a"+p"+y"+6",
respectively.

Lemma 1.1 gives the following results as particular examples (generating functions of (r, s, t, u), Lucas (r, s, t, u) and
modified (r, s, t, ) numbers).



12 On Binomial Transform of the Generalized Tetranacci Sequence

Corollary 1.1.
Generating functions of (, s, t, u), Lucas (1, s, t, u) and modified (r, s, t, u) numbers are

o0
x

2 Gux" = 2_ 1.3 4
=0 1-rx—sxc—1x°—ux
i":H " 4-3rx—2sx*—tx°

o=

n
= 1—rx—sx?—tx3—ux*

respectively.

The following theorem shows that the generalized Tetranacci sequence W, at negative indices can be expressed by
the sequence itself at positive indices.

Theorem 1.2.
For n € Z, for the generalized Tetranacci sequence (or generalized (1, s, t, u)-sequence or 4-step Fibonacci sequence) we

have the following:

1
W_, 5C u) " (~6Way, + 6 Hy Way, — 3HAW,, + 3 Hapy Wy, + Wo Ho + 2Wo Hs,, — 3Wo Hy, Ho )

a1 1 1
1" u ”(Wgn—HnW2n+§(H,%—H2n)Wn—E(Hﬁ+2Hgn—3H2an)Wo).

Proof. For the proof, see Soykan [26], Theorem 1.]. [J
Using Theorem 1.2, we have the following corollary, see Soykan [[26], Corollary 4].

Corollary 1.2.
ForneZ, we have

(@) 2(—w)"** G_, = —@Brut+1 —3stu)2G2 —(2su-— t2)2Gi+3Gn —(-rt*-tu +2rsu)2Gi+2Gn —(=st?2+25%u+4u? +

rtu)’G%, Gy +2Bru? + 12 = 3stu) (—2su + t2)Gpyg + (—1 12 — tu+2rsu)Gpyo + (=512 + 25 u+ 4u* + rtu) Gy1)
G2 +2Q2su—t2)(~rt> = tu+2rsu)Gp13Gn+2Gn+22su— 1) (= st? + 25> u+4u? +rtu) Gp13Gn1 Gy —2(—st? +2s2 u+
A2 + 1) (=112 — tu+2rsu)Gpi2Gni1Gn — 2Ganu* + U2 (25U + 12)Gapr3 G + U2 (=112 — tu+ 27 su) Gopso Gy +
WP (S +282 U+ AU + 1t ) G 1 G —2U2 2su—12) Gop Gras +2UP (1 12 — tu+27 sU) Gop Gpao +2u2 (— 12+ 252 u+

AU2 + 11U) G2y, Gyl — 3U2Bri? + 13 = 3stu) Gy, Gy

(b) H_, = (—u)™" (H3+2Hz, —3Hz, Hy).
Note that G_, and H_,, can be given as follows by using Gyp = 0 and Hy =4 in Theorem 1.2,
1
Gon = S (-1)7"(=6G3n+6H,Gan ~3HAGp, +3HanGn),

1

respectively.
In this paper, we consider the case r =1, s=1,¢ = 1,u = 1 and in this case we write V,, = W,,. So, the generalized
Tetranacci sequence {Vy} ;20 = {V(Vo, V1, V2, V3)} 20 is defined by the fourth-order recurrence relation

Vi=Va1+ V2t Vy3+ Vg 9)

with the initial values Vy = cg, V1 = ¢1, V2 = ¢2, V3 = c3 not all being zero.

This sequence has been studied by many authors and more details can be found in the extensive literature dedi-
cated to these sequences, see for example [[5],[8],[9],[18],[38],[391].

The sequence {V,;} ;>0 can be extended to negative subscripts by defining

Vop==-Voi-1 = Vetn-2) = Ven-3) + Ve(n-9

for n=1,2,3,.... Therefore, recurrence (9) holds for all integer n.
The first few generalized Tetranacci numbers with positive subscript and negative subscript are given in the follow-
ing Table 2.
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Table 2. A few generalized Tetranacci numbers

n 0 1 2 3 4 5
Vi Vo 1%l 1% V3 Vo+Vi+Vo+ 13 Vo+2V1+2Vo +2V3
V_n Vo V3=V, -1-1 2Vo - V3 AL 2Vo—-W 2V3 =2V, -2V1 -3V

(3) can be used to obtain Binet’s formula of generalized Tetranacci numbers. Generalized Tetranacci numbers can
be expressed, for all integers 7, using Binet’s formula

n

V= pia” N p2p" N psY N psd”
"Ta-Pla-Nw@-6 B-aB-NPB-80 F-ay-fHx-8 ©E-a)G-PE-7)

where

p1 = V3—=(B+y+8)Vo+ (By+PB6+7y0)Vi—BydV,
p2 = Vs—(a+y+0)Vo+(ay+ad+y6)Vi—aydV,
p3s = V3—(a+B+6)Va+(af+ad+p6)Vi—aBdVy,
pas = Vz—(a+B+y)Va+(af+ay+py)Vi—afyVp.

Here, a, 8,y and § are the roots of the quartic equation

-l -x®-x-1=0.
Moreover,
1 1 1 /11 , 13
a = —+-w+-\/——-w+—ow,
4 2 2V 4 4
1 1 1 /11 13
ﬂ = —+—-w—— __wz —(1)_1,
4 2 2V 4 4
1 1 1 /11 , 13
Yy = ——=w+-\/——w'—-—w,
4 2 2V 4 4
1 1 1 /11 13
0 = ———@W——\/ ——@2—-— —l’
4 2 2V 4 4
where

1/3 1/3
11 -65 563 -65 563
w=y\|—+|—+1/— +|— =1/ — .
12 54 108 54 108
Now, we define two new special cases of the sequence {V,,}. Tetranacci sequence {7,},>0 and Tetranacci-Lucas se-

quence {K,},=0, are defined, respectively, by the fourth-order recurrence relations the fourth-order recurrence rela-
tions

My =Mp_1+My_o+Mp_3+Mu_s, My=0M =1,M,=1,M;=2 (10)
and
R,=R,-1+Ry—2+Ry_3+Ry—4, Ry=4,Ri=1,R,=3,R3=7. (11)
The sequences {M} ;>0 and {R,},>0 can be extended to negative subscripts by defining
M-y = —M_(n-1) =~ M—(n-2) = M—(n-3) + M—(n-a),
R_p = —R-(n-1)~ R-(n-2 = R-(n-3) + R-(n-u),
for n=1,2,3,... respectively. Therefore, recurrences (10) and (11) hold for all integer n. Next, we present the first few
values of the Tetranacci and Tetranacci-Lucas numbers with positive and negative subscripts, in the following Table
3.

M,, is the sequence A000078 in [? ], R, is the sequence A073817 in [? ]. For all integers n, Tetranacci and Tetranacci-
Lucas numbers (using initial conditions in ((10)-(11)) can be expressed using Binet’s formulas as

an+2 ﬁn+2 Yn+2 6n+2

@ Pa-1a-2 B-aB-Np-20 T-Dr-PHr-0 ©G-a00-pHO-7
R, = a"+p"+y"+46",

M, =

respectively.

o0
Next, we give the ordinary generating function Y, V,x" of the sequence V,.
n=0
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Table 3. A few values of Tetranacci and Tetranacci-Lucas numbers.

n -9 -8 =7 -6 -5 -4 -3 -2 -1 0 1 3 4 5 6 7 8 9
My, 1 -3 2 0 0 -1 1 0 0 0 1 1 2 4 8 15 29 56 108
Ry =19 15 -1 -1 -6 7 -1 -1 -1 4 1 3 7 15 26 51 99 191 367

Lemma 1.2.
o0

Suppose that fv,(x) = Y. V,x" is the ordinary generating function of the generalized Tetranacci sequence {Vy} y=o.Then
n=0

fv, (x) is given by

Vot (Vi =Vo)x+ (Vo= Vi = Vo)x2 + (V3= Vo — Vi — V)&

12
1-x—x2—-x3-x* (12

fv,x) =

The previous Lemma gives the following results as particular examples: generating function of the Tetranacci se-
quence M, is

X

(e8]
x) =) Mpx"=
Jaa, () ,;0 " 1-x—x2-x3—x*

and generating function of the Tetranacci-Lucas sequence R, is

® 4-3x-2x%*—x3
xX)=)Y R,x"= .
fry (X) ,;0 " 1-x—x2—x3—xt

2. Binomial Transform of the Generalized Tetranacci Sequence V,,

In [13], p. 137], Knuth introduced the idea of the binomial transform. Given a sequence of numbers (a;), its
binomial transform (&,) may be defined by the rule

M=

I]
o

n

~ n i . . n —ia

by = ; a;, with inversion a,, = Z (i)(—l)" Yai,
i i=0

or, in the symmetric version

M=

Il
=}

n ; " n ;
a, = |(=D"*'a;, withinversion a, =) ( ,)(—1)”1&,-.
i

i l i=0

For more information on binomial transform, see, for example, [4],[6],[16],[37] and references
therein. For recent works on binomial transform of well-known sequences, see for example,
(21,[31,[11],[12],[14],[29],[301,[311,[32],[33],[34],[35], [36].

In this section, we define the binomial transform of the generalized Tetranacci sequence V,, and as special cases
the binomial transform of the Tetranacci and Tetranacci-Lucas sequences will be introduced.

Definition 2.1.
The binomial transform of the generalized Tetranacci sequence V,, is defined by

n
by=V,= Z Vi.
i=0

n
i

The few terms of b,, are

% (o

bO = Z . ‘/i:VO)
i=0\ !
L1

by = Y [ |Vi=Wh+W,
i=0\ !
2 (2

by = Z ; Vi=Vo+2Vi + V5,
i=0
3 (3

by = Z ; Vi=Vo+3V1 +3Vo+ V3.
i=0
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Translated to matrix language, b, has the nice (lower-triangular matrix) form

bo 10000 - Vo
by 11000 - 1
by 12100 - v
bs |=|13310 - Vs
bs 14641 - 1A

As special cases of b,, = V,,, the binomial transforms of the Tetranacci and Tetranacci-Lucas sequences are defined as
follows: The binomial transform of the Tetranacci sequence M, is

— " (n
anz . Mir
i=o\?

and the binomial transform of the Tetranacci-Lucas sequence R, is
—~ " n
R,=) ( ,)R,-.
i=0\?

Lemma 2.1.
For n =0, the binomial transform of the generalized Tetranacci sequence V,, satisfies the following relation:

n

bpi1= Z

i=0

n
; (Vi+ Vis1).

Proof. We use the following well-known identity:

L)

Note also that

oo

Then
n+1 n+1
bpi1 = Vo+ ), Vi
i=1
n+1 n+1l
n n
= Vo+r ) | Vit 2|, |V
i=1 \ ! i1
" (n " [n
= V0+Z Vz+z .| Vi
i=1\! i=0\!
" n " (n
= Z . Vz+Z | Vis
i=o\? i=0\?
" n
= Z | (Vi+ Vig).
i=o\!

This completes the proof. [J

Remark 2.1.
From the last Lemma, we see that

" n
bn+1:bn+z ; Vis1-
i=0

The following theorem gives recurrent relations of the binomial transform of the generalized Tetranacci sequence.
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Theorem 2.1.
For n = 0, the binomial transform of the generalized Tetranacci sequence V,, satisfies the following recurrence relation:

bpa= 5bn+3 —8by12+6byy1 — by (13)

Proof. To show (13), writing
bpia =11 % bpi3+ 81 %X bpap+ 01 X bpy1 + Uy X by
and taking the values n = 0,1,2,3 and then solving the system of equations
by = rixbsg+syxby+1t xby+up xby
bs = rixby+sxbs+t xby+up x by
bg = r1xbs+S,xby+1t; xbs+uyxby
b; = ryxbg+s)xbs+1t; xbs+u; xbs

we find that r; =5,81 =-8,t; =6,u; = —1.J
The sequence {b,} >0 can be extended to negative subscripts by defining

b-n =6b_(n-1) = 8b-(n-2) +5b_(n-3) = b—(n-1)

forn=1,2,3,.... Therefore, recurrence (13) holds for all integer n.
Note that the recurence relation (13) is independent from initial values. So,

Hn+4 = 5]/\/7114—3 - 8]/\/Tn+2 + 6]/\/Tn+l - Hn»
§n+4 = 5R\n+3 - 8En+2 + 6R\n+1 - ﬁn

The first few terms of the binomial transform of the generalized Tetranacci sequence with positive subscript and
negative subscript are given in the following Table 4. The first few terms of the binomial transform numbers of the

Table 4. A few binomial transform (terms) of the generalized Tetranacci sequence.

n bn b_p

0 Vo Vo

1 W+ W1 2Vo-WN1 +2Vr -3

2 VW+2hh + Vo 8V —-3V1+11V, -6V3

3 VW+3V1+3Vo+V3 36Vp—11V; +50V, —28V3

4 2Vo+5V1 +7Vo +5V3 161Vy —47Vy + 222V, —125V3

5 TVo+12V1+17Vo +17V3 716Vy—208Vy +985V, — 55513

6 24Vp +36V] +46V5 +51V3 3180V —924V7 +4373V, — 2464 V3

7 75V +111V] +133Vo 4+ 148V3 14121Vp —4104V7 +19418V5 —10941V3

8 223Vp+334V7 +392V, +429V3 62705V —18225V] 4+ 86227V, —48584 V3

9 652V +986V7 + 1155V, +1250V3 278446V, — 80930V +382898V, —215741V3

10 1902V, + 2888 V7 +3391V> +3655V3 1236461V — 359376V + 1700289V, —958015V3
11 5557V + 8445V +9934V, +10701V3 5490602V — 1595837V + 7550267 Vo — 4254141 V3
12 16258V +24703 V] +29080V> +31336V3 24381449V —7086439V] + 33527553V, — 18890847 V3

Tetranacci and Tetranacci-Lucas sequences with positive subscript and negative subscript are given in the following
Table 5.

Table 5. A few binomial transform (terms).

n 0 1 2 3 4 5 6 7 8 9 10 11
My 0 1 3 8 22 63 184 540 1584 4641 13589 39781
M-, 0 -1 -4 =17 =75 -333 —1479 —6568 -29166 —129514 -575117 —2553852
Ry, 4 5 9 23 69 210 627 1846 5405 15809 46254 135382
R, 4 6 20 87 388 1726 7667 34047 151188 671361 2981230 13238385

(3) can be used to obtain Binet’s formula of the binomial transform of generalized Tetranacci numbers. Binet’s
formula of the binomial transform of generalized Tetranacci numbers can be given as

Cle? Czegl
b, = + (14)
(01-02)(01-03)(01—04) (02—01)(02—03)(02—04)
CSGI? C49£l

+ +
(05 —61)(03—02)(03—-04) (04—01)(04—02)(04—653)
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where

C1 = b3—(02+035+04)by + (0203 + 60204 +63604) by — 6020364 b

= (Vo+3V1+3Va+ V3) = (02+035+04) (Vo +2V] + Vo) + (0203 + 0204 +0304) (Vo + V1) — 020350, V),
Co = b3—(01+03+04)by+ (0:103+0,04+0304)b; —601030,bg

= (Vp+3V1+3Vo+1V3)— (01 +03+04)(Vo+2V, + Vo) + (0103 + 60104 +0304) (Vo + V1) — 0,030, V),
C3 = b3—(01+602+04)by+ (0,602 +6104+6,604)b; —6,6264b

= V+3V1+3Va+V3)— (01 +02+04) (Vo +2V) + Vo) + (0102 + 0104 + 0204) (Vo + V1) — 010,04V,
Cy = b3—(01+62+03)by + (0162 +60103+6,603)b; —6,6,603b

= (Vp+3V1+3Va+V3)— (01 +602+03)(Vo+2V1 + Vo) + (0102 + 0,03 + 0203) (Vo + V1) — 60,0205 V),

Here, 61,05,05 and 6, are the roots of the quartic equation x* — 5x% + 8x> —6x + 1 = 0. Moreover,

g 8!

0, = _?1 + Zl — hy =2.92756197548293
81 &t

b = =5~ Tl — hy £0.225195886784566

[ o2
03 = —% + i—z —hy =0.923621068866254 +0.814703647170387i

[ o2
—% - i—z —hy =0.923621068866254 —0.814703647170387i

_ 5 B
81 = 5 1 N

04

where

-0 + 25 8+
& = 75 4 n
2
mo= Loy
2 4
2
hy = & + ﬁ -1
2 4
1/3 1/3
and y; = 3 + (—g—i + %) - (g—i + %) as the greatest real solution of the resolvent cubic equation

¥ —8y? +26y-29=0.

Note that

|
— o o »

01+60,+05+0,

0105+ 60103+0104+0,05+0,0,+6030, =
010205+ 010,04+ 60,0304+ 0,030, =
610,050,

For all integers n, (Binet’s formulas of) binomial transforms of Tetranacci and Tetranacci-Lucas numbers (using initial
conditions in (14)) can be expressed using Binet’s formulas as

o 6, -1)%67 62 - 1)%6)
= +
T 01-02)01-03)01—04)  (B2—61)(02—03) (02— 64)
(65 —1)207 (04 -1)%6}

+ + ,
(03—01)(03-02)(03-04)  (04—01)(04—02)(04—053)
R, = 07+0}+6}+06y,

respectively.
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3. Generating Functions and Obtaining Binet Formula of Binomial Transform From Generat-
ing Function

The generating function of the binomial transform of the generalized Tetranacci sequence V;, is a power series
centered at the origin whose coefficients are the binomial transform of the generalized Tetranacci sequence.

(e o]
Next, we give the ordinary generating function f, (x) = ¥ b,x" of the sequence b,.
n=0

Lemma 3.1.
[0}

Suppose that fp, (x) = Y. bpx™ is the ordinary generating function of the binomial transform of the generalized
=0

n
Tetranacci sequence {Vy}y=o. Then, fp, (x) is given by

~ Vo+ (Vi —4Vp)x+ (Vo —3V3 +4Vp)x? + (V3 —2Vo + Vy — 2Vp)x®
- 1-5x+8x2—6x3 + x4 ’

Jb, (%) (15)

Proof. Using Lemma 1.1, we obtain

bo + (b1 —5bg)x + (b, —5b; + 8190))62 + (b3 —5by +8b; — 6b0))€3
1-5x+8x%2—6x3+ x4

Vo+ (Vi —4Vp)x+ (Vo —3V1 +4Vp)x? + (V3 —2Va + V) = 2V) 3
1-5x+8x2-6x3 +x*

fb,(x)

where

by = W,

b1 = V0+V1,

b2 = V0+2‘/1+‘/2,

by = Vp+3V1+3V,+ V3.
O

Note that P. Barry shows in [1] that if A(x) is the generating function of the sequence {a,}, then

1 X
S(x) = —1_xA(—1 _x)

n
is the generating function of the sequence {b,} with b, = ¥ (})a;. In our case, since
i=0

Vo+ (Vi = Vo)x+ (Vo — V; — Vo) x?

Alx) = 23 , seeLemmal.2,
we obtain
St = —— A
1-x 1-x
1 et M-+ (V- - Vo) (£5) + (- Vo - - Vo) (£25)°
I-x - - () - (&) - ()

Vo+ (Vi —4aVp)x+ (Vo —3Vi +4Vp)x2 + (Va3 =2V + Vi = 2Vp) x3
1-5x+8x2—-6x3+x* )

The previous lemma gives the following results as particular examples.

Corollary 3.1.
Generating functions of the binomial transform of the Tetranacci, Tetranacci-Lucas numbers are
X~ ., x-2x*+x3
2 Myx" = 2 _ 6.3+ 44
=0 1-5x+8x“—-6x>+x
* 4-15x+16x% - 6x°

Z R,x" =

= 1-5x+8x2—6x3 +x*’

respectively.
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4. Simson Formulas
There is a well-known Simson Identity (formula) for Fibonacci sequence {F,}, namely,
Fus1Fyo1 = Fo = (=1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This can be
written in the form

' Fn+1 Fn :(_1)n‘

Fn Fn—l

The following theorem gives generalization of this result to the generalized Tetranacci sequence {W,,}.

Theorem 4.1 (Simson Formula of Generalized Tetranacci Numbers).
For all integers n, we have

Wn+ 3 Wn +2 Wn+ 1 Wn W3 W, Wi WO
Wivo Wiper Wy Wy — )" W, Wi W, W, (16)
Whper Wy Wyop Wy Wy Wy W_; Wo,
Wy Wpor Wyo Wyes Wo W_1 W, W_3

Proof. (16) is given in Soykan [[28], Theorem 3.1]. [J
Taking {W,,} = {b,} in the above theorem and considering b,,+4 =5b+3—8by42+6by41—b,, 1 =5,5=-8,t=6,u =
—1, we have the following proposition.

Proposition 4.1.
For all integers n, Simson formula of binomial transforms of generalized Tetranacci numbers is given as

bpz buio bpy1 by b3 by b b
bpi2 bper by by-1|_| b2 b1 by b-1
bus1 bp bpoi byu—a| | bi by b_1 b_p
by, bu-1 bpz bp-3 by b-1 b b3

The previous proposition gives the following results as particular examples.

Corollary 4.1.
For all integers n, Simson formula of binomial transforms of the Tetranacci and Tetranacci-Lucas numbers are given as

Eﬂ-ﬁ EYH-Z H/ry—l Fn
]/W\m—z ]\{ry—l /]\Wn ]/\4\11—1
A{QH /Mn M\nfl Q/[\n72
M, My-1 My—2 My-3

§n+3 EVH—Z §£+1 Aﬁn
}in+2 R/ry—l ARn Iin—l
R£+1 ARn }in—l }En—Z
Rn Rn—l Rn—z Rn—3

—563,

respectively.

5. Some Identities

In this section, we obtain some identities of binomial transforms of generalized Tetranacci, Tetranacci and
Tetranacci-Lucas numbers. First, we present a few basic relations between {b,,} and {M}.

Lemma 5.1.
The following equalities are true:

@ by =(14Vy—3V1+19Vs—11V3) Mys5+(15V41 —67Vo—90Va+52V5) Myyia + (97 Vo —24 V] +129Vs — 74V3) Mya3 + 17V —
61Vy —83Vo +47V3) M, 40.
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() by, = BVy +5Vs —3V3) Mysa + (14V3 — 23V — 15Vy) Myas + (23Vp — Vi +31V5 — 19V3) My10 + (3V4 — 14V — 19V5 +

11V3) M1

(©) by =(2Va— V5)Mpy3+ (5V3— Vi =9V — Vo) Mpsp + (4Vo + 3V + 11Va = 7V3) M1 + (3V3 — 5V5 —3Vo) M.

(d) by = (Va— Vi — Vo) My + (4Vo +3Vy —5Va + V3) Myyi1 + (7V2 —3Vo —3V3) x My, + (V3 —2Va) Myy_1.

(€) by =(V3—2V) — Vo) Mps1 + (5Vo+8V) — Vo —3V3) My, + (4V2 — 6V3 — 6V + V3) M1 + (Vo + Vi — Vo) M.

Proof. Writing

bp=axMpis+bx Myra+cx Mpiz+dx Mpyo

and solving the system of equations

by
by
by
bs

= ax]/\4\5+bx1/\/1\4+cx1/\4\3+dx1\//72
= axl/\/[\6+bxﬁ5+cxﬁ/1\4+dxﬁ3
= axMy;+bxMg+cxMs+dx M,
= axﬁg+be\7+cxM\6+dxM\5

we find that a = 14V, —3V; +19V5—11V3,b = 15V1 —67Vy—90Vo +52V3,c =97V —24V1 + 129V, —74V3,d = 17V1 — 61V —

83V, +47V3.

The other equalities can be proved similarly. [
Now, we give a few basic relations between {b,} and {R}.

Lemma 5.2.
The following equalities are true:

(a) 563D, = —(1441 Vg—403V1+2104V2—1185V3)§n+5+(6949V0—1868V1 +10004V,—5659V3) R;y44— (10238 V) —2646V; +
14355V, —8166V3) R, 43 + (6574 Vy — 1844V + 9081V, —5133V3)R;42.

(b) 563b,, = —(256Vy—147V; +516V,—266V3) Ry, 4+(1290Vy—578V; +2477V>—1314V3) R, 43— (2072Vy—574V; +3543V, —
1977V3) Ry 40 + (1441V — 403V +2104V, — 1185V3)Ry41.

(¢) 563b, = (10V, + 157V; — 103V; + 16V3)R,43 — (24Vp + 602V — 585V5 + 151V5) R,e0 — (95V — 479V; + 992V, —
411V3)R,41 + 256V — 147V; + 516V — 266V5) R),.

(d) 563D, = (26Vy+183V, +70Va—71V3) Rypso—(175Vo+777Vy +168V>—283V3) Ryps1 + (316 Vg +795V4 —102V2—170V3) R,y —
(10Vp+157V; =103V +16V3) R, 1.

(e) 563D, = —(45V, — 138V — 182V5 + 72V5) Rps1 + (108Vp — 669V — 662V5 + 398V3) R, + (146Vp + 941V, + 52315 —
442V3)R,_1 — (26Vp + 183V4 + 70V5 — 71V5) R,o.

Next, we present a few basic relations between {R,} and {]/\/I\n}.

Lemma 5.3.
The following equalities are true:

>§U> §U> :;r» g::)

=

and

563M,,
563 M,
563M,,
563M,,
563M,,

33Mys5 — 159M 44 + 233 M pys3 — 147 M0,
6My4 —31Myi3+51Myip — 33Mys,
—]/\/f\n+3 + 3M\n+2 + 3]/\/[\,”1 - 61/\4\;1,
—2Mps2+ 1M1 = 12My, + My_1,

M1 +4My, = 11My_1 +2M,_o,

669R,,+5 —3182R 44 +4623R 3 —3029R .12,
163R 44 — 729R 43 + 985R 42 — 669R 141,
86R,4+3—319R,, 2 +309R 11 — 163R,,,
111R,42 —379R,1 +353R, —86R,,_1,
176R,,+1 —535R,, + 580R,,_1 — 111R,,_».
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6. On the Recurrence Properties of Binomial Transform of the Generalized Tetranacci Se-
quence

Taking r =5,51 =-8,1; =6,u; = -l and H, = R, in Theorem 1.2, we obtain the following Proposition.

Proposition 6.1.
For n € Z, binomial Transform of the generalized Tetranacci sequence have the following identity:

1 ~ - ~ ~ ~ ~ o~
b_, = E (—6bs3, +6R;, boy — 3R§¢bn +3Ron by + boRz +2boR3, —3boRyRop)
~ 1 o = 1 . ~ PO
= —(bsn = Rpban+ 5 (R = Ron) by = = (R + 2R3 = 3Ron R by).
Using Proposition 6.1 (and Corollary 1.2 (b)), we obtain the following corollary which gives the connection between
the special cases of binomial transform of generalized Tetranacci sequence at the positive index and the negative
index: for binomial transform of Tetranacci, Tetranacci-Lucas numbers: take b, = M,, with My = 0,M; = 1,M, =

3, ]/\/1\3 =8, take b, = R, with Ry =4,R, =5 ,R, =9, R; = 23, respectively. Note that in this case we have H,, = R,,. Note
also that G,, # M,,.

Corollary 6.1.
For n € Z, we have the following recurrence relations:

(a) Recurrence relations of binomial transforms of Tetranacci numbers (take b, = M,, in Proposition 6.1):

1 - - S S
5 (-6Ms+6R, Moy — 3R2M,, + 3Ra, My, + MyR> + 2MyR3,, — 3My R, Roy)

I
3
Il

1 — ~ o~ ~p o~ ~
= 8(—6M3n+6RnM2n—3R,21Mn+3R2nMn).

(b) Recurrence relations of binomial transforms of Tetranacci-Lucas numbers (take b, = R,, in Proposition 6.1 or take
H, =R, in Corollary 1.2 (b)):

- 1,y o PN
R, = 5 (R, + 2R3, —3R2pRy).

7. Sum Formulas

7.1. Sums of Terms with Positive Subscripts
The following proposition presents some formulas of binomial transform of generalized Tetranacci numbers with
positive subscripts.
Proposition 7.1.
Ifr =5,s=-8,t=6,u=—1 then for n =0, we have the following formulas:
@) Xi_obk=Dbn+a—4bps3+4bpi2 —2bps1 — by +4by —4by +2by.
(b) ZZ:O bgk = i(l()bz”_;_z —39D2,,41 +56b2;, —11boy,—1 — 11b3 +45by — 49b1 + 31byg).
(c) ZZ:O b2k+1 = %(llbzn.;.z - 24b2n+1 +49b2n - 10b2n_1 - 10b3 +39b2 - 35b1 + llbo).
Proof. Take r =5, = —8,t =6,u = —1 in Theorem 2.1 in [22] (or take x =1,r =5,5s=—-8,t =6,u = —1 in Theorem 1
in [23]).

From the last proposition, we have the following corollary which gives sum formulas of binomial transform of
Tetranacci numbers (take b,, = M,, with My =0, M; =1, My =3, M3 = 8).

Corollary 7.1.
For n =0, we have the following formulas:
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@ Y7o Mi=Myis—4Mps3+4Mpiz —2Mpir.

(b) X3, Moy = 57 (10Mapsz = 39Maps1 + 56 My — 11 M1 — 2).

(©) Xi_o Maks1 = 57 (11Mopsz — 24 Mpps1 +49Man — 10Map-y +2).

Taking b, = R, with Ry = 4,R) = 5,R, = 9, R3 = 23 in the last proposition, we have the following corollary which
presents sum formulas of binomial transform of Tetranacci-Lucas numbers.

Corollary 7.2.
For n =0, we have the following formulas:

(a) ZZ:O ﬁk = §n+4 - 4§n+3 + 4§n+2 - 2}’?\n+l +1.
(b) X7 Rok = 57 (10242 ~39Ron41 +56R2p — 11Rp-1 +31).

(© Y7o Roks1 = 31 (11R2ps2 — 24R05 11 +49Rz — 10Rp,-1 — 10).

7.2. Sums of Terms with Negative Subscripts

The following proposition presents some formulas of binomial transform of generalized Tetranacci numbers with
negative subscripts.

Proposition 7.2.
Ifr =5,s=-8,t=6,u = —1 then for n = 1 we have the following formulas:

(a) ZZ:I b_k =—b_ps3+4b_10—4b_y41+2b_;, + b3 —4by +4by — 2by.
(b) ZZ:I b_gk = %(—1017_2”4.2 +39b_25,4.1 —35b_9, +11b_5, 1 +11b3 —45b, + 49b; — 31by).

(c) ZZ:I b_2k+1 = %(—11b_2n+2 +45b_55,41 —49b_2, +10b_5;,,_1 + 10b3 —39b, + 35b1 — 11by).

Proof. Take r =5,5s = —8,t =6,u = —1 in Theorem 3.1 in [22] or (or take x = 1,7 =5,5s = =8, =6, u = —1 in Theorem
8in [23]).

From the last proposition, we have the following corollary which gives sum formulas of binomial transform of
Tetranacci numbers (take b,, = ]/\/I\n with ]T/I\o =0, Z/\/I\l =1, M\g =3, ﬂg =38).

Corollary 7.3.
For n = 1, binomial transform of Tetranacci numbers have the following properties.

@ X}y Mot = ~M_ps3 +4M_ps2 —4M_ps1 +2M_p.
(b) X7 M_gi = 57 (=10M 215 +39M 341 —35M 2y + 11M 5,1 +2).
(©) Xj_) Mogpar = 3 (F11Mopi2 +45M_zps1 — 49M_s + 10M_-1 —2).

Taking b, = R, with Ry = 4,R, = 5,R, = 9, R3 = 23 in the last proposition, we have the following corollary which
presents sum formulas of binomial transform of Tetranacci-Lucas numbers.

Corollary 7.4.
For n = 1, binomial transform of Tetranacci-Lucas numbers have the following properties.

@ Y7 Rp=-R pis+4R pia—4R i1 +2R_, - 1.
() X}, Rook = 9y (=10R_2n42 +39R 211 =35R 25 + 11R 251 —31).

© X, Ropgs1 = %(—Uﬁ—zmz +45R 5511 —49R_2,, + 10R 2,1 +10).
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7.3. Sums of the Squares of Terms with Positive Subscripts

The following proposition presents some formulas of binomial transform of generalized Tetranacci numbers with
positive subscripts.

Proposition 7.3.
Ifr =5,5s=-8,t=6,u=—1 then for n = 0, we have the following formulas:

@ X} b2 = 5;(11D2,, + 186D2 5 + 2662, — 10b2, | — 90bps3bnia + 98bniobyis — 20b, 1 byig — 420b,12bp43 +

78bn+1bn+3 112by,41bp12—11b5 —186b5 —266b7 +10b3 +90bs b3 — 98Dy b3 +20bg b3 +420b; by — 78bo by +112bg by).

(b) X, bk+1bi = 37 A0V, + 15002 4 +238D% , +10b2 | —78bps3bnia+91bpsobnia —22bni1bpia —357bpi2bpys +
69b1,+1b1+3—119bp41 byip —10b5 — 15003 —238b% —10b3 +78b, b3 —91 b1 by +22b by +357b1 by —69bg by +119bg by ).

(© X} o bis2bi = 37 (11D, +81b%  +161b2,, +11b% | —69b,.3bnia +98byi2bpis —231by12bps3 —41bn 1 bpis +

57bp+1bn+3 —91bps1bpi2 — 1105 —81b5 — 161b% — 11b3 +69b, bs — 98Dy bs +41bgbs +231b1 by —57bo by +91bg by).

(d) XV bresbr = 5 B1b3,, + 17105, 4 + 259b%, + 31b2, | — 183b,i3bpss + 259b,12bpss — 148byi1bpis —
462by+2bn43 + 237bp41bpis — 224bpi1bysa — 3105 — 171b5 — 259b5 — 31b3 + 183bybs — 259D by + 148bgbs +

462b1 by —237bg b, +224bgby).

Proof. Take r =5,s = —8,t =6, u = —1 in Theorem 2.1. in [24] (or take x = 1,r =5, = -8, = 6,u = —1 in Theorem
3.1. in Soykan [25]).

From the last proposition, we have the following corollary which gives sum formulas of binomial transform of
Tetranacci numbers (take b,, = ﬁn with Mg =0,M;=1,M> = 3,Mg =38).

Corollary 7.5.
For n =0, we have the following formulas:

(@ Yi oM = 3;(11M,, + 186M; — 90Mp3Mpsa + 98Myi2Mpsa — 20My1 Mg —

n+3
420M 42 M43 + 78 M1 M3 — 112Myy 1 My 12 = 8).

+ 266Mn+2 - 10M?>

n+l1

(b) X0 M1 My = 1(10Mn+4 +150M2, , + 238M?2,, + 10M2, | — 78 My13My1a + 91My o Myyia — 22My1 My —

357Mp+2 M43 +69Mp11 Mpss — 119Ms1 My — 13).

(© Zzzo;]\zlﬁz:l\\jk = 2—11(1/\11T4\flﬂ + 81]\//7255 +531K/Pn+2 + 11M2, | = 69M43Mpsa + 98Mpys2Myis — 231 M2 My —
A1 My+1 M4+ 57Mp+1 Mpt3 — 91 Mpy1 My 42 — 29).

X7 OMk+3Mk = £ B1M2,, +171M?  , + 259 M> —183M+3Mysa +259M 42 Mpsa — 148 M1 Mysa —

n+4 n+3 n+2 + 31
462Mn+2Mn+3 + 237Mn+1Mn+3 2424]\4n+1 Mn+2 —76).

n+1

Taking b, = R, with Ry =4,R; =5,R, =9, R; = 23 in the last proposition, we have the following corollary which
presents sum formulas of binomial transform of Tetranacci-Lucas numbers.

Corollary 7.6.
For n = 0, we have the following formulas:

(@) Xp_ o R = 5y (11R;, it 186R2, , +266R2,, — 10R2, | —90R,43Ry1a + 98Ry12Rysa — 20Ry41 Rysa — 420R 42 Ry +

n+1
78Rn+1Rn+3 - 112Rn+1Rn+2 + 157).

(b) Y7_ ORk+1Rk_ 1(10Rn+4+150R§H3+238Ri+2+10Ri+1—78§n+3f?n+4+91§n+2§n+4—22}?,1“]?%4—357§n+2§n+3+
69Rn+1Rn+3 - 119Rn+1Rn+2 +116).

© X7 ORk+2Rk— 21(11Rn+4+81Rn+3+161R§H2+11R3H1—69§n+3§n+4+98§n+zﬁn+4—231§n+2§n+3—41R‘n+1§,,+4+
57Rn+1 Rn+3 - 91Rn+1Rn+2 +367).

(d) Xi o RewsRe = 37B1R:,, + 171R; 5 + 259R , + 31K} | — 183Rn3Rus + 259Rn2Rnsa — 148Rps1 Ryva —

462Rn+2Rn+3 + 237Rn+1Rn+3 — 224Hn+1Rn+2 +1229).
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8. Matrices Related with Binomial Transform of Generalized Tetranacci Numbers

We define the square matrix A of order 4 as:

[= el

0 0
1 0
0 0

such that det A = 1. From (1) we have

Dris 5 -8 6 —1){( bus2

bn+2 1000 bn+1

boa | 710 1 0 0 || b, | 1n
by 001 0 )by

and from (6) (or using (17) and induction) we have

n

bui3 5-86 -1 b3
bn+2 1 0 0O bg
bpse1 |70 1 0 0 by
by, 0010 by
If we take b,, = ]/\/I\n in (17) we have
M\n+3 5 -86 -1 Hn+2
Myz |_|1 0 0 0 || Mynr a8)
M1 0100 M,
M, 0010 M1
We also, for n =0, define
Z"“Z"“M Ey 6%} OZ” M-Yi 0 X, r oL My
B, = Zk oZz k Ep GZk oZ? klM ZZ 32” 2M —ZZ 32" lM
YUY e My Es 6X0 oY e My —Yr oY My — YR
Z/’Z SZ? e By 61 oZ? ,ka ZZ 32” il ZZ 32?
and
bpi1 —8bp+6bp_1— by 6by — bn-1 —bp
C, = b, —8by-1+6bp——bp-3 6by_1—bp-—p —by
" by—1 —8bp—2+6bp-3—bp-g 6bp_2—bu-3 —bp—2
bp—2 —8bp-3+6by—4—bp-5 6bp_3—by_4 —bp-3
where

E, 8% Ozl Mi+6X] Lo M-S0 Y12 M,

E, _ -8%]C z, ,3M +622§2" ZMk zzgzn 3M
B3 — 8N aY I i M +6Y N Y M — Y Z”4M'
E4 —82232”3Mk+622 32"4Mk zzgz“Mk

By convention, we assume that

-5 =5 —4 -4 -3 -3 -2 =2 -1 -1
Y > My =-28, ZZMk_—GZZMk_—lZZMk_OZZMk_
k=01=k k=01= k=01= k=01= k=01=
Theorem 8.1.

For all integers m, n = 0, we have
(a) B, =A".
(b) C;A" = A"(C,.

(©) Cuym=CnBm =BnCy.
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Proof.
(a) Proof can be done by mathematical induction on n.

(b) After matrix multiplication, (b) follows.

(c) We have
5 -86 -1 b, —8b,_1+6by_2—by_3 6by_1—by_o —by_1
AC _ 1 0 0 O bp-1 —8b,_2+6by,_3—by_4 6by_o—by_3 —by_s
n-1 01 0 O bp—» —8b,_3+6by_4—by_5 6by_3—by_y —by_3
001 0 bp—3 —8by_4+6by,_5—by_¢ 6by_4s—by_s —bp_y

bn+1 _Sbn + 6bn—l - bn72 Gbn - bn—l _bn
— bn _8bn—1 + 6bn—2 - bn—?) 6bn—1 - bn—2 _bn—l =C
bn—l _8bn—2 + 6bn—3 - bn—4 6bn—2 - bn—3 _bn—Z "

bn—z _8bn—3+6bn—4_bn—5 6bn—3_bn—4 _bn—3

i.e. C, = ACj—;. From the last equation, using induction, we obtain C,, = A" 1C,. Now
Crsm=A"""1C = A" AMC = A"1CLA™ = Cy By

and similarly

Cn+m = BmChy.
O
Theorem 8.2.
Form,n =0, we have
m+1m+1A m m. m—lm—lA —2m—2/\
bpim = bn ), D Mg+bua[-8), Y Mi+6), > M- Y M (19)
k=0 I=k k=01=k k=0 I= k=0 I=k

m m. m—lm—lA m m
+bn2(6z Y Me-), Y Mk)—bn3z Y My
k=01=k

k=0 I=k

Proof. From the equation Cy,+,, = C,B;; = B;,, Cp,, we see that an element of Cj,., is the product of row C,, and a
column By,. From the last equation, we say that an element of C;,., is the product of a row C,, and column B,,. We
just compare the linear combination of the 2nd row and 1st column entries of the matrices C,+,, and C,By,. This
completes the proof. [

Corollary 8.1.
Form,n =0, we have

g g m+lm+1A - mom. m—lm—lA m—Zm—ZA
Muim = Mp ) > Mp+Mp_1|-8). > My+6 ). M - M.
k=0 I=k k=01=k k=0 I=k k=0 I=k
m m m—lm—l/\ . m m
+Mu2[6) ) M- M| -Mp3) ) M,
k=0I1=k k=0 I=k k=01=k
- - m+lm+1A - m m. m—lm—lA m—2m—2A
Ruem = Ry Mi+Rn1|-8). Y My+6) Y M- M.
k=0 I=k k=01=k k=0 I=k k=0 I=k

Remark 8.1.
Note that Theorem 8.2 can be simplified by using the formula

n
Y My = Myps—AMpis +4Myso —2Myin
k=0
which is given in Corollary 7.1 and the other formulas such as

m+1A . m+1 e .
Y My=M; ) 1=Mi(m+1)—k+1)=(m-k+2)M.
1=k 1=k

and
m —_ —
Y My =(m—-k+1) M.
1=k
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